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To the reader 


1. The Elements of Mathematics series takes up mathematics at their 
beginning, and gives complete proofs. In principle, it requires no particular 
knowledge of mathematics on the reader’s part, but only a certain familiarity 
with mathematical reasoning and a certain capacity for abstract thought. 
Nevertheless, it is directed especially to those who have a good knowledge 
of at least the content of the first year or two of a university mathematics 
course. 


2. The method of exposition we have chosen is axiomatic, and normally 
proceeds from the general to the particular. The demands of proof impose 
a rigorously fixed order on the subject matter. It follows that the utility of 
certain considerations will not be immediately apparent to the reader unless 
he already has a fairly extensive knowledge of mathematics. 


3. The series is divided into Books, and each Book into chapters. The 
Books already published, either in whole or in part, in the French edition, 
are listed below. When an English translation is available, the corresponding 
English title is mentioned between parentheses. Throughout the volume 
a reference indicates the English edition, when available, and the French 
edition otherwise. 


Théorie des Ensembles (Theory of Sets) designated by E  (S) 


Algébre (Algebra) A (A) 
Topologie Générale (General Topology) — TG (GT) 
Fonctions d’une Variable Réelle 

(Functions of a Real Variable) — FVR (FRV) 
Espaces Vectoriels Topologiques 

(Topological Vector Spaces) — EVT (TVS) 
Intégration (Integration) — INT (INT) 
Algébre Commutative 

(Commutative Algebra) = AC (CA) 
Variétés Différentielles et Analytiques — VAR 
Groupes et Algébres de Lie 

(Lie Groups and Lie Algebras) = LIE (LIE) 


Théories Spectrales — TS 
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In the first siz Books (according to the above order), every statement 
in the text assumes as known only those results which have already been 
discussed in the same chapter, or in the previous chapters ordered as follows: 
S; A, Chapters I to III; GT, Chapters I to III; A, from Chapter IV on; GT, 
from Chapter IV on; FRV; TVS; INT. 

From the seventh Book onward, the reader will usually find a precise 
indication of its logical relationship to the other Books (the first six Books 
being always assumed to be known). 


4, However we have sometimes inserted examples in the text that refer 
to facts the reader may already know but which have not yet been discussed 
in the series. Such examples are placed between two asterisks: *...,. Most 
readers will undoubtedly find that these examples help them to understand 
the text. In other cases, the passages between *..., refer to results that 
are discussed elsewhere in the series. We hope that the reader will be able 
to verify the absence of any vicious circle. 


5. The logical framework of each chapter consists of the definitions, 
the azioms, and the theorems of the chapter. These are the parts that 
have mainly to be borne in mind for subsequent use. Less important results 
and those which can easily be deduced from the theorems are labelled as 
“propositions”, “lemmas”, “corollaries”, “remarks”, etc. Those which may 
be omitted on a first reading are printed in small type. A commentary on 
a particularly important theorem occasionally appears under the name of 
“scholium” . 

To avoid tedious repetitions it is sometimes convenient to introduce 
notations or abbreviations that are in force only within a certain chapter or 
a certain section of a chapter (for example, in a chapter that is concerned only 
with commutative rings, the word “ring” would always signify “commutative 
ring”). Such conventions are always explicitly mentioned, generally at the 
beginning of the chapter in which they occur. 


6. Some passages in the text are designed to forewarn the reader against 
serious errors. These passages are signposted in the margin with the sign 
(“dangerous bend”). 

7. The Exercises are designed both to enable the reader to satisfy himself 
that he has digested the text and to bring to his attention results that have 
no place in the text but are nevertheless of interest. The most difficult 
exercises bear the sign 4. 


8. In general, we have adhered to the commonly accepted terminology, 
except where there appeared to be good reasons for deviating from it. 


9. We have made a particular effort always to use rigorously correct 
language, without sacrificing simplicity. As far as possible we have drawn 
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attention in the text to abuses of language, without which any mathematical 
text runs the risk of pedantry, not to say unreadability. 


10. Since in principle the text consists of the dogmatic exposition of a 
theory, it contains in general no references to the literature. Bibliographical 
references are gathered together in Historical Notes. The bibliography which 
follows each historical note contains in general only those books and original 
memoirs that have been of the greatest importance in the evolution of the 
theory under discussion. It makes no pretense of any sort to completeness. 

As to the exercises, we have not thought it worthwhile in general to in- 
dicate their origins, since they have been drawn from many different sources 
(original papers, textbooks, collections of exercises). 

11. References to a part of this series are given as follows: 

a) If reference is made to theorems, axioms, or definitions presented in 
the same section (§), they are cited by their number. 

b) If they occur in another section of the same chapter, this section is 
also cited in the reference. 

c) If they occur in another chapter in the same Book, the chapter and 
section are cited. 

d) If they occur in another Book, the Book is cited first, by the abbre- 
viation of its title. 


The Summaries of Results are cited by the letter R; thus S, R signifies 
the “Summary of Results of the Theory of Sets”. 


Introduction 


The concept of measure of magnitudes is fundamental, as well in every- 
day life (length, area, volume, weight) as in experimental science (electric 
charge, magnetic mass, etc.). The common characteristic of the ‘measures’ 
of such diverse magnitudes lies in the association of a number to each por- 
tion of space fulfilling certain conditions, in such a way that, to the union 
of two such portions (assumed to be without common point), there corre- 
sponds the sum of the numbers assigned to each of them (the additivity of 
the measure) (*). Moreover, the measure is usually a positive number, and 
this implies that it is an increasing function of the portion of space mea- 
sured (**). It will be observed on the other hand that in practice, one hardly 
ever worries about specifying which portions of space are to be regarded as 
‘measurable’; it is of course indispensable to settle this matter unambigu- 
ously in every mathematical theory of measure; for example, this is what 
one does in elementary geometry when one defines the area of polygons or 
the volume of polyhedra; in all of these cases, the family of ‘measurable’ sets 
must naturally be such that the union of any two of them having no point 
in common is also ‘measurable’. 

In most of the above examples, the measure of a portion of space tends 
to 0 with its diameter: classically, a point ‘has no length’, which means that 
it is contained in intervals of arbitrarily small length, consequently one can 
only assign to it the length 0; the measures of such magnitudes are said to be 
‘diffuse’. However, developments in Mechanics and Physics have introduced 
the notion of magnitudes for which an object of negligible dimensions may 


(*) It is not obvious a priori that different species of magnitudes can be measured 
by the same numbers, and it is undoubtedly by deepening the concept of the measure of 
magnitudes that the Greeks arrived at their theory of ratios of magnitudes, equivalent to 
that of the real numbers > 0 (cf. GT, Ch. V, §2 and the Historical Note of Ch. IV). 

(**) This does not apply, for example, to the electric charge of a body; however, 
the measure of the total electric charge may be regarded as the difference of the measure 
of the positive electric charges and the measure of the negative electric charges, both of 
which are positive measures. 


x INTRODUCTION 


still have non-negligible measure: gravitational or electrical ‘point masses’, 
which, to tell the truth, are largely mathematical fictions more than they are 
strictly experimental notions. One is thus led, in Mathematics, to consider 
measures defined as follows: to each point a; (1 <i <n) of a finite set F 
there is attached a number m,, its ‘mass’ or its ‘weight’, and the measure 
of an arbitrary set A is the sum of the masses m, of the points a; that 
belong to A. 

Closely tied to the concept of measure is that of weighted sum. For 
example, consider in space a finite number of masses (gravitational or elec- 
trical) m; placed at points a; (with coordinates 2;, y;, 2; ); the component 
along Oz (for example) of the attraction exerted on a point b (with mass 1 
and coordinates a, 3,7) by the set of these masses is (for a suitable system 
of units) the sum 


r? = (x; — a)? + (y; — 8)? + (2%; — 7)? being the square of the distance 
between the points a; and b. In other words, one considers the value of the 
function 
z—7 
3/2 
((c— a)? + (y- B+ (2-))” 


at each point a;, one multiplies it by the ‘weight’ of this point, and one 
sums up the ‘weighted values’ of f so obtained. It is known that such sums 
intervene constantly in Mechanics: centers of gravity and moments ef inertia 
are the best-known examples. 

If one wants to extend the notion of ‘weighted sum’ from the case of 
point masses to that of a ‘diffuse’ measure, where every point has measure 
zero, one finds oneself in the presence of the problem, of so paradoxical an 
aspect, that gave rise to the Integral Calculus: how to assign a meaning to 
a ‘sum’ with infinitely many terms each of which, taken by itself, is zero. 
Let us take up again the example of calculating the attraction exerted on a 
point, when the attracting masses are ‘distributed continuously’ throughout 
a volume V. If V is decomposed into a finite number of (pairwise disjoint) 
subsets V;, one assumes that the component along Oz of the attraction 
exerted by V on a point b is the sum of the components of the attractions 
exerted on b by each of the V;. But if the diameter of each V; is small, 
the continuous function f(z,y,z) varies little in V;, and one is led to 
liken the attraction exerted by V; to that which would be exerted by a 
point mass equal to the mass m,; of V; and placed at any point a; of the 
volume V;. One is thus led to tale; as an approximate value of the sought- 
for number, the ‘Riemann sum’ 2m f (xi, yi, zi); for this to be justified 


f(z,y,2) = 
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from the mathematical point of view, it must naturally be proved that these 
approximate values tend to a limit as the maximum diameter of the V; 
tends to 0, which is an easy consequence of the uniform continuity of the 
function f in V (assuming V is compact and the point 6 is not in V). 
It is known that the ‘method of exhaustion’ of the Greeks and ‘Cava- 
lieri’s principle’ for the systematic calculation of plane areas and of volumes 
are based on an analogous procedure, by the decomposition into ‘slices’ of 
the areas and volumes considered; the ‘weighted sums’ thus arrived at are 
none other than the integrals ii f(x)dx (cf. the Historical Note for Chs. 
I-III of Book IV). Here again, it is the uniform continuity of f that implies 
the existence of the limit of the ‘Riemann sums’; more generally, it implies 
the existence of a limit for the analogous sums )* f(&)(g(xi+1) — g(wi)) 


7 

(x; < & < Vi41), where g is only assumed to be a bounded function that 
is increasing on [a,b]. This limit, denoted f f(x)dg(x) and called the 
Stieltjes integral of f with respect to g, may be regarded as the ‘weighted 
sum’ of the function f for the measure jz defined on the set of semi-open 
intervals ]a,(@] by the formula p(] a, 6] ) = 9(6+) —g(a+); it is no longer 
tied to Differential Calculus as closely as the usual notion of integral (*). 
The same is true for the classical ‘double’ and ‘triple’ integrals, associated 
with the measurement of plane areas and volumes, respectively. However, 
all of these notions of integral are related to each other, not only by their 
definition, but by the following characteristics: the ‘integral’ ju(f) of a con- 
tinuous numerical function f on a certain compact subset K of the line, the 
plane, or 3-dimensional space, is a number associated with the element f of 
the space @(K) of continuous functions on K; f+ u(f) is thus a map- 
ping of @(K) into R (sometimes called a ‘functional’) that is: 1° linear 
(that is, u(af + Bg) = ap(f) + Bu(g) for all scalars a, and continuous 
functions f,g); 2° positive (that is, u(f)>0 for every continuous function 
f >0). 

It is remarkable that, conversely, these two properties suffice to char- 
acterize the Stieltjes integrals on an interval [a,b] (F. Riesz’s theorem). If 
this is so it is because, starting with the values of the integral of continu- 
ous functions, one can reconstitute the measure that gave birth to it. This 
amounts (if we think of the interpretation of f. f(x)dz as a plane area) to 
calculating the integral of a characteristic function of an interval, assuming 
it to be known for continuous functions. In other terms, it is a question of 
extending in a suitable way the functional p(f) to a set of functions con- 


(*) If, in particular, one takes g to be a step function that is increasing and right- 
continuous, then the corresponding Stieltjes integral is none other than the weighted sum 
of f for the point masses m; = g(ait+) — g(ai—) placed at the points of discontinuity 
a; of g. 
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taining @(K) and large enough to contain also the characteristic functions 
of intervals. 

There are several methods for accomplishing this extension; one of the 
most interesting appeals to the notion of function space. One knows that, 


on the space R”, the norms ||x||,. = sup |z;| and ||x||; = x |z;| define 
<ig¢n 


the same topology. By ‘passing from finite to infinite’ one is inf to consider, 
on the space @(K) of continuous functions on a compact interval K = [a, b] 


of R, the norms [flo = sup [f(z)| and [fl = fo Lf(2)ldx (or J. Ifldg 


in the case of a Stieltjes integral). But here, the topologies defined by these 
two norms are different, and the space @(K) , which is complete for the first 
norm (GT, X, §1, No. 6, Cor. 1 of Th. 2), is no longer so for the second. 
More precisely, one can identify the elements of the completion of @(K) 
for the norm ||f||, with classes of not necessarily continuous functions, and 
the extension of the integral is then made simply by extending by continuity 
the functional p(f) defined on @(K), to the completion of this space (the 
technical details of this procedure are exposed in Ch. IV). Of course, we 
have assumed that the integral of continuous functions was defined starting 
with a measure (by the procedure of ‘Riemann sums’ reviewed above); to 
obtain F. Riesz’s theorem, it is necessary to operate in the same way, but by 
defining the norm to be p(|f|), where u(f) is the positive linear functional 
defined on @(K). 

The method of extension we have just sketched not only leads to Riesz’s 
theorem, but in addition it permits defining the integral for classes of func- 
tions ‘much more discontinuous’ than the characteristic functions of inter- 
vals; on considering the characteristic functions of sets that are ‘integrable’ 
functions, it permits, at the same stroke, extending to the corresponding 
sets the measure given initially only for intervals, by setting u(A) = u(ya); 
this extension of course preserves the fundamental properties of additivity 
and positivity of the measure. 

The foregoing deals with the Stieltjes integral on the line, but the 
method of extension carries over at once to measures defined in the plane or 
in space, or on curves or surfaces. More generally, on analyzing the proofs, 
one perceives that they are actually valid for every positive linear functional 
defined on the space .#(X) of continuous functions on an arbitrary locally 
compact space X , each of which is zero outside a compact subset (depending 
on the particular function). 

This category of spaces to which the theory of integration is therefore 
applicable includes naturally the numerical spaces R” as well as manifolds; 
it also includes the discrete spaces (where the theory of integration merges 
with that of summable families of real numbers (GT, IV, §7)), as well as the 
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products (finite or infinite) of compact spaces identical to an interval of R 
or to a finite set; we shall see later on that the theory of measure on such 
products plays an important role in the Calculus of Probability. 

The extension of the concept of measure to general locally compact 
spaces has shown itself to be especially fertile in the theory of locally compact 
groups; generally speaking, the notion of integral appears to be the right tool 
whenever, in Topological Algebra, one wants to ‘pass from the finite to the 
infinite’, that is, to generalize the procedures of pure algebra in which finite 
sums appear, to the case that the ‘summation’ must deal with an infinite 
number of terms. For example, one knows (A, III, §2) that the elements 
of the algebra of a finite group G (over the field R) are the mappings 
st+a(s) of G into R, with the multiplication law a+ (=~, where ¥ is 
the function defined by 


7(s) =} a(t)a(e-'s). 


teG 


What appears to be a natural generalization of this algebra, for an arbitrary 
locally compact group G, is the set of mappings of G into R that are 
integrable for a certain special measure 4 on G (the ‘Haar measure’), the 
multiplication in the algebra being given by 


(f * g)(s )= | 0s (t~*s) du(t) . 


Moreover, once embarked on this path, one is quickly annoyed by the 
obligation to ‘sum’ only functions with real values; in many cases, it is useful 
to know how to define the integral of functions that are defined on X and 
take values in a topological vector space over R., for example a Banach space 
or a space of operators on a Banach space. One ascertains that this extension 
can be made easily with no need for any profound modifications of the theory 
of integration. 

In the foregoing sketch, a preponderant role has been given to continuous 
functions; it is natural to ask whether the notion of measure is in effect tied 
in an essential way to the existence of a topology on the set X where it 
is defined. A close examination of the theory shows that this is not at all 
the case, and that the methods of extension apply as well to a positive 
linear functional p(f) defined on a vector space V consisting of numerical 
functions defined on an arbitrary set X, by means of certain supplementary 
conditions imposed on ¥Y and on p(f); these conditions are automatically 
satisfied when ¥Y is a space .#(X) of continuous functions with compact 
support, but they are also satisfied in more general cases. However, this 
greater generality is in some respects illusory: indeed, it can be shown that 
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every ‘abstract measure’ is, in a certain sense, ‘isomorphic’ to a measure 
defined (starting with continuous functions) on a suitable locally compact 
space; on the other hand, most applications have to do with sets X equipped 
with a topology that intervenes naturally in the matter; we shall therefore 
occupy ourselves exclusively, until Chapter IX, with measures defined on 
locally compact spaces. 

The first two chapters are preliminaries to the theory: they are devoted 
to the proof of inequalities fundamental to the extension, and to the study 
of certain ordered vector spaces, the Riesz spaces, which play an important 
role in several questions later on. 

The concept of measure on a locally compact space is defined in Chap- 
ter III; we take as point of departure the theorem of Riesz, which thus 
becomes a definition: the integral of continuous functions is therefore defined 
before the measure of sets, as a positive linear functional on #(X). This 
presentation offers certain technical advantages (due notably to the fact that 
the continuous functions form a vector space, whereas this is not the case for 
the characteristic functions of sets); moreover, it is in the form of a functional 
on .#(X) that the integral naturally arises in numerous questions. Finally, 
the differences of two positive linear functionals on %(X) (which we again 
call measures on X) may be characterized as the linear forms on %(X) 
satisfying certain continuity conditions; the theory of integration is thus 
related, on the one hand to the general theory of duality in topological vector 
spaces (cf. Book V) and on the other hand to the theory of distributions, 
which generalize certain aspects of the concept of measure and which we 
shall expose in a later Book. 

Chapter IV is devoted to the extension of the integral; both integrable 
functions and the measure of sets are defined there, as well as the function 
spaces L?, whose importance in applications is considerable; also shown 
there, is how the introduction of the concept of measurable function leads 
to convenient criteria for integrability. 

In the next two chapters, it will be seen how measurable functions ap- 
pear also as ‘densities’, enabling one to define new measures on a space X 
starting from a given measure. This study, which leads in particular to 
important results in the duality theory of the L? spaces, is also tied to 
the notion of vectorial measure, which can, in the most favorable cases, be 
brought under the theory of integration (with respect to a positive measure) 
of vector-valued functions. 

We shall also develop what may be considered the modern culmination 
of the idea of ‘decomposition into slices’ of plane areas and of volumes, in- 
troduced by the founders of the Integral Calculus: under certain conditions, 
a measure on a space X can be decomposed into a ‘sum’ of measures each 
of which is carried by a ‘slice’ of the space X (that is, by an equivalence 
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class with respect to a certain relation R); moreover, such a decomposition 
permits calculating the integral of a function, with respect to the original 
measure, by first integrating ‘over each slice’, then integrating (with respect 
to a suitable measure) the resulting function on the quotient space X/R 
(a generalization of ‘double summation’ for the sum of a family where the 
indices run over a product set). 

Chapter VII is devoted to the study of Haar measure on a locally com- 
pact group, which is characterized, up to a scalar multiple, by the property 
of being invariant under every left translation of the group. 

In Chapter VIII the convolution of measures is exposed, a concept that 
plays a role of the first order in modern Functional Analysis. 

Chapter IX is devoted to integration in Hausdorff topological spaces 
that are not necessarily locally compact, and in particular in locally convex 
vector spaces; this permits, notably, the extension of the theory of the Fourier 
transformation to the latter spaces. The mode of exposition chosen in the 
early sections consists in reducing, to the extent possible, to the case of 
compact spaces treated in the earlier chapters. 


CHAPTER I 


Inequalities of convexity 


1. The fundamental inequality of convexity 


Let X be aset; in the vector space R* of all finite numerical functions! 
defined on X, let P be the set of all positive real-valued functions on X. 
On the other hand, let M be a numerical function,” finite or not, with 
values > 0, defined on P, such that: 

1° M(0) = 0, and M is positively homogeneous, that is, M(Af) = 
AM(f) for every real number \ > 0.3 

2° M is increasing in P, in other words the relation f < g implies 
M(f) < M(g). 

3° M is conver in P, in other words (TVS, II, §2, No. 8) satisfies the 
relation M(f +g) < M(f)+M(q). 


Example. — Suppose X is a finite set, for example the interval [1,n] of N; 
denoting by x; (1 < i < n) the coordinates of a vector x € R”, the functions 
n 


Mi(x) = a; and M(x) = sup 2; satisfy the preceding conditions in the 


i=l l<ign 
set P of vectors x with coordinates > 0. 
Remark. — Let S be a pointed convex cone contained in P (that is, a set 


such that S+SCS and AS CS for A >0; cf. TVS, II, §2, No. 4); let M bea 
numerical function (finite or not) with values > 0, defined on S and satisfying in S 
the above conditions 1°, 2° and 3°. Then M can be extended to the entire set P, in 
such a way that the extended function (which we denote again by M ) satisfies the 
same conditions: it suffices, for every function f € P, toset M(f) = +00 if there 
does not exist any function g € S such that f <g,and M(f)= ee M(g) in 
GES, FSG 
the contrary case. This procedure will be applied in Ch. IV, §1 to define the upper 
integral of a positive function. 


1 Fonction numérique finie—a function with values in R—may also be translated 
as “real-valued function” (cf. GT, IV, §5, No. 1). 

2 Fonction numérique—“numerical function” —signifies a function with values in R. 
(TG, IV, §5, No. 1). The phrase “finite or not” is sometimes added as a reminder that 
the function may take on infinite values. 

3Recall that in R., products such as 0-(+00) are not defined (GT, IV, 84, No. 3). 
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PROPOSITION 1. — Let (ti, t2,...,tn) be a finite numerical function, 
defined and continuous for t, >0 (1<i<n), such that: 

1° the relations t; >0 (1< ign) imply (ti, te,...,tn) >0; 

2° the function » is positively homogeneous; 

3° the set K C R” defined by the relations tt > 0 (1 <i <n), 
p(ti,te,...,tn) S>1 ts convez. 

Under these conditions, if fi, fo,...,fn are n finite functions >0 
defined on X, such that M(f;) < +00 for 1<i<n, then 


(1) M(9(fi, far-+-s fn) < P(M(fi), M(fo),---, M(fr)) - 


One knows, by the Hahn-Banach theorem (TVS, II, §5), that K is the 
intersection of the n half-spaces t;>0 (1 <i <n) and a family of closed 
half-spaces (U,),e1, U, being defined by a relation of the form 


(2) Qyity + Qala “fe seeP Quntn i B, 2 0, 


where the a,, are not all zero. By hypothesis, if t = (t;) is such that t; > 0 
for l<ic<n,then p(ti,...,t,) >0, therefore there exists a Ag > 0 such 
that the relation A > Ao implies At € K; this shows that, for each « € I, 
the relations t; >0 (1 <i<n)imply a,ti+--:+Qintn >0 and therefore 
a, 20 for 1 <k <n; it is then clear that K is also the intersection of 
the half-spaces t; > 0 (1 <i<n) and the U, such that 6, > 0; moreover, 
since the origin does not belong to K, there exists at least one index ¢ such 
that B, >0. 

Now let C be the convex cone in R”+! defined by the relations t; > 0 
(l<i<gn+t1), tna < v(ti,te,...,tn) (the closure of the convex cone 
generated in R"*+! by the convex set K x {1}); it is immediate that C is 
also defined by the relations t; > 0 (1 <i<n+1) and 


(3) Bitnar SOtit--t+intn (EI, 6, 20). 
For every x € X, we therefore have 
(4) B.o(filz), teey fn(2)) < au fi(z) ape Oindn(a) 


for all . € I. For every index 4 such that 6, > 0, it follows from (4) and 
the hypotheses on M that M((fi, fo,---,fn)) is finite and 


B.M (o( fi, fas-+ +5 fn) gS aiM (fi) + a2M (fe) + -+ + QnM(fn), 


and this relation is also verified in an obvious manner if 6, = 0. We thus 
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see that the point with coordinates 


M(fi), M(fo),---,M (fn); M (p(fi, fas ---+fn)) 


belongs to C, which proves the proposition. 


2. The inequalities of H6lder and Minkowski 


In this No. and in the following one, X and P have the same meaning 
as in No. 1, and M denotes a function defined on P that satisfies the 
conditions listed in No. 1. 


PROPOSITION 2. — Let a and 3 be two numbers such that 0<a<1, 
0<B<1,a+f6=1. If f and g are two finite functions >0 defined 
on X, and if M(f) and M(q) are finite, then 


(5) M(f%g") < (M(F))*(M(g))? 


(Holder’s inequality). 

By Prop. 1, it all comes down to proving that, in R?, the set defined 
by the relations t; > 0, te > 0, 1248 > 1 is convex, or again (FRV, I, §4, 
No. 1, Def. 1) that the function u(t) = t~%/% is convex for 0 <t < +00. 
Now, setting r=a/@, we have D?u(t)=r(r+1)t-"~? and, since r>0, 
D?u(t) > 0 on ]0,+00[, which proves the proposition (FRV, I, §4, No. 4, 
Cor. of Prop. 8). 


COROLLARY. — Let a; (1 < i < n) be n numbers >0 such that 
n 
Yo a; = 1, and let f; (1 <-i<n) be n functions >0 defined on X, such 
1 


i=1 
that M(f;) is finite for 1<i<n. Under these conditions, 


(6) M( ft" fo? «+ fat") < (M( fi)" (M(fa))°? -- (M( fa)". 


We can restrict attention to the case that a; > 0 for every i. 
It suffices to argue by induction on n, by applying the inequality (5) to 
n 


the numbers a = a, and @ = > a;, and to the functions f = f;,, 


i= 
g= ots itso fone, 


PROPOSITION 3. — Let p be a real number >1. If f and g are two 
finite functions > 0 defined on X, then 


1/p 


(7 (m (is +99?) ” < (A4(9))""” + (MC@P))"” 


(Minkowski’s inequality). 
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We can restrict attention to the case that M(f?) and M(g?) are 
finite. By Prop. 1, we are reduced to proving that the set in R? defined by 
the relations tj 20, te >0, fh! ae ta! P > 1 is convex, or again that the 
function u(t) = (1—- t/ P\P is convex for 0<t <1. Now, 


1 
2 a — .)\g1/p-2(1 — 41/Pyp-2 > 
D*u(t) (1 )e (1-¢t'/?) 20 


for 0<¢t<1, whence the proposition. 


3. The semi-norms N, 


Let p be a real number > 1 and let ¥?(X,M) be the set of finite 
numerical functions f defined on X such that M(|f|?) is finite. It is 
obvious that if g is a function belonging to ¥?(X,M) and if |f| < |gl, 
then f also belongs to #?(X,M); this remark and Minkowski’s inequality 
show that the sum of two functions in #?(X,M) also belongs to this set; 
taking into account the fact that M is positively homogeneous, we thus see 
that $?(X,M) isa linear subspace of the space R* of all finite numerical 
functions defined on X. 

For every number p> 0 and every finite numerical function f defined 
on X, set 


1 
No(F) = (MFP)? 
then N,(Af) = |A|Np(f) for every scalar A; moreover, if p > 1 then, 
by (7), 


(8) N,(f +g)< N,(f) at N,(9) ’ 


which proves that N, is a semi-norm on the vector space .#?(X,M) (TVS, 
TH bt), 


PROPOSITION 4. — Let p and q be two real numbers > 0 and set 
1/r =1/p+1/q. For any finite numerical functions f,g defined on X, 


(9) N,(f9) < No(f) Na(g) 


provided that N,(f) and N,(g) are finite. 
For, the relation (9) may be written 


M(Ifl"lgl") < (MCFD)? (M(lgl2))"”, 


which is none other than Holder’s inequality (5) applied to the numbers 
a=r/p and @=r/q and to the functions |f|? and |g|?. 
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COROLLARY. — Suppose that M(1) = 1; then, for every finite nu- 
merical function f defined on X, the mapping p++ N,(f) is increasing 
in ]0,+00[. 

Applying the inequality (9) to the case that g = 1, we see that N,(f) < 
N,(f) for all g > 0; since the number r defined by 1/r =1/p+1/q runs 
over the set of numbers such that 0 <r <p when q runs over the set of 
numbers > 0, the corollary is proved. 


PROPOSITION 5. — For every finite numerical function f defined on X, 
the set I of values of 1/p (p > 0) such that N,(f) ts finite is either 
empty or is an interval; if I is not reduced to a point, then the mapping 
at+ logNi/a(f) is either convex on I or is equal to —co on the interior 
of I. 

Let r and s be two distinct numbers > 0 such that 1/r and 1/s 
belong to I; it all comes down to proving that if 


1 t i=t 
ae © : 
p Tr 8 
with 0<t< 1, then 
(10) logNp(f) < t- logN,(f) + (1 — t) log N,(f), 


or, what comes to the same, 


IN 
— 
Z 

3 
——~ 
as 
— 
— 
—_ 
Z 
7) 
“——~ 
as) 
A 
— 


(11) N,(f) 


a relation that may, by the definition of N,, be written 


(12) M(IfP) < (a(LFI"))?”” (M(EP)) OOP”. 
Setting a = tp/r, we have 1—a = (1—t)p/s by the relation that 


defines p as a function of t, r,s; whence p = ar+(1—a)s. Holder’s 
inequality now yields 


M(IFI*1FCO-) < (M(IFIT))* (MF) 


which is none other than the inequality (12). 


Exercises 


1) With the hypotheses of No. 1, show that the set of bounded functions on X such 
that M(|f|) is finite is a subalgebra A of R*, and that the set of bounded functions 
on X such that M(|f|) =0 is an ideal in A. If, moreover, M(1) is finite, show that 
the mapping f ++ M(f) is continuous when A is equipped with the topology of uniform 
convergence in X. 


2) Let X be the interval [0,-+oo[ of R, S the convex cone formed by the functions 
defined on X such that 0 < f(x) < kx on X (for a finite number k > 0 depending 
on f). Set M(f) =0 for f € S, and M(f) = +00 for every positive function f 
defined on X and not belonging to S. Show that M satisfies the conditions of No. 1, 
and that M(x) =0, and M(x") =+0o for every number r > 0 not equal to 1. 


3) Give an example where X is a set with two elements, Np(x) is finite for every 
p > 0 and every x € R?, but where there exist values of p such that the mapping 
pt+ Np(x) is not differentiable at these points. 


4) Deduce the inequality (6) from the inequality of the geometric mean 
n 
Zod 702... 29 < ay2z7+-+-+anzn (where aj=1 
1-22 n 
i=1 


(FRV, III, §1, No. 1, Prop. 2). (Reduce to the case that M(f;)=1 for 1<i<n.) 


5) Let a be areal number > 1 and let 8=1—a<0. Let g bea finite function, 
defined on X, such that g(x) > 0 for all x € X and such that M(g) > 0; show that 
for every finite function f >0 defined on X such that M(f) is finite, 


M(f%g*) > (M(f))*(M(g))? 


(apply Hélder’s inequality suitably). 
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6) Deduce Minkowski’s inequality from Hélder’s inequality (find an upper bound for 
M(f(f +9)®~!) with the help of Hélder’s inequality). If one assumes that M(f +g) = 
M(f) + M(g) for every pair of functions f, g defined and 20 on X, deduce similarly 
from Exer. 5 the inequality 


(M((f +9)?))'/? > (M(f?))*/? + (Mt (g?))*/? 


in the following cases: 

a) 0 < p < 1, f and g finite functions 20 defined on X, such that 
f(x) +9(x) >0 for all x €X and such that M(f?) and M(g?) are finite; 

b) p<, f and g finite functions defined on X, such that f(z) > 0 and g(x) >0 
for all  € X, M(f?) and M(g?) are finite, and M((f+g)?)>0. 


HISTORICAL NOTE 


(N.B. — The Roman numerals refer to the bibliography at the end of 
this note.) 


The concepts of arithmetic mean and geometric mean of two positive 
quantities go back to antiquity, in particular the Pythagoreans made of 
them one of their favorite subjects. It is also probable that the inequal- 
ity Vab < 4(a+b) between these means was well-known to them; in any 
case it is proved by Euclid, in connection with the problem of maximizing 
the product of two numbers whose sum is given. Apparently one must wait 
until the rather late date of 1729 to find explicit mention, by MacLaurin, 
of the generalization of this problem to n numbers, and the corresponding 
inequality (and this, even though much more difficult extremum problems 
had been addressed long before). 

Other analogous inequalities appeared in Analysis and Geometry from 
the end of the 18th century onward. Thus, in 1789, Lhuilier solved a geo- 
metric maximum problem associated with the inequality 


(d«] + i ms) < saz + bf; 
k=1 1 k=1 


k= 


Cauchy, in 1821, proved the special case 


(E>) <(Ea)Ex) 


of Hélder’s inequality; Buniakowsky in 1859 and H. A. Schwarz in 1885 
generalized Cauchy’s inequality to integrals. 

Nevertheless, it was not until nearly the end of the 19th century that the 
inequalities of convexity became the object of systematic study. O. Holder, in 
1888 (I), had the idea of introducing convex functions of a single variable into 
the question: he thus obtained the inequality of the geometric mean starting 
with the concavity of logx; applying the same idea to the function 2”, 
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he proved the inequality that bears his name, and which had already been 
found a year earlier by L. J. Rogers starting from the inequality of the 
geometric mean (cf. Exer. 4). As for Minkowski’s inequality, it was proved 
by the latter in 1896 (for finite sums), in connection with his memorable 
works on the ‘Geometry of numbers’ ((II), pp. 115-117); however, while 
the idea of convexity (for functions of any number of variables) is one of the 
fundamental concepts of this work, it is rather surprising that Minkowski did 
not notice that his inequality may be obtained by Holder’s method applied 
to (1+ 27)/" (he limited himself to applying the classical methods for 
seeking an extremum by means of the infinitesimal calculus). 

For a deeper study of the inequalities of convexity and of their applica- 
tions, the reader may consult the book of Hardy, Littlewood and Pélya de- 
voted to the question, which also contains a very complete bibliography (III). 


(I) O. HOLDER, Ueber einen Mittelwertsatz, Géttinger Nachrichten 
(1889), pp. 38-47. 


(II) H. MinkowsKI, Geometrie der Zahlen, 2nd. edn., Leipzig—Berlin 
(Teubner), 1910. 


(I) G. H. Harpy, J. E. LIrrLewoop, G. POLya, Inequalities, Cam- 
bridge (University Press), 1934. 


CHAPTER II 


Riesz spaces 


§1. RIESZ SPACES AND FULLY LATTICE-ORDERED SPACES 


1. Definition of Riesz spaces 


Recall that, on a set E, a vector space structure over the field R and 
an order structure are said to be compatible if they satisfy the following two 
axioms: 

(OVS;) The relation « <y implies c+z<y+z forall zeE. 
(OVSi) The relation « >0 implies 4x >0 for every scalar A> 0. 

The space E, equipped with these two structures, is called an ordered 
vector space (TVS, I, §2, No. 5). 

Axiom (OVS)) signifies that the order structure and the additive group 
structure on E are compatible, in other words that E, equipped with these 
two structures, is an ordered group (A, VI, §1, No. 1). 


Axiom (OVS;) implies that the relations « < y and r+z< y+z are 
equivalent. Similarly, it follows from (OVSy;) that, for every scalar A > 0, the 
relations « < y and Ax < Ay are equivalent, because \~! > 0 and so the 
relation Ax < Ay implies A~1(Ax) < A7!(Ay). One can therefore say that, in 
an ordered vector space, the translations and the homotheties of ratio > 0 are 
automorphisms of the order structure; this fact is also expressed by saying that 
the order is invariant under every translation and every homothety of ratio > 0. 
Moreover, the symmetry «++ —z is an isomorphism of the order structure of E 
onto the opposite order structure. 


DEFINITION 1. — An ordered vector space is said to be a Riesz space 
(or lattice-ordered vector space)‘ if its order structure is a lattice-ordering 
(that is, if every pair of elements xz, y of E hasasupremum sup(z,y) and 
an infimum inf(z, y)).? 


1Also called a “vector lattice”. 
Borne supérieure (supremum) is also translated as “least upper bound” (S, R, 


§6, 7). Similarly borne inférieure (infimum) is also translated as “greatest lower bound”. 
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Example. The space RA“ of all real-valued functions defined on any set A 
is a Riesz space (for the order relation (a(t) < y(t) for all t € A»); for, any 
two real-valued functions x, y defined on A have a supremum (resp. an infimum) 
equal to the mapping t+> sup(z(t), y(t)) (resp. t+ inf(zx(t), y(t)) ). 


One can also say that a Riesz space is a vector space E equipped with 
an order structure such that, on the one hand, this structure and the additive 
group structure of E define a lattice-ordered group structure on E (A, VI, 
§1, No. 9), and on the other hand that the axiom (OVS)1) is satisfied. 

Thus, all of the properties of lattice-ordered groups are applicable to 
Riesz spaces; we shall review here the principal ones (cf. A, VI, §1, Nos. 9 
to 12), as well as indicating the consequences that flow from the axiom 
(OVS). 

We recall first that one writes «+ = sup(x,0) (the positive part of x), 
z~ = (—-x)t = sup(—z,0) (the negative part of x), |x| = sup(z,—x) (the 
absolute value of x); then x= at —a~ and |z| = x+ +27; here, these 
two relations are equivalent to 


at = 5(je|+2), 2 =5(\2|—2). 


The relation x < y is equivalent to «zt < yt and x > y~». For any 
x and y, the triangle inequality holds: 


(1) jz + yl < |a| + ly]. 

By the invariance of order under every homothety of ratio > 0, 
(2) sup(Az, Ay) = Asup(z,y) for all A>0. 

In particular, 
(3) (Az)t =Agt, (Ar) =Azx” forall A>0. 


On the other hand, for > < 0 we have (Ar)t = (—Az)~ = |A| a7 
and (Ar)~ = (—Az)* = |A| 27 ; it follows that, for every 4 € R and every 
ze, 


(4) |Ax| = |A] - [a]. 

The invariance of order under translation shows that for all z ¢ E, 
(5) sup(x + z,y+z) =z+sup(z,y), 
whence, in particular, 


(6) sup(z,y) =2+(y—a2)* = 5(e+yt|e—yl). 
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We have the relations 


(7) inf(z,y) = —sup(—z,—y), 


(8) sup(z,y) +inf(z,y)=ar+y. 
If x,y, z are >0O then (A, VI, §1, No. 12, Prop. 11) 
(9) inf(x + y,z) < inf(z, z) + inf(y, z). 


If A and B are two subsets of E each of which has a supremum, then 
A+B also has a supremum and 


(10) sup(A + B) = supA+supB. 


Two elements x,y of E are said to be alien? (to each other) if 
inf (|x|, |y|) = 0; by (8), this relation is equivalent to sup(|z|,|y]) = |z|+|y|, 
and also, by (6), to ||| - lyl| = |z|+|y|; 0 is the only element alien to itself; 
for every z € E, zt and z~ are alien and may be characterized as the 
only alien elements y >0, z >0 such that r=y-—z. If y is alien to z, 
then every z€E such that |z| < |y| is also alien to x. If y and z are 
alien to x, then so is |y|+|z|, by the inequality (9); in particular, nly| is 
alien to x for every integer n > 0, from which it follows that Ay is alien 
to x for every scalar \, since there exists an integer n such that |A| <n, 
whence |Ay| < nly|. If a subset A of E consists of elements alien to x 
and if A has a supremum, then that supremum is also alien to z (A, VI, 
81, No. 12, Cor. of Prop. 13). 

Finally, we have the decomposition lemma (A, VI, §1, No. 10, Th. 1): 

If (xi)iet, (Yj)jer are two finite sequences of elements > 0 of E 
such that }' xt; = >° y;, then there exists a finite sequence (zij)(i,j)erx3 Of 

iel jeJ 
elements 20 of E such that 2; = 3) %; forall 1€1, and y; = x; 
jes el 


foralljeJ. 


2. Generation of a Riesz space by its positive elements 


Let E be an ordered vector space; the set P of elements > 0 of E is 
a conver cone with vertex 0, that is (TVS, II, §2, No. 4), a set such that 


3The original is étrangers, also translated as “coprime” (A, VI, §1, No. 12); the 
terms “orthogonal”, “disjoint” and “mutually singular” are also used. 
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P+PcCP and \PCP for all \ > 0. Conversely, if, in a vector space E 
over R, P is a convex cone with vertex 0, such that PM(—P) = {0} (in 
other words, a pointed and proper convex cone), one knows (loc. cit.) that 
the relation y— zx € P is an order relation (denoted z < y) compatible 
with the vector space structure of E. For this order structure to define a 
Riesz space structure on E, it is necessary and sufficient that: 

1° P generates E, that is, every z € E is of the form y—-z, where 
x and y belong to P; 

2° P satisfies one of the following two conditions: 

a) every pair of elements of P has a supremum in P; 

b) every pair of elements of P has an infimum in P (A, VI, §1, No. 9, 
Prop. 8). 


3. Fully lattice-ordered spaces 


DEFINITION 2. — A Riesz space E is said to be fully lattice-ordered if 
every nonempty subset of E that is bounded above has a supremum in E. 


It is immediate that in a fully lattice-ordered space E, every nonempty 
subset that is bounded below has an infimum in E. 


Examples. — 1) If A is any set, the space R*“ of real-valued functions defined 
on A is fully lattice-ordered, the supremum in R4 of a family that is bounded 
above being its upper envelope (GT, IV, §5, No. 5). 

2) Let F be any set; the space @(F) of bounded real-valued functions on F , 
equipped with the order structure induced by that of RF, is fully lattice-ordered. 
However, if F is a topological space, the space @(F) of continuous real-valued 
functions on F (equipped with the order structure induced by that of RF) isa 
Riesz space that is not in general fully lattice-ordered (cf. Exer. 13). Consider for 
example the case that F = R; let I be the interval ]0,1[, yy: the character- 
istic function of I, and let H be the set of continuous functions x(t) such that 
x < 97; it is clear that H is bounded above in @(F). The function yy is the upper 
envelope of the x € H, but it is not their supremum in @(F), since yy is lower 
semi-continuous but not continuous. Let us show that, in fact, H has no supremum 
in @(F); it suffices to prove that if u is a continuous function such that u 2 ¢1, 
then there exists a continuous function v # u such that u 2 v 2 yy. Now, 
u(0) > 1, therefore there exists a number a > 0 such that u(t) > 0 for 
—a <t <0; if w is a continuous function that is zero outside of the interval 
]—@,0[ and is such that 0 < w(t) < u(t) on this interval, then the function 
v=u-—w meets the requirements. 


PROPOSITION 1. — For an ordered vector space E to be fully lattice- 
ordered, it is necessary and sufficient that E be a Riesz space and that it 
satisfy one of the following two conditions: 

a) every nonempty subset A, consisting of elements >0 of E, that is 
bounded above and directed for the relation <, has a supremum in E; 
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b) every nonempty subset A, consisting of elements > 0 of E and 
directed for the relation >, has an infimum in E. 

The conditions are obviously necessary. Conversely, suppose that E 
is a Riesz space satisfying the condition a). Let B be a nonempty subset 
of E that is bounded above; the set C consisting of the suprema of the 
finite subsets of B is directed for the relation <; let a be one its elements 
and C, the set of x € C that are >a; if we prove that C, has a supre- 
mum then it will also be the supremum of B. Now, C, — a is a set of 
elements > 0, bounded above and directed for the relation <; it therefore 
has a supremum b, consequently a+ 6 is the supremum of C,. 

On the other hand, the condition b) implies a): for, if F is a nonempty 
set of elements > 0 of E, bounded above and directed for <, and if c is 
an upper bound for F,, then c—F is a set of elements > 0 that is directed 
for >; if it has an infimum m, then c—m is the supremum of F. 


PROPOSITION 2. — Let E be a Riesz space equipped with a Hausdorff 
topology that is compatible with its ordered vector space structure (TVS, II, 
82, No. 7). Jf, for every set H C E that ts bounded above and directed 
for the relation <, the section filter of H is convergent, then E is fully 
lattice-ordered. 

Indeed, one knows that the limit of the section filter of H is the supre- 
mum of H in E (TVS, II, §2, No. 7, Prop. 18). 


4. Subspaces and product spaces of fully lattice-ordered spaces 


Let E be a fully lattice-ordered space, H a linear subspace of E. The 
order structure induced on H by that of E is compatible with the vector 
space structure of H, but the ordered vector space H so defined is not 
necessarily a fully lattice-ordered space. 


More precisely, it can happen that H is not a Riesz space (Exer. 2), or that 
H is a Riesz space but is not fully lattice-ordered: the latter is the case for the 
subspace @(R) of the space @(R) (No. 3, Example 2). 
Moreover, if H is a Riesz space (fully lattice-ordered or not) it can happen 
za that the supremum in H of two elements of H is different from their supremum 
in E (Exer. 3 6)). Finally, it can happen that H is fully lattice-ordered, that the 
supremum of each finite subset of H is the same in E and in H, but that there 
exist infinite subsets of H, bounded above in H, for which the suprema in E 
and H are different (Exer. 13 f)). 


Let (E.),cr be any family of ordered vector spaces. Recall that, in the 


product space E = || E,, the product order relation of the order relations 
vel 
of the factor spaces is the relation «x, < y, for all v € I» (S, III, §1, No. 4). 


One verifies immediately that this relation is compatible with the vector 
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space structure of E; E, equipped with this structure, is called the product 
space of the ordered spaces E, . 


PROPOSITION 3. — Let (E,),er be a family of ordered vector spaces. 


For the product space E= [|E, to be a Riesz space (resp. a fully lattice- 
vel ; 
ordered space), it is necessary and sufficient that each of the spaces E, be a 


Riesz space (resp. a fully lattice-ordered space). 


Let us restrict ourselves to examining the case of fully lattice-ordered 
spaces. Suppose that all of the E, are fully lattice-ordered; let A be a 
nonempty subset of E that is bounded above and let a = (a,) be an upper 
bound for A. For every 4 €1, pr, A is bounded above by a,, hence has a 
supremum 6, in E,; it is clear that b= (b,) is the supremum of A in E. 


Conversely, suppose E is fully lattice-ordered. Let A, be a subset 
of E,, that is bounded above, A’, the subset of E formed by the z = (z,) 
such that «, € A, and z,=0 for 1 #-x«. It is immediate that A’ is 
bounded above in E, hence has a supremum b = (b,); by the definition 
of the product order relation, necessarily b, = 0 for . # «, and 6, is the 
supremum of A, , which completes the proof. 


DEFINITION 3. — Let E be an ordered vector space, V and W two 
supplementary linear subspaces of E. One says that E is the ordered direct 
sum of V and W if the canonical mapping (x,y) ~ x+y of the ordered 
vector space V x W_ onto the ordered vector space E is an isomorphism. 


PROPOSITION 4. — For an ordered vector space E to be the ordered 
direct sum of two supplementary linear subspaces V, W, it is necessary 
and sufficient that the relations rE V, ye W, c+y 20 imply tx >0 
and y>0. 

Since z > 0 and y > 0 imply ++y 20 in BE, the condition in the 
statement says that (z,y)» x+y transforms the set of elements > 0 of 
V x W into the set of elements >0 of E. 


5. Bands in a fully lattice-ordered space 


DEFINITION 4. — In a fully lattice-ordered space E., a linear subspace 
B of E is said to be a band if it satisfies the following conditions: 1) the 
relations x€B, y€E and |y| < |z| imply y € B; 2) for every nonempty 
subset X of B that is bounded above in E, the supremum sup X of X in E 
belongs to B. 


a 
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Example. — In the space RA of real-valued functions defined on a set A, 
the set of functions that are zero at all the points of a subset M of A is a band. 

Remark. — In the space R“, the subspace @(A) of bounded real-valued 
functions on A satisfies condition 1) of Def. 4; moreover, for every subset X of 
&(A) that is bounded above in (A), the upper envelope of X belongs to @(A). 
However, if A is infinite, a subset of @(A) may be bounded above in R“ without 
being bounded above in @(A), in which case @(A) is not a band in R4. 


It follows at once from Def. 4 that if B is a band in E then, for every 
nonempty subset X of B that is bounded below in E, inf X belongs to B. 
Every band B in E, equipped with the ordered vector space structure in- 
duced by that of E, is a fully lattice-ordered space and, for every subset 
X CB that is bounded above in B, the supremum of X in B is identical 
with its supremum in E. 

The intersection of any family of bands in a fully lattice-ordered space E 
is also a band. For every subset M C E, there exists a smallest band 
containing M (since E itself is a band); this band will be called the band 
generated by M. 

The properties of bands in a fully lattice-ordered space rest on the fol- 
lowing proposition: 


PROPOSITION 5. — Let E be a fully lattice-ordered space, A a non- 
empty subset of E consisting of elements > 0, such that: 1) A+ ACA, 
and 2) the relations r€ A, OX y <a imply yE A. Let M be the set of 
suprema in E of those subsets of A that are bounded above in E. Under 
these conditions, every element x >0 of E may be written in the form 
y+2z, where y € M is the supremum of the elements v € A such that 
v <x, and where z is an element > 0 that is alien to every element of M. 

At any rate y < 2, so it all comes down to showing that z=a2—y 
is alien to every element ¢t € A (No. 1), in other words that wu = inf(z,t) 
is zero. By hypothesis, u¢ A and u<x—y, thus ut+y < g; for every 
v€A such that v <a, by definition v < y, thus utu< uty <2; since 
u+ve€éA_ by hypothesis, also u+v < y by the definition of y; finally, 
since u+y is the supremum in E of the elements u+v such that v€ A 
and v < x, we have u+y < y, whence u < 0, which completes the proof. 


THEOREM 1 (F. Riesz). — Let A be a subset of a fully lattice-ordered 
space E. The set A’ of elements that are alien to every element of A is 
a band; the band A” of elements that are alien to every element of A’ is 
identical to the band generated by A, and E is the ordered direct sum of the 
bands A’ and A”. 

The properties of alien elements, reviewed in No. 1, and the definition 
of a band, show at once that A’ is a band, hence so is A”. By Proposi- 
tion 5 and the definition of a band, every element xz > 0 of E may be 
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written z = y+z, with y € A’ and ze A”, y and z being > 0; 
since every element of E is the difference of two elements > 0, we have 
E = A’ + A”; on the other hand, since 0 is the only element alien to itself, 
we have A’ A” = {0}, which proves that E is the direct sum of A’ 
and A”; finally, since the components in A’ and A” of an element > 0 
of E are >0, E is the ordered direct sum of A’ and A” (No. 4, Prop. 4). 

It remains to show that A” is identical to the band B generated by A. 
Now, E is the direct sum of B and the band B’ formed by the elements 
alien to all the elements of B; since A C B, we have B’ C A’; on the 
other hand Bc A” and E is also the direct sum of A’ and A”; therefore 
necessarily B= A”, B/=A’. 


Theorem 1 and Proposition 5 make it possible to give another definition 
of the band generated by a set of elements of E: 


PROPOSITION 6. — Let E be a fully lattice-ordered space, M a subset 
of E, and B the band generated by M. Let M, be the set of elements > 0 
of E each of which is < some element of the form 2D |x;|, where x; EM; 


u 

let Mz be the set of suprema of those subsets of M, that are bounded above; 
then the set Mo is identical with the set of elements >0 of B. 

Clearly Mz CB by the definition of a band; on the other hand, if B’ 
is the band of elements that are alien to every element of M;, Theorem 1 
shows that E is the ordered direct sum of B and B’. But Proposition 5 
shows that every element > 0 of E is the sum of an element of M2 and an 
element of B’ , whence the proposition. 


COROLLARY. — Let a be an element of a fully lattice-ordered space E, 

Ba the band generated by a, Bi, the band of elements alien to a. For every 

element x >0 of E, the component of x in Ba (for the decomposition 

of E as the ordered direct sum of Ba and Bi, ) is equal to sup (inf(nJa|,x)). 
nen 


This follows from Proposition 6, applied to M = {a}, and Proposition 5. 


Note that the bands generated by a and |a| are identical. If a and 6 
are two elements of E that are alien to each other, and if A and B are 
the bands generated by a and 5), respectively, then every element of A is 
alien to every element of B; for, b belongs to the band A’ of elements alien 
to a, whence Bc A’, and, by Theorem 1, every element of A is alien to 
every element of A’. 
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§2. LINEAR FORMS ON A RIESZ SPACE 


1. Positive linear forms on a Riesz space 


We recall the following definition (TVS, II, §2, No. 5): 


DEFINITION 1. — Given an ordered vector space E, a linear form L 
on E is said to be positive if L(x) >0 for every r>0 in E. 


Since L(y) — L(x) = L(y — z), it is the same to say that the relation 
x<y implies L(x) < L(y), or again that L is an increasing function on E. 


Examples. — 1) Let A be any set, E a linear subspace of the space RA of 
all real-valued functions defined on A. For every element a € A, the mapping 
xt» x(a) is a positive linear form on E. 


2) Let I = [a,6] be a compact interval of R, E the Riesz space formed 
by the regulated real-valued functions on I (FRV, II, §1, No. 3); the mapping 
Dr i x(t) dt is a positive linear form on E. 

3) Let F be any set, U an ultrafilter on F (GT, I, §6, No. 4), E the Riesz 
space @(F) of bounded real-valued functions on F. For every z € E, limy x(t) 
exists, because 2(L) is a base of an ultrafilter on the relatively compact set «(F), 
hence is convergent. Moreover, if « > 0 then limy z(t) > 0 by the principle of 
extension of inequalities; the mapping z +> limyz is thus a positive linear form 


on E. If & is taken to be the ultrafilter formed by the sets containing an element 
a € F, one recovers the positive linear form x +> x(a) (Example 1). 


PROPOSITION 1. — Let E be an ordered vector space, L a mapping 
of E into R such that L(x +y) = L(x) +L(y) and such that the relation 
xr >O0 implies L(x) > 0; then L(Ar) = AL(x) for every scalar X and 
every x20. 

Since L(—xr) = —L(x) (L being a representation of the additive 
group E in R), we can restrict ourselves to the case that \ > 0. For every 
integer n > 0, we have L(nx) = nL(x), whence L((1/n)z) = (1/n)L(z) 
and consequently L(rxz) =rL(zx) for every rational number r > 0. On the 
other hand, L is increasing in E; if r and r’ are rational numbers such 
that r<A <1’, it follows that rL(x) < L(Ax) < r’L(x); since rL(x) and 
r'L(x) differ from AL(zx) as little as we like, we have L(Ar) = AL(z). 


PROPOSITION 2. — Let E be a real vector space, C a convex cone with 
verter 0 in E such that E= C—C, and x++ M(x) a mapping of C 
into R such that M(Ax + py) = AM(z) + uM (y) for all cE C, yEC, 
A 20, w 20. Then, there exists one and only one linear form L that 
extends M to E. 

By hypothesis, every z € E may be written z = y—z, where z, y 
belong to C; moreover, if also z = y’~— 2’ with 2’ EC, y’ € C, then 
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M(y) — M(x) = M(y’) — M(z’); for, from the relation y—xz=y'—2' we 
infer y+ a’ = x+y’, consequently M(y) + M(a’) = M(z)+ M(y’). Let 
us denote by L(z) the common value of M(y)— M(z) for all expressions 
of z as the difference y—z of two elements of C; one verifies immediately 
that LD is a linear form on E extending M; the uniqueness of L results 
from the fact that C generates the space E. 


PROPOSITION 3. — Let E be a directed ordered vector space, P the 
set of elements >0 of E, and t+» M(x) a mapping of P into R, with 
values > 0, such that M(x +y) = M(x) + M(y) for all x, y in P. Then, 
there exists one and only one positive linear form L that extends M to E. 

Since E = P —P, the same reasoning as in Prop. 2 proves, first, the 
existence and uniqueness of an additive mapping L of E into R that ex- 
tends M. Proposition 1 then shows that L(Ax) = L(x) for all A > 0 and 
all 2 € P, from which it is immediate that LD is a linear form. 


2. Relatively bounded linear forms 


Let E be a directed ordered vector space. Let Q be the set of positive 
linear forms on E;; it is a subset of the algebraic dual E* of E (the space of 
all linear forms on E). It is immediate that Q+QCQ and AQCQ for 
every scalar 1 > 0 (in other words, Q is a conver cone in E*). Moreover, 
QN(—Q) = {0}, because if ZL and —L are both positive linear forms, then 
L(x) >0 and L(x) <0 for all x >0, whence L(x) = 0 for all z >0 and 
therefore L = 0 (No. 1, Prop. 3). The set Q thus defines on E* an order 
relation L < M, equivalent to « M — L is a positive linear form on E », or 
again to «for every x >0, L(x) < M(x)»; the elements > 0 of E* for this 
order structure are the positive linear forms (which justifies the terminology 
introduced). Let 2 be the linear subspace of E* generated by Q, that is, 
the set of linear forms on E that are differences of two positive linear forms; 
we are going to give another characterization of the elements of 2. when E 
is a Riesz space. 


DEFINITION 2. — Given a Riesz space E, a linear form L on E is 
said to be relatively bounded if, for every z>0 in E, L is bounded on the 
set of y€ E such that |y| <a. 


THEOREM 1. — 1° In order that a linear form L on a Riesz space E 
be relatively bounded, it is necessary and sufficient that it be the difference 
of two positive linear forms. 

2° The ordered vector space Q of relatively bounded linear forms on E 
is a Riesz space that is fully lattice-ordered. 
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If L = U—V, where U and V are positive linear forms on E, the 
relation —x <y <x implies 


—U(z) <U(y) < U(x) and —V(a) <V(y) <V(2), 


whence it is immediate that |L(y)| < U(z)+V(a); thus, L is relatively 
bounded. Suppose, conversely, that L is relatively bounded; it all comes 
down to proving that there exists a positive linear form N such that N(x) > 
L(x) for all c >0, because N — L will then be a positive linear form. 
Now, if a positive linear form N has this property then, for every 
x>0O and for 0O<y<z, we have N(x) >N(y) >L(y), therefore 


N(x) > sup L(y); if we prove that the real-valued function 
O<ygr 


cr+M(x)= sup L(y), 


O<y<ga 


defined on the set P of elements > 0 of E, may be extended to a positive 
linear form on E (to be denoted M as well), we will have demonstrated 
the first part of the theorem and will have proved, moreover, that M is the 
supremum of 0 and L in 2. Since M(x) >0 on P, it all comes down to 
proving that 

M(az+2') = M(x) + M(2’) 


for every pair of elements z > 0, x’ > 0 of E (No. 1, Prop. 3). By definition, 


M(x)+ M(2')= sup L(y) + sup L(y’) 


O<yKa Oxy’ <a’ 


= sup Lyyt+y') < M(x+2’). 
O<y<e, 0<y'<2! 


On the other hand, for every z such that 0 < z < x+~2’, we have 
rt+z2’=z+u with u > 0; by the decomposition lemma (§1, No. 1), there 
exist two elements y, y’ such that O< y<az, 0<y' <2’ and such that 
zayty, u=(z—y)+(e'—y'); then 


L(z) = L(y) + L(y’) < M(x) + M(z'), 


therefore M(x+z')= sup L(z) < M(x)+M(z’), which completes the 
O<z<a+z’ 

proof of the first part of the theorem. Moreover, we have thus shown that 2 

is a Riesz space and that, for every relatively bounded linear form LZ on E 


and for every z >0, 


(1) L*(x) = sup L(y). 


0<y<a 
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It remains to see that Q is fully lattice-ordered; for this, it suffices to 
show that any set H of positive linear forms, bounded above and directed 
for the relation <, has a supremum in 1). 

More generally, we have the following lemma: 


Lemma. — Let E be a directed ordered vector space, E* its dual, ordered 
by taking as positive elements the positive linear forms. Let (ua) be an 
increasing directed family of elements of E*. If, for every x > 0 in E, 
SUP U(x) < +00, then the family (ua) has a supremum u in E* and, for 
all x>0 in BE, 


(2) u(x) = sup u,(z). 


In the set P of all z > 0 in E, define the mapping wu by the for- 
mula (2); it is immediate that u(Ar) = Au(zx) for all A>0 and x €P; to 
prove the lemma it therefore suffices, by Prop. 2 of No. 1, to show that 


u(z + y) = u(z) + u(y) 


for x, y in P. But this is immediate on observing that u(x) = lim u(x) 
with respect to the directed set of indices (monotone limit theorem). 


From the formula (1), one deduces immediately that if L and M are 
two relatively bounded linear forms on E then, for every z >0, 


sup(L, M)(z) = sup (L(y) + M(z)) 


3 y2o, z>0, y+z=a 
2 (L(y) + M(z)). 


inf (L, M) (x) = es ee 
In particular if, in the first of these formulas, M is replaced by —L, 


we get 
|L|(z) = sup = L(y—2z). 
y20, 220, ytz=a 


Now, if c=y+z, y 20 and z>0, then —t < y—z < g; conversely, 
the relation |u| <x implies L(u) < |L|(|ul) < |L|(z). From this we deduce 
the formula 


(4) |L\(z) = sup L(y) for ¢>0, 
lyl<a 


whence, in particular, 
(5) |L(x)| < |L|(|x|) 


for all rE E. 
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PROPOSITION 4. — In order that two positive linear forms L, M on 
a Riesz space E be alien to each other in the space Q, it is necessary and 
sufficient that, for every number ¢ > 0 and every x > 0 in E, there ezist 
two elements y >0, z >0 of E such that t=ytz and L(y)+M(z) <e. 

Indeed, by the second formula of (3), this condition expresses that 
inf(L, M) =0. 


PROPOSITION 5. — Let L be a positive linear form on a Riesz space E. 
In order that a positive linear form M on E belong to the band generated 
by L in Q, it is necessary and sufficient that, for every x >0 in E and 
every number € > 0, there exist a number 6 > 0 such that the relations 
O<y<za and Ly) <6 imply M(y) <e. 

Let us first show that the condition is necessary. If M > 0 belongs to 
the band generated by DL in 2, then (§1, No. 5, Cor. of Prop. 6) 


M = sup (inf(nL, M)). 


If one sets 
U, = M —inf(nL,M), 


U,, is thus a positive linear form on E and infU, =0 in 2; consequently 
n 


(Lemma) U,,(x) tends to 0 as n tends to infinity, and there exists an n 
such that U,(x) < €/2. Fixing such an n, we have U,,(y) < ¢/2 for all y 
such that 0< y <2, thus the relation 0 < y <<a implies 


Mly) < 5 + inf(nL, M)(y) < 5 + L(y); 


if y is such that L(y) <¢/2n it follows that M(y) < ¢, which establishes 
our assertion. 

Let us now show that the condition is sufficient. For every positive 
linear form M on E, one can write M=U+V, where U belongs to the 
band generated by L in (2 and where V is alien to L, U and V being 
positive (§1, No. 5, Th. 1). If M satisfies the condition of the statement 
then so does V = M—U, since 0< V < M. From this we will deduce that 
V = 0. For every z > 0 in E and every number 7 > 0, there exist two 
elements y > 0, z >0 of E such that r=y+z and L(y)+V(z) <n 
(Prop. 4); given an arbitrary number ¢ > 0, choose 7 < « so that the 
relations 0<u<a and L(u) <7 imply V(u) < €; with y and z then 
determined as above, we have L(y) < 7, therefore V(y) <« and so 


V(x) =V(y) + V(z) Se + < 2€; 


since € is arbitrary, we have V(x) = 0 for every x > 0, that is, V=0. 
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Example. — Let E be a Riesz space equipped with a locally convex 
topology compatible with its ordered vector space structure (TVS, II, §2, 
No. 7). Let E’ be the topological dual of E,, and suppose in addition that the 
cone P of elements > 0 of E is complete for the weakened topology o(E, E’). 
Then every continuous linear form z’ € E’ is relatively bounded, for one 
knows (TVS, II, §6, No. 8, Cor. 2 of Prop. 11) that under these conditions, 
for every z > 0 in E the set of y € E such that |y| < x is compact for 
o(E,E’). From this we deduce that E is then fully lattice-ordered; for (§1, 
No. 3, Prop. 2), it suffices to show that for every set H C E that is bounded 
above and directed for <, the section filter ¥ of H is convergent in E for 
the topology o(E,E’) (the latter being compatible with the ordered vector 
space structure of E). By translation, we can suppose that H C P, and it 
then suffices to show that § is a Cauchy filter for o(E,E’), or again that 
every continuous linear form z’ € E’ has a limit with respect to ¥. But 
this follows at once from the monotone limit theorem when 2’ is a positive 
linear form, and since every linear form z’ € E’ is the difference of two 
positive linear forms (Th. 1) our assertion is proved. 


Exercises 


§1 


1) Let E be the vector space of functions r+ g(x) = i f(t) dt defined on the 


interval [0,1] of R, where f runs over the set of regulated functions on [0,1]. Let P 
be the set of increasing functions belonging to E. Show that P is a convex cone such 
that E= P-—P, Pn(—P) = {0}, and that E, equipped with the order structure defined 
by the relation g—h € P, is a Riesz space. 


2) Let IC R_ be acompact interval. Show that the subspace of R! formed by the 
restrictions to I of the polynomial functions (with real coefficients) is a directed ordered 
space but is not a Riesz space. 


3) a) Let E bea Riesz space, H a linear subspace of E. If, for any pair of elements 
z,y of H, sup(z,y) belongs to H, then H is said to be a co-lattice subspace. For this 
to be the case, it is necessary and sufficient that the relation x € H imply |z| € H. 

b) Let I be a compact interval in R, H the subspace of R! formed by the restric- 
tions to I of the first-degree polynomials t + at+ (3. Show that H is not a co-lattice 
subspace of R! but that H is a Riesz space (for the structure induced by that of R/). 


4) Let E bea Riesz space, H a linear subspace of E. One says that H is an isolated 
subspace of E if the relations x € H, |y| < |z| imply y € H. In this case, let P be the 
set of elements « of the quotient space E/H such that there exists at least one element 
xz > 0 inthe class «. Show that P is the set of elements > 0 for an order structure 
on E/H, compatible with the vector space structure of E/H, for which E/H is a Riesz 
space (cf. A, VI, §1, Exer. 4). 


5) a) An ordered vector space E is said to be archimedean if every x € E such 
that the set of nz (n an integer 20) is bounded above, is necessarily <0 (A, VI, 81, 
Exer. 31). Show that this condition is equivalent to the following: the intersection of 
any plane passing through 0 with the convex cone P of elements > 0 of E is a closed 
angular sector. Show that for an ordered vector space to be archimedean, it is necessary 
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and sufficient that it be isomorphic to a subspace of a fully lattice-ordered space (cf. A, 
VI, §1, Exer. 31). 

b) Let F be the Riesz space RF of real-valued functions defined on R. and let H 
be the subspace @(R) of bounded functions on R; H is an isolated subspace of F 
(Exer. 4). Show that the Riesz space E = F/H (Exer. 4) is not archimedean: more 
precisely, show that for every element z 2 0 of E, there exists a y € E such that y 2 nz 
for every integer n 20. 


6) Let E be a fully lattice-ordered space, V a linear subspace of E. Show that, for 
there to exists in E a supplement W of V such that E is the ordered direct sum of V 
and W,, it is necessary and sufficient that V be a band; W is then necessarily identical 
to the band of elements of E that are alien to every element of V. 


7) Let E be a fully lattice-ordered space, H an isolated subspace of E (Exer. 4). If 
B, and Bg are two supplementary bands in E, show that H is the ordered direct sum 
of Hj =HNBy and He =HMBaz, and that the Riesz space E/H is the ordered direct 
sum of the Riesz spaces Bi /Hi and Bo/He. 


8) Let (E.) be a family of fully lattice-ordered spaces, E the product space of 
the E, (which is fully lattice-ordered). Show that if B is a band in E, then each of its 
projections B, = pr,(B) is a band in E,, and B is identical to the product of the B,. 
From this, deduce the determination of the bands in the space R4 of mappings of a 
set A into R. Show that, in the space @(A) of bounded real-valued functions on A, 
every band is the trace on @(A) of a band in RA. 


q 9) Let E be a fully lattice-ordered space. A filter § on E is said to be bounded 
above (resp. bounded below, bounded) if there is a set in $ that is bounded above (resp. 
bounded below, bounded). For a filter § that is bounded above (resp. below), the limit 
superior (resp. limit inferior) of §, denoted limsup% (resp. liminf ¥) is defined to 
be the element inf(sup X) (resp. sup(inf X)) of E, where X runs over the set of sets 

x 


in $ that are bounded above (resp. bounded below). If $ is bounded, then lim inf ¥ < 
lim sup §; ¥ is said to have a limit, or to be convergent, for the order structure of E, if 
lim sup ¥ = lim inf ¥; the common value of these two elements is then denoted lim F, and 
¥ is said to converge to this element of E. If a bounded filter has a limit, then every finer 
filter has the same limit (for the order structure). 

a) In order that a bounded filter § have a limit for the order structure, it is necessary 
and sufficient that inf(sup X — inf X) = 0 as X runs over the set of bounded elements 


of ¥ (one can make use of the fact that if, in E, (va) and (ya) are two decreasing 
families that are bounded below, having the same right-directed index set, then 


inf(zo + ya) = inf ra + inf yo ; 


to prove this formula, one observes that inf(ta + ya) < tg + Yy for every pair of 
indices 8, 7). 

b) Let A be a set filtered by a filter 6, f a mapping of A into E; f is said to 
have a limit with respect to © for the order structure of E if f(6) is a base of a bounded 
filter having a limit in E (for the order structure). Show that if A is a directed ordered 
set and f is an increasing mapping of A into E that is bounded above on A, then f 


has a limit with respect to the section filter of A, equal to sup f(z). 
reEA 


c) Let (E,) be a family of fully lattice-ordered spaces, E the product fully lattice- 
ordered space of the E,. In order that a bounded filter ¥ on E be convergent for the 
order structure, it is necessary and sufficient that, for every c, the filter with base pr,($) 
be convergent in E,; if a, is its limit, then a= (a,) is the limit of F. 


4 10) a) Let E bea fully lattice-ordered space; there exists a topology %(E) on E 
that is the finest of the topologies ZY on E for which every bounded filter ¥ on E that 
converges in the sense of the order structure (Exer. 9) converges to the same limit for 7. 
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Let E and F be two fully lattice-ordered spaces, f a mapping of E into F such 
that, for every bounded filter ¥ on E that is convergent for the order structure, f(§) is 
a base of a bounded filter on F that converges to f(lim §) for the order structure. Show 
that, under these conditions, f is continuous for the topologies %(E) and %(F). 

b) Deduce from a) that the topology 2%(E) is compatible with the vector space 
structure of E and that the mapping x +> |z| is continuous for this topology. Prove 
that %(E) is compatible with the ordered vector space structure of E and, from this, 
deduce that this topology is Hausdorff. 

c) Given any infinite set A, let E = @(A) be the fully lattice-ordered space of 
bounded real-valued functions on A. Let ® be the set of numerical functions (finite 
or not) defined on A such that y(t) >0 for all ¢ € A and such that, for every integer 
n > 0, the set of t € A such that y(t) < n is finite. For every function y € ®, let 
Vy be the set of « € E such that |x| < y; show that the sets V, form a fundamental 
system of neighborhoods of 0 for a topology “~(E) compatible with the ordered vector 
space structure of E, and for which E is Hausdorff and complete. Show that the topology 
JE) is finer than %(E), but strictly coarser than the topology of uniform convergence 
in A (defined by the norm ||z|| = sup |z(t)|) (consider the elements 1— yx of @(A), 

teA 


where X runs over the set of finite subsets of A, yx being the characteristic function 
of X). Deduce from this that in order for a subset of E to be bounded (for the order 
structure), it is necessary and sufficient that it be bounded for the topology %(E) (TVS, 
III, §1, No. 2). Show that every filter on E that is bounded and convergent for the 
topology %(E) is convergent to the same limit for the order structure. Finally, show 
that there exist filters on E that are convergent for %(E) but are not bounded. 


4 11) Let E bea fully lattice-ordered space, (z,),¢1 a family of elements of E. For 

every finite subset H of I, set sy = S xz,; the family (z.),¢1 is said to be summable 
LEH 
for the order structure of E if the mapping H+» sy _has a limit for this order structure, 
with respect to the directed ordered set ¥(I) of finite subsets of I; this limit s is then 
called the sum of the family (x.),¢ and is denoted Spee 
vel 

a) For a family (z,),cy to be summable, it is necessary and sufficient that: 1° for 
every finite subset H of I, the set of |sx|, where K runs over the set of finite subsets 
of I that do not intersect H, has a supremum ry in E; 2° infrg =0 as H runs over 

H 


(I) (make use of Exer. 9 a)). 

b) Generalize to summable families, for the order structure of E., the properties of 
summable families in commutative topological groups (GT, III, §5, Props. 2, 3 and Th. 2). 

c) Let (a.),cr bea family of elements > 0 of E; for the family to be summable, it 
is necessary and sufficient that the set of finite partial sums sy be bounded above (make 
use of Exer. 9 b)). If (a.).er issummable and if (y,),¢1 is a family of elements such that 
O0<y <a. for all c, show that the family (y,) is summable and that Yu < ye ‘ 

vel vel 

with equality holding only if x, = y, for all vel. 

d) Let (a,) bea family of elements of E; show that ifthe family (|z,|) is summable 
for the order structure, then so is the family (z,). 


12) Let E be a fully lattice-ordered space. Show that there exists a family (u,) 
of elements > 0 of E such that u, and u, are alien for every pair of distinct indices 
t, &, and such that for every x > 0 in E there exists at least one index z such that 
inf(z,u,) > 0 (use Zorn’s lemma). From this, deduce that for every x > 0 there exists 
one and only one family (z,) of elements >0 of E such that, for every 1, x, belongs 
to the band B, generated by u,, and such that x = ee for the order structure of E 


(take x, to be the component of x in the band B, ). Conversely, every family (x,) of 
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elements >0 of E that is bounded above, such that 2x, € B, for all 1, is summable 
in E (Exer. 11). 


4 13 a) Let E be a fully lattice-ordered space. If u # 0 is an arbitrary element 
of E, show that the set of x € E such that there exists an integer n for which |z| < nul, 
is a linear subspace Cy, that is a fully lattice-ordered and co-lattice subspace (Exer. 3) 
of E. For every xz € Cy, one denotes by ||z|| the infimum of the scalars 4 > 0 
such that |z| < Alu]; show that ||z|| is a norm on Cy (make use of the fact that 
E is archimedean (Exer. 5)), that Cy, equipped with this norm, is complete, and that 
ilz|| = sup(||2* |], l|e~|}) . 

b) Let ¥ be the set of components of u in the bands of the space Cy ; show that 
F is the set of elements c of Cy such that 0<c<u and inf(c,u—c) =0 (use Riesz’s 
theorem). Show that ¥ is closed in the normed space Cy, and that, for the order relation 
induced by that of C,, % is a complete Boolean algebra (S, III, §1, Exers. 11 and 17;! 
it suffices to show that if (c,) is a family of elements of % then sup, c, belongs to #). 

c) Let x be any element of Cy ; for every 4 € R let c(A) be the component of u in 
the band of Cy generated by (Au—x)+. Show that if 4 < then c(A) < c(u); c(A) = 0 
for A < —||z||, and c(A) =u for A > ||z||. Show that if c € Y is such that c < c(A), 
then the component of z in the band generated by c is < Ac (observe that the bands 
generated by c(A) and by (Au—<)* are identical, and that the component of Au —z 
in this band is equal to that of (Au —z)t+; from this, deduce that the component of x 
in this same band is < Ac(A) ). Similarly, show that if c€ ¥ is such that c< u—c(A), 
then the component of x in the band generated by c is > Ac. 

d) It is known (GT, II, §4, Exer. 12) that there exists an order structure isomorphism 
ct++6¢ of the Boolean algebra -¥ onto the Boolean algebra formed by the characteristic 
functions of the sets in a compact, totally disconnected space S that are both open and 
closed. Show that the relation ic; = 0 implies that the function So AiPe; is 0 


7 a 
on S (make use of the decomposition lemma); deduce from this remark and c) that 
the mapping c++ @¢ may be extended to an isomorphism x > 602 of the normed 
space Cy onto the normed space @(S;R) of continuous real-valued functions on S, so 
that (62)+ = 6,4. (With the help of c), show that for every x € Czy and every €>0, 
there exists an increasing sequence Oio<i<n of real numbers such that A; —A;-1 <€ 


n 
and 0< @— D> A-1 (e(As-1) — C(Ai)) < Eu.) 
i=1 

e) In order that S be finite, it is necessary and sufficient that Cy be finite-dimen- 
sional; from this, deduce (with the help of Exer. 12) that every finite-dimensional fully 
lattice-ordered space is isomorphic to a product space R” (cf. §2, Exer. 7). 

f) Show that S is an ertremally disconnected space (GT, I, §11, Exer. 21) (make use 
of the fact that .% is a complete Boolean algebra). An extremally disconnected compact 
space is called a Stone space. Show that if X is a Stone space then, for every lower 
semi-continuous numerical function f on X, the upper semi-continuous regularization g 
of f (GT, IV, §6, No. 2) is continuous (for every a < g(x) show that x cannot belong 
to the closure of the (open) set of y such that g(y) < a, by observing that f(z) <a 
at a point z in the closure of this set). From this, deduce that @(X;R) is then a fully 
lattice-ordered space. Show that when the Stone space X is infinite, the supremum in 
@(X;R) of a set that is bounded above is not necessarily equal to its upper envelope 
(consider a non-closed open set in X); however, these two functions are equal on the 
complement of a meager set (consider the set of points where their difference is > 1/n). 

g) Let X bea Stone space; show that if f is a bounded real-valued function, defined 
on the complement of a nowhere dense subset M of X and continuous on X — M, then 


1The terms ‘Boolean algebra’ (GT, I, §6, Exer. 20) and ‘Boolean lattice’ (S, III, §1, 
Exer. 17) mean the same thing (réseau booléien); completeness means that every subset 
has a supremum and an infimum (S, III, §1, Exer. 11). 
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f may be extended by continuity to all of X (make use of the fact that #(X; R) is 
fully lattice-ordered). From this, deduce that the set 2(X;R), of continuous numerical 
= = 

functions f on X (finite or not) such that f (+00) and f (-00) are nowhere dense 
in X, is a fully lattice-ordered vector space. 

h) Show that the band B, generated by wu in E is isomorphic (as an ordered space) 
to an isolated subspace (Exer. 4) of 2(X;R) (regard an element f > 0 of 2(X;R) as 
the supremum of the elements inf(f,7) ). 


14) Let E be a Riesz space, equipped with a Hausdorff topology compatible with 
the ordered vector space structure of E. 

a) Let K be a compact subset of E, H a subset of K that is directed for the 
relation <; show that the section filter ¥ of H is convergent. (First prove that the set L 
of upper bounds of H belonging to K is nonempty and compact, then that the set of 
cluster points of ¥ is contained in L, and finally that there cannot exist two distinct 
cluster points.) 

b) Deduce from a) that if, in E, every interval [a,b] is compact, then E is fully 
lattice-ordered. 


§2 


1) Let E be a Riesz space, x an element > 0 of E. If there exists a relatively 
bounded linear form L on E such that L(x) #0, show that the set of nz (n an inte- 
ger > 0) cannot be bounded above in E. In particular, show that there does not exist 
any relatively bounded linear form on the Riesz space E defined in Exer. 5 b) of §1. 


q{ 2) a) Let L be a positive linear form on the Riesz space E. Consider an element 
a > 0 of E and the set of positive linear forms M < L such that: 1° M(x) = L(x) 
for every x such that 0 < x < a; 2° M(x) = 0 for every x > 0 alien to a. Show 
that this set of positive linear forms has a largest element La and that, for every r>0, 
La(x) = inf L(y), where y runs over the set of all elements such that 0 < y < zx and 
xz—y is alien to a. Show that Lyq = La for every scalar \ > 0, and that if a and 6 
are alien then Lay, < La + Lp. If E is fully lattice-ordered, show that if a and 6 are 
alien in E then La4p5 = La + Lp. 

b) Take E to be the Riesz space of continuous real-valued functions on the interval 
I= [0,1] of R, and L(x) = a(4); show by means of an example that one can have 
La+p < La + Ly for two alien elements a, b of E. 


3) Let E be a fully lattice-ordered space. 

a) Show that every linear form L on E that is continuous for the topology %(E) 
(§1, Exer. 10) is relatively bounded, and that |L| is continuous for %(E) (argue by 
contradiction, on observing that for every x € E_ the sequence of elements x/n tends 
to 0 as n tends to infinity, for the topology %(E) ). 

b) Let A be any infinite set, & an ultrafilter on A whose sets have empty inter- 
section. On the fully lattice-ordered space E = @(A), consider the positive linear form 
x ++ limy x(t); show that this linear form is not continuous for the topology %(E). 


4 4) Let E bea fully lattice-ordered space. 

a) Let L be a positive linear form on E, continuous for the topology %(E) (§1, 
Exer. 10). Show that the set of z € E such that L(|z|)=0 is a band Z(L). Let S(L) 
be the band supplementary to Z(L) in E (§1, Exer. 6). 

b) Let L and M be two positive linear forms on E, continuous for %(E). In 
order that, in the space 2 of relatively bounded linear forms on E, M belong to the 
band generated by L, it is necessary and sufficient that S(M) Cc S(L). (To see that the 
condition is sufficient, argue by contradiction, on supposing that M does not verify the 
condition of Prop. 5; consider a sequence (yn) of elements of E such that 0< yn <2, 
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L(yn) < 1/2" and M(yn) 2 a > 0, and infer the existence of an element z 20 in E 
such that L(z)=0 and M(z) 2a.) 

c) Let L and M be two positive linear forms on E, continuous for %(E). In order 
that, in 2, L and M bealien, it is necessary and sufficient that S(L)NS(M) = {0}. (To 
see that the condition is necessary, prove that if S(Z)MS(M) does not reduce to 0 then 
the bands in 2 generated by L and M have an element # 0 in common, by using }).) 


5) a) Let E bea Riesz space, H an isolated linear subspace of E (§1, Exer. 4). 
Let 9 be the space of relatively bounded linear forms on E and let © be the subspace 
of © consisting of the linear forms L € 2 that are zero on H. Show that © is an 
isolated subspace of 2 and that © is a fully lattice-ordered space isomorphic to the 
space of relatively bounded linear forms on the Riesz space E/H. 

b) For a linear mapping u of E into a Riesz space F,, the following conditions are 
equivalent: 

a) u(sup(x, y)) = sup(u(z), u(y); 

GB) u(inf(a, y)) = inf(u(x), u(y); 

7) uxt) = (u(z))* ; 

6) the relation inf(z,y) =0 implies inf(u(z),u(y)) = 0. 
One then says that wu is a latticial linear mapping. 

c) For a linear subspace H of E to be mazimal in the set of isolated subspaces 
# E, it is necessary and sufficient that it be of the form Ker(f), where f is a latticial 
linear form 4 0. (Make use of GT, V, §3, Exer. 1.) 

d) Give an example of a Riesz space not reduced to 0 that contains no maximal 
isolated subspace (cf. §1, Exer. 5 6)). 


q 6) Let E be a Riesz space, 9 the fully lattice-ordered space of relatively bounded 
linear forms on E, and F a co-lattice subspace of  (§1, Exer. 3). For every x € E, 
the mapping 2’ + (z,2’) of F into R is a relatively bounded linear form uz on F, 
and the mapping x +> uz is an increasing linear mapping of E into the fully lattice- 
ordered space 1’ of relatively bounded linear forms on F. In order that x++ ug be an 
isomorphism of E onto a co-lattice subspace of 9’, that is, for uz >0 toimply z>0, 
and that Usup(z,y) = SUP(Uz, Uy), it is necessary and sufficient that the following two 
conditions be verified: 1° for every x > 0 in E, there exists an x’ > 0 in F such that 
(z,2') > 0; 2° for every pair of alien elements y > 0, z > 0 of EB, for every number 
é > 0 and for every x’ > 0 in F, there exist two elements y’ > 0, z’ > 0 of F such that 
a’ =y' +2! and (y,y’) + (z,z') < e. (Observe that if the second condition is verified 
and if v is a positive linear form on F such that v > uz, then v(2z’) > (2t,2’) —e for 
every 2’ > 0 in F and every € > 0.) 

If the condition 2° is fulfilled but not condition 1°, then the set of z € E such that 
(z,2') = 0 for all x’ € F is an isolated linear subspace H of E. By passage to the 
quotient, the mapping z ++ ug then defines an isomorphism of the Riesz space E/H 
onto a co-lattice subspace of 1’. 

Show that when F = 2, the above condition 2° is always verified (make use of 
Exer. 2). 


{ 7) Let E be a Riesz space of finite dimension n. 

a) If E is archimedean (§1, Exer. 5), show that the cone P of elements 20 of E 
is closed and has an interior point. From this, deduce that the intersection of the support 
hyperplanes of P reduces to 0 (make use of the fact that PM (—P) = {0}). 

b) Using a) and Exer. 6, show that every archimedean Riesz space of dimension n 
is isomorphic to the product space R” (cf. §1, Exer. 13 e)). 

c) Give an example of a totally ordered Riesz space of dimension 2. 


q 8) Let E be a Riesz space, (U,) a family of positive linear forms on E. We 
consider the topology Y on E defined by the semi-norms U,((|z/) . 

a) Show that the subspace H of E formed by the x such that U.(|x|) =0 for all ¢ 
is an isolated subspace of E (§1, Exer. 4); the Hausdorff space associated with E is the 
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quotient space E/H; by passage to the quotient, the U, define positive linear forms U, 
on E/H, and the quotient topology on E/H is defined by the semi-norms U,/(|z\) . 

b) Show that in the space E the mapping x + |z| is uniformly continuous, and 
deduce therefrom that if the topology 7 is Hausdorff then it is compatible with the 
ordered vector space structure of E. 

c) Assume that the topology 7 is Hausdorff and that E is fully lattice-ordered; 
show that every band B in E is closed, and that if B’ is the band formed by the elements 
alien to every element of B, then E is the topological direct sum of B and B’. 


d) Assume that the topology 7 is Hausdorff. Let E be the completion of E; if P 
is the set of elements > 0 of E, show that the closure P of P in E defines a Riesz space 


structure on E (cf. §1, No. 2). 

e) If E is Hausdorff and complete for the topology 7, show that in order for a 
set A C E, directed for the relation <, to have a supremum in E, it is necessary and 
sufficient that, for every index 4, U,(x) be bounded above in A; for every continuous, 
increasing numerical function f on E, one then has sup f(x) = f(sup A). Deduce from 

xceA 
this that E is fully lattice-ordered. 

f) Assume that E is Hausdorff and complete for the topology 7. Show that if a 
filter ¥ on E has a limit for the order structure of E (§1, Exer. 9), then it converges to 
the same limit for the topology Y (make use of e)). 


9) Let E be a Riesz space, 2 the space of relatively bounded linear forms on E. 
Consider the topology on © defined by the semi-norms L +> |L|(x), where x runs over 
the set of elements 20 of E. Show that ©, equipped with this topology, is Hausdorff 
and complete. 


CHAPTER III 


Measures on locally compact spaces 


§1. MEASURES ON A LOCALLY COMPACT SPACE 


1. Continuous functions with compact support 


DEFINITION 1. — Let X be a topological space, let E be either R or 
a vector space over R, and let f be a mapping of X into E. The smallest 
closed set S in X such that f(z) = 0 on X—S (in other words, the 
closure in X of the set of all + € X such that f(x) # 0) is called the 
support of f and is denoted Supp(f) . 


Let X bea locally compact space, E a topological vector space over R 
or C; recall that @(X;E) denotes the vector space of continuous mappings 
of X into E; when E=R or E=C, we will omit the mention of E in this 
notation if no confusion can result. We shall denote by .#(X;E) the sub- 
space of @(X;E) formed by the continuous mappings with compact support; 
for every subset A of X, we denote by @(X,A;E) (resp. .#(X,A;E) ) the 
subspace of @(X;E) (resp. .#(X;E) ) formed by the mappings f such that 
Supp(f) c A. If E=R or E=C, we write #(X) (resp. #(X,A)) 
instead of “#(X;R) or #(X;C) (resp. #(X,A;R) or #(X,A;C)), 
provided no confusion can result; we denote by .#4.(X) the pointed convex 
cone formed by the functions >0 of #(X;R). 

For every compact subset K of X, the space “(X,K;E) may be 
identified with a subspace of the space of continuous functions @(K; E) 
(namely, the subspace of continuous mappings of K into E that are zero 
on the boundary! of K). When @(K;E) is equipped with the topology of 
uniform convergence in K, #(X,K;E) is a closed subspace of @(K;E). 
In particular, if E is a Fréchet space (resp. a Banach space), then so is 
XH (X,K;E), because if the topology of E is defined by the semi-norms p, 
(resp. the norm x ++ ||z||) then the topology of .#(X,K;E) is defined 


1 The original is frontiére, also translated as ‘frontier’ (GT, I, §1, No. 6, Def. 11). 
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by the semi-norms f + suppn(f(z)) (resp. the norm f + sup \|f(x)|I, 


xzeK 
denoted ||f]| ). 

The space #(X;E) is the union of the increasing directed family of 
subspaces (X,K;E), where K runs over the set of compact subsets of X ; 
moreover, if K; C Ky are two compact subsets of X , the canonical injection 
K(X, Ky; E) > #(X,K2;E) is continuous for the topologies defined above. 
If E is locally convez, one can therefore define on #(X;E) the direct limit? 
of the locally convex topologies of the “(X,K;E) (TVS, II, §4, No. 4); 
unless expressly mentioned to the contrary, this will always be the topology 
in question when we regard .#(X;E) as a topological vector space. 


PROPOSITION 1. — Let X be a locally compact space, E a Hausdorff 
locally convex space. 

(i) The locally conver space #(X;E) is Hausdorff. For every compact 
subset K of X, the topology on #(X,K;E) induced by that of #(X;E) 
is the topology of uniform convergence in K, and each of the subspaces 
H(X,K;E) is closed in 4 (X;E). 

(ii) If E is the product of a finite number of locally convex spaces E; 
(l1<i<n), then the mapping f+ (pr,of) is an isomorphism of the space 
H(X;E) onto the product space [|] #(X;E;). 


l<icn 

(iii) If X ts the sum of a family (Xy),ex of locally compact spaces, then 
the mapping f+ (f |X y)veL és an isomorphism of the space #(X;E) onto 
the topological direct sum space of the family (#(X;E)) oes 

(i) Note that, on #(X;E), the topology of uniform convergence in X 
is compatible with the vector space structure of (X;E) because, for ev- 
ery f € #(X;E), with (compact) support S, the set f(X) = f(S) U {0} 
is compact, hence bounded in E (TVS, IH, §3, No. 1, Prop. 1). Since 
this topology % is locally convex and induces on each .#(X,K;E) the 
topology of uniform convergence in K, the same is true of the direct limit 
topology ZY on #(X;E) (TVS, Il, §4, No. 4, Remark); moreover, 7 is 
finer than % and % is Hausdorff, therefore Y is Hausdorff. Finally, sup- 
pose that a function f € #(X;E) belongs to the closure of .#(X,K;E); 
by the definitions, there exists a compact subset K’ > K of X such that 
f € #(X,K’;E). By the foregoing, f belongs to the closure of # (X, K; E) 
in the space .#(X,K’;E), hence belongs to #(X,K;E). 

(ii) The criterion for continuity in a direct limit (TVS, II, §4, No. 4, 
Prop. 5) shows at once that the mapping f + (pr; of) is continuous and 
that the same is true of the inverse mapping (for the latter, it suffices to note 
that if, for every function f; € #(X;E;), one denotes by f/ the mapping 


2 Limite inductive, translated as “direct limit” in S, A and GT. 
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of X into E such that pr;o fj =f; and prj;ofj=0 for 7 #7, then each 
of the mappings f,;++ fj is continuous). 

(iii) Each compact subset K of X intersects only the X, of a finite sub- 
family (X)),xeH of (X)),xeL, and it is immediate that if one sets 
K, = KNX) for A € H, the mapping f » (f|X)acu is an iso- 
morphism of #(X,K;E) onto Rs H (X),K);E). Conversely, for every 


function f, € #(X);E), let fy “be the mapping of X into E such that 
FX [X =f, and fy |X), =0 for u #4; it is immediate that the mapping 
fr fx of #(X);E) into £#(X;E) is continuous. The assertion (iii) 
follows from these remarks and the criterion for continuity in direct limits 
(TVS, II, §4, No. 4, Prop. 5). 


PROPOSITION 2. — Let X be a locally compact space, E a Hausdorff 
locally convex space. 

(i) If E is a Fréchet space, then the space #(X;E) is barreled. 

(ii) If X ts paracompact then, for every bounded set B in #(X;E), 
there exists a compact subset K of X such that BC #(X,K;E). 

Suppose E is a Fréchet space. Then, for every compact subset K 
of X, -#(X,K;E) is a Fréchet space, hence is barreled, and one knows 
that a direct limit of barreled spaces is barreled (TVS, III, §4, No. 1, Cor. 3 
of Prop. 3), whence (i). 

If X is paracompact, one knows (GT, I, §9, No. 10, Th. 5) that X is the 
sum of a family (X)),ex of locally compact spaces that are countable at 
infinity;> thus (Prop. 1, (iii)), %(X;E) is the topological direct sum of the 
family of subspaces #(X);E) (A € L). By virtue of the characterization 
of the bounded sets in a topological direct sum (TVS, III, §1, No. 4, Prop. 5), 
every bounded set in .#(X;E) is contained in the sum of a finite number 
of subspaces -(X);E), and it will suffice to prove that every bounded set 
in .(X);E) is contained in a subspace #(X),Ky;E), with K, compact 
in X). We are thus reduced to the case that X is countable at infinity, in 
other words is the union of a sequence of relatively compact open sets U, 
such that Un C Unsi (GT, I, §9, No. 9, Prop. 15). But then .#(X;E) is 
the strict direct limit of the sequence of spaces .#(X,U,;E), whence the 
assertion (ii) (TVS, ITI, §1, No. 4, Prop. 6). 


We shall say that a subset H of (X;E) is strictly compact if it 
is compact and if there exists a compact subset K of X such that H C 
HH (X, K;E). It follows at once from Proposition 2 that if X is a paracompact 
locally compact space and if E is Hausdorff, then every compact set in 
H(X;E) is strictly compact. One can give examples of locally compact 


3 Dénombrable 4 U’infini, also translated as “o-compact” (GT, I, §9, No. 9, Def. 5). 
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spaces X (not paracompact) such that there exist sets in #(X;R) that 
are compact but not strictly compact (Exercises 3 and 4). 

We recall that, by virtue of Ascoli’s theorem (GT, X, §2, No. 5, Cor. 3 of 
Th. 2), astrictly compact subset H of #(X;E) contained in #(X, K; E) 
is characterized by the following conditions: 1° it is closed; 2° it is equicon- 
tinuous; 3° for every xz € K, the set H(z) is relatively compact in E. 


COROLLARY. — Let X be a paracompact, locally compact space; if E 
is a quasi-complete locally convex space, then the space #(X;E) is quasi- 
complete. 

It suffices, by virtue of Proposition 2, (ii), to note that for every compact 
subset K of X, .#(X,K;E) is a closed subspace of @(K;E), which is 
quasi-complete since every bounded subset of @(K;E) consists of functions 
taking values in a same bounded subset of E. 


2. Approximation properties 


Lemma 1. — Let X be a locally compact space, K a compact subset 
of X, and (Ve)i<k<n «@ finite covering of K by open sets of X. Then, 
there exist n continuous mappings f;, of X into [0,1], such that the support 

n 


of fe is contained in V_ for 1<k<n and such that S~ fx(x) <1 for 
k=1 


all c€X and X fale )=1 forall reK. 


For, let X’ i the compact space obtained by adjoining to X a point 
at infinity w (GT, I, §9, No. 8, Th. 4); the sets Vo = X’—K and V; 
(1 <k <n) form an open covering of X’. Let (fk)o<k<n be a continuous 
partition of unity subordinate to this covering of X’ (GT, IX, §4, No. 3, 
Prop. 3); the functions f, with index k > 1 satisfy the conditions of the 
lemma. 


Lemma 2. — Let X be a locally compact space, K a compact subset 
of X, E a locally convex space, q a continuous semi-norm on E, and ® an 
equicontinuous set of mappings of X into E whose supports are contained 
in K. Then, for every ¢ > 0, there exists a continuous partition of unity 
(p;)o<j<n on X having the following properties: 

(i) Supp(y;) CK for l<je<n. 

(ii) If, for 1 <j <n, xj is any point of Supp(y;), then, for every 
function f € ® and every xEX, 


n 


(1) a(£(2) 2, (2)f(x;)) <e. 


No. 2 MEASURES ON A LOCALLY COMPACT SPACE INT III.5 


For every y belonging to the boundary of K, one has f(y) = 0 for 
all f € ®, therefore there exists an open neighborhood V, of y in X such 
that, for every z € Vy and every f € ®, one has q(f(z)) <¢/2. Let K’ 
be the set of points of K not belonging to any of the V, as y runs over the 
boundary of K; K’ is compact and is contained in the interior of K. The 
set ® is uniformly equicontinuous in K; therefore, there exists a finite open 
covering (U;)i<j<n of K’ consisting oe open sets in X contained in K , such 
that for every pair of points z,y of asame U;, one has q(f(x) — f(y)) < €/2 
for every f ¢ ®. By Lemma 1, there exist n continuous mappings y; of 
x into [0,1] (l<j< n) such that Supp(y;) C Uj; and such that 


3 pj(2 xz) < 1 on X and > vila) = 1 on K’. For gz; € Supp(y;) 
j= 


(l<j<n) and fe€®, we eee have, for all x € U,, 
€ 
a(f(x)p;(x) — F(x5)p5(a)) = 95(2)a(F(@) — F(@,)) < 5952), 


and this relation remains true if « ¢ U; since then y,;(x) =0. By addition 
we infer that, for every x € X, 


E 


(2) a(#(x)(1- gol2)) Lote (2;)) < 5(1-yo(e)), 


n 
where ~ = 1-— >> ;; whence (1) for x € K’, since then yo(x) = 0; 
j=1 


jJ= 
(1) also holds for x ¢ K, the first member then being zero. Finally, for 
zé€K—K’ wehave q(f(x)yo(x)) < €/2 by the definition of K’ , therefore 
this relation and (2) again imply (1) in this case. 


Let X be a locally compact space; for every Banach space E (real 
or complex) we denote by @°(X;E) the vector space of continuous and 
bounded mappings of X into E; we know that the topology of uniform con- 
vergence in X is compatible with the vector space structure (real, resp. com- 
plex) of @°(X;E), and it is defined by the norm 


(3) I|f|| = sup ||£(«)|]. 
wEX 


Moreover, the normed space thus defined is a Banach space (GT, X, 
§3, No. 2, and No. 1, Cor. 2 of Prop. 2); the topology defined by this norm 
on #(X;E) (in other words, the topology of uniform convergence in X) 
is coarser than the direct limit topology on .#(X;E) defined in No. 1. 


PROPOSITION 3. — Let X be a locally compact space, X’ the compact 
space obtained by adjoining to X a point at infinity w (GT, I, 89, No. 8, 
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Th. 4), and E a Banach space. The closure of # (X;E) in the normed space 
@°(X;E) is the vector space of continuous functions on X, with values in E 
and tending to 0 at the point w. 

Let f € @°(X;E) bea function in the closure of %(X;E); for every 
e > 0, there exists a function g € #(X;E) such that ||f(x) — g(zx)|| <« 
for all x € X; if K is the support of g, it follows that ||f(z)|| < e for all 
xz €CK, thus f(z) tends to 0 as z tends to w. Conversely, if f has this 
property then, for every ¢« > 0, there exists a compact set K C X such 
that ||f(z)|| < ¢ for all « € CK. By Lemma 1 there exists a continuous 
mapping h of X into [0,1], with compact support, equal to 1 on K; 
then ||f(z)h(z)|| < ¢ on €K and f(x) = f(x)h(x) on K; since fh has 
compact support and ||f(x)—f(x)h(x)|| < 2e for all x € X, the proposition 
is proved. 


We shall denote by @°(X;E) the subspace of #°(X;E) formed by the 
functions tending to zero at the point at infinity w; it is thus the completion 
of the normed space #(X;E). 


PROPOSITION 4. — Let X be a locally compact space, E a locally convex 
space; then, the space X(X;E) is dense in @(X;E) for the topology of 
compact convergence. 

For every compact set K C X, there exists a function h € #(X;R) 
equal to 1 on K, by Lemma 1; for every function f € @(X;E) the function 
hf , which belongs to #(X;E), is equal to f on K, whence our assertion. 


PROPOSITION 5. — Let X be a locally compact space, E a real (resp. 
complez) locally convex space. For every compact subset K of X, the vector 
space X(X,K;R) @pE (resp. #(X,K;C) ®cE) (identified with a set 
of mappings of X into E, cf. A, I, §7, No. 7, Cor. of Prop. 15) is dense 
in 4 (X,K;E); the vector space #(X;R) @pE (resp. #(X;C)@cE) is 
dense in #(X;E). 

As the second assertion is an obvious consequence of the first, it suffices 
to prove the latter. We apply Lemma 2 with ® reduced to a single element f 
of #(X,K;E); then, for every rE X, 


where the ; belong to .#(X,K;R); since the mapping «+> S> y;(x)f(ax;) 
j=l 


may be canonically identified with the element S° y; ® f(z;), this proves 
j=1 


the proposition, by the definition of the topology of “(X,K;E). 
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3. Definition of a measure 


DEFINITION 2. — A continuous linear form on 4#(X;C), X a locally 
compact space, is called a measure (or complex measure) on X. 


If uw is a measure on a locally compact space X , the value of the measure 
for a function f € #(X;C) is called the integral of f with respect to y; 
besides the general notations p(f) and (f, 1), one also uses the notations 


Jfdu, f fu, [ f(z) du(x) and f f(x)u(x) to denote it; as to the use of 
the letter x, see S, I, §1, No. 1. 

By virtue of the criterion for continuity in direct limits (TVS, Ch. II, §4, 
No. 4, Prop. 5), to say that w is a measure on X means that yu is a linear 
form on #(X;C) satisfying the following condition: for every compact 
subset K of X, there exists a number Mx such that, for every function 
f € #(X;C) whose support is contained in K, 


(4) (A) < Mx = [fll (where ||f|| = sup |f(z)|)- 


More generally: 
PROPOSITION 6. — Let X be a locally compact space, (Ka) a family 


of compact subsets of X whose interiors Ka form an open covering of X. 
For a linear form on #(X;C) to be a measure on X, it is necessary 
and sufficient that, for every a, there exist a number My such that 


(5) lM(F)| < Ma - IIFll 


for every function f € #(X,Ka;C). 
The condition being obviously necessary, it suffices to prove that (5) 
implies (4) for every compact subset K of X. Now, K is covered by a 


finite number of open sets Ka, (1 <i <n); applying Lemma 1 of No. 2 
to K and to the Ka, , there Suse continuous functions g; > o on X such 
that Supp(gi) C Ka, , 0 <¥ gi(x) <1 for all x € X and pa gi(z) =1 
for x € K. For every Anietion f € #(X%,K;C), we can therefére write 
= > fg; and we have fg € #(X,Ka,;C) and |[fgill < lIfll; if 


Mk = = Ma, , we then have the relation (4). 
i=l 
We denote by -@(X;C), or simply -@(X) if no confusion can result, 
the vector space of measures on X, in other words, the dual of (X;C). 
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One knows that for every set G of bounded subsets of #(X;C), there is 
defined on .@(X;C) the G-topology, which is locally convex (TVS, III, §3, 
No. 1, Cor. of Prop. 1). We denote the topological vector space, obtained 
by equipping (X;C) with the G-topology, by @6(X;C) or @e(X). 


PROPOSITION 7. — For every set G of bounded subsets of #(X;C) 
that is a covering of #(X;C), the space .@6(X;C) is Hausdorff and 
quasi-complete. 

This results from the fact that (X;C) is barreled (TVS, III, §4, 
No. 2, Cor. 4 of Th. 1). 


Examples of measures. —- 1. Atomic measures. Let X be a locally com- 
pact space, a a point of X; the mapping ft f(a) of #(X;C) into C 
obviously satisfies the condition (4) with Mx =1 for every compact subset 
K of X containing a, hence is a measure on X, which is denoted by «,; 
it is called the Dirac measure at the point a, or the measure defined by a 
unit mass placed at the point a. 

More generally, let a be a mapping of X into C such that, for every 
compact subset K of X, » la(x)| < +oo. Then, for every function 


f € #(X,K;C), the sum 


uf) = S> a(2)f (2) 


LEX 
is defined, being equal to )> a(x) f(z); it is clear that yu is a linear form 
xzeK 
on #(X;C) and that, for f € #(X,K;C), 


Ni< (x ce “IlFll 
rEeK 


in other words the condition (4) is satisfied. 
A measure p on X is said to be atomic if there exists a mapping a 
of X into C such that > la(xz)| < +oo for every compact subset K 


of X, and such that pu is aa to the measure defined as above. If N is 
the set of « € X such that a(x) #0, the condition imposed on a implies 
that for every compact subset K of X, KAN is countable. One also says 
that ju is defined by the masses a(x) placed at the points x EN. If one 
assumes that NMK is finite for every compact set K C X, then obviously 


S> |a(z)| < +00; it comes to the same to say that N isa closed and discrete 
zeK 
subspace of X , because then every point of X has a compact neighborhood 


containing only a finite number of points of N, and conversely, if this is the 
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case, then every compact subset of X can be covered by a finite number of 
such neighborhoods. When N is closed and discrete, every atomic measure 
defined by a function a such that a(r) = 0 on EN is called a discrete 
measure on X (cf. §2, No. 5). 

II. Lebesgue measure. For every function f € #(R;C), there exists a 
compact interval [a,b] of R outside of which f is zero. The integral 


+00 b 
n=  fede= [fleas 

—Co a 
is therefore defined; moreover, by the theorem of the mean (FRV, II, 81, 
No. 5, Prop. 6), we have |I(f)| < (b—a)||f||; this shows that fr I(f) is 
a measure on R, which is called Lebesgue measure. 

For every interval J (bounded or not) of R, one similarly calls Lebesgue 
measure on J the measure f +> f, f(x)dx, a linear form on #(J;C) (the 
integral having meaning since there exists a compact interval [a,b] contained 
in J outside of which f is zero). 

III. Let g be a continuous mapping of a compact interval IC R 
into C, having a continuous derivative in I. Let IT = g(I), which is a 
compact subspace of C; the mapping 


fr | f(a(t))g'(t) dt 


of @(I;C) into C is a continuous linear form by virtue of the theorem 
of the mean, hence is a complex measure on I’; the integral relative to this 
measure is also written f,. f(z) dz, even though it depends not only on I 
but also on g. 


Remark. — The giving of a measure yp on a locally compact space X 
defines on X (along with the topology of X) a structure ”. Let X; bea 
second set, y a bijective mapping of X onto X,; in conformity with general 
definitions (S, R, §8), the structure .“, obtained by transporting to X, the 
structure .” of X, by means of y, is defined in the following way. The 
topology of X is transported to X; by y; the functions of #(X,;C) 
are then the functions f such that foy belongs to #(X;C), and the 
measure ft; on Xj is defined by pi(f) = p(f oy). 

In particular, an automorphism of the structure .” is a homeomorphism 
o of X onto itself, such that 


u(f) = u(f ea) 


for every function f € #(X;C); the measure yp is then also said to be 
invariant under the homeomorphism a. 
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Example. — Lebesgue measure on R_ is invariant under every translation of 
the additive group R. Indeed, for every function f € #(R;C) and every real 


number a, we have 
+00 +00 
/ fetoac= [ f(t) dt 
—O0o —oo 


by the change-of-variables formula (FRV, II, §2, No. 1, formula (1) ). 
For a generalization, see Ch. VII, §1, No. 2, Th. 1. 


4. Product of a measure by a continuous function 


Let X be a locally compact space, g a continuous mapping of X 
into C. It is clear that f +> gf is a linear mapping of “(X;C) into 
itself; let us show that this mapping is continuous. Indeed, for every com- 
pact subset K of X, and for every function f € #(X,K;C), we have 
gf € #(X,K;C); moreover, if bk = oP \g(x)| then |lgfll < bxllfll, 

re 


whence our assertion (TVS, II, §4, No. 4, Prop. 5). The transpose of this 
continuous linear mapping (TVS, II, §6, No. 4) is therefore a linear mapping 
of .@(X;C) into itself, which is denoted preg: (or wr gy, if no 
confusion can result). If » = g- we therefore have, for every function 
fe #(X%;C), 


(6) (f,v) = (of, Hu) 


or again 


i; f(a) dv(a) = / f(x)g(«) du(e) 


(which is abbreviated in the form dv(x) = g(x) du(x) ). One says that g- py 
is the product of the measure ps by the function g, or also the measure with 
density g with respect to w (cf. Ch. V, §5, No. 2, Def. 2). If gi,g2 are two 
continuous mappings of X into C, and pj, are two measures on X, 
then 


(9 +92)-M=g-M+go-h, 9g: (Wi the) = 9- Mi tg: pe, 
(9192) B= 91° (92° H)- 


Moreover, 1-4 = mw (here 1 denotes the constant function equal to 1 
on X); the set @(X;C), equipped with the external law of composition 
(9, 4) + g-p and with its additive structure, is thus a module over the ring 
€(X;C). 
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5. Real measures. Positive measures 


Let X be a locally compact space. The real vector space %(X;R) 
is a subspace of the real vector space underlying the complex vector space 
4 (X;C); moreover, the mapping (fi, fo) + fi tife is an isomorphism 
of the product topological vector space .#(X;R) x #(X;R) onto the real 
topological vector space #(X;C) (No. 1, Prop. 1). 

For every (complex) measure p € .@(X;C), the restriction uo of pu to 
A (X;R) is a continuous R-linear mapping of .(X;R) into C; more 
over, this restriction determines p, since if f = f, +ifo with fi, fo in 
AH (X;R), then u(f) = uo(f1)+iuo(fe). Conversely, let po be a continuous 
R-linear mapping of (X;R) into C;; it is clear that the mapping 


fi tifa > wo(fi) + ivo( fa) 


is a (complex) measure on X. Thus, every measure on X may be identified 
with its restriction to #(X;R). 

Let be a measure on X. One calls conjugate measure of p the 
measure 7i defined by 7i(f) = u(f) for every function f € £(X;C); for, 
it is clear that 7 is a C-linear form and that it is continuous on #(X;C); 


obviously 7 = p, and, for two measures p,v and two scalars a, in C, 


(ap + Bv) =a-P+Bh-v. 
More generally, for every function g € @(X;C) and every measure y on X, 
(7) GQ H=9°H, 
as is immediate from the definition (No. 4). 

A measure y on X is said to be real if 7 = yw; by the foregoing, it 
is the same to say that for every function f € #(X;R), p(f) is a real 
number. If one identifies a real measure with its restriction to “(X;R), 
one can thus say that the set of real measures on X is the dual of the real 
locally convex space #(X;R); it is a real vector space that is denoted 
M(X;R) (or sometimes .@(X) if this does not cause any confusion). The 
Lebesgue measure on R is a real measure, as is the Dirac measure €q for 
every point a€ X. If g € @(X;R) and if py is a real measure, then so is 
g:p by virtue of (7). 

Let pu be a (complex) measure on X. It follows from the preceding 
definition that the measures py = (u+7Z)/2 and pe = (u—p)/2i are real; 
they are called, respectively, the real part and the imaginary part of pw, and 
they are denoted by Zu and Fy, respectively; these measures are also 
characterized by the fact that, for every function f € #(X;R), 


wi(f)=B(u(f)), Half) = 4 (u(f))- 
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Obviously 
M=pitiie, f= fl — tp. 


The space (X;R) of continuous real-valued functions on X with 
compact support is clearly a Riesz space for the order relation f <g. We 
shall say that a real measure y on X is positive if p(f) > 0 for every 
function f >0 belonging to “#(X;R); it is thus a positive linear form on 
the Riesz space #(X;R) (Ch. I, §2, No. 1, Def. 1). Conversely: 


THEOREM 1. — Every positive linear form on the Riesz space #(X;R) 
is a (positive) real measure on X. 

For, let 2 be a positive linear form on .#(X;R) and let K bea 
compact subset of X. There exists a continuous mapping fp of X into 
[0,1], with compact support, such that fo(a) = 1 on K (No. 2, Lemma 1). 
For every function g € #(X,K;R), we thus have —|lg||fo <9 < |lgllfo, 
consequently |u(g)| < ||g||- (fo), which proves the theorem. 


We denote by .4;(X) the pointed convex cone of positive measures 
on X (or, what amounts to the same thing, the cone of positive linear forms 
on the Riesz space .#(X;R)). 


THEOREM 2. — Every real measure on a locally compact space X is the 
difference of two positive measures. 

In view of Theorem 1 and Ch. II, 82, No. 2, Th. 1, it all comes down 
to proving that a real measure ys on X is a relatively bounded linear form 
on the Riesz space .#(X;R). Let f be a continuous function >0 on X, 
with compact support K; the relation 0<g <f in #(X;R) implies that 
\lg|| < ||f|| and that the support of g is contained in K. By hypothesis, 
there exists a number Mx > 0 such that |yw(h)| < Mx - ||Al| for every 
function h € #(X,K;R); therefore |u(g)| < Mx - |lg|| < Mx - ||f||, which 
proves the theorem. 


The space .@(X;R) of real measures on X is thus identical with the 
space of relatively bounded linear forms on the Riesz space .#(X;R); we 
recall that in -W(X;R), the order relation  <v signifies that v—p isa 
positive measure, or also that u(f) <v(f) for every function f € #4.(X). 


THEOREM 3. — The space .@(X;R) of real measures on a locally 
compact space X is fully lattice-ordered. 
This follows from Ch. II, §2, No. 2, Th. 1. 


In conformity with the notations of Ch. II, §1, we define, for every real 
measure pp on X, 


wt =sup(y,0), p” =sup(—p,0), |u| = sup(u,—p); 
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then w=pt—p-, |v| =wt+p> and inf(ut,u-) =0. Moreover, for 
every function f € 44(X), 


(8) / fdyt+= sup / g du 


O<g<f, gE H (X) 


and 


(9) ftau= sup f ody, 


lol<f, gE (X) 


whence, in particular, 


(10) if fal < f isla 


for every function f € #(X;R). 


This inequality is also true if f € #(X;C); for, on multiplying f by 
a complex number of absolute value 1 (which does not change either side of 
the inequality), one can suppose that f fdu >0. Then 


| i fay = | fau= [@pdu< [asia fifa. 


6. Absolute value of a complex measure 


Let 2 be a complex measure on a locally compact space X; for every 
function f € 4#4(X), the positive real number 


fos 


is finite, because the relation |g| < f implies that Supp(g) C Supp(f) and 
llgl| < |f||, thus our assertion follows from formula (4) of No. 3. Let us show 
that L can be extended, in only one way, to a positive measure on X; in view 
of No. 5, Th. 1 and Ch. II, §2, No. 1, Prop. 3, it will suffice to show that if 
fi, fo are two functions in #4(X), then L(fi+fe2) = L(fi)+L(fe). Now, 
if |gi| < fi and |go| < fe, where g, and gp are functions in #(X;C), 
we have |gi+Cg2| < fit fe for any complex number ¢ of absolute value 1, 
therefore 


(11) L(f)= sup 
lgl<f, g€ 4 (X;C) 


(91 + Cgo)| = |w(gr) + Cu(ge)| < L(fi + fe) - 
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Moreover, we can suppose ¢ so chosen that 


(91) + Cu(ga)| = |e(o1)| + [e(92)15 


since |u(g;)| is arbitrarily close to L(fi) (¢ = 1,2), this proves that 
L(fi) + L(f2) < Lf: + fo). On the other hand, consider a function 
g € # (X;C) such that |g| < fitfo. The function g; equal to gfi/(fi+ fa) 
at the points where f)(z)+ fo(z) #0, and to 0 elsewhere (7 = 1,2), is con- 
tinuous on X because f;/(fi + fo) (i = 1,2) is continuous at every point 
where fi(x) + fo(z) #0 and we have |g;(x)| < |g(x)| for every x € X, 
which proves the continuity of g; at the points where f(x) + fo(z) = 0 
(i = 1,2), since at these points we have also g(x) = 0. It is clear that 
lal < fi (@=1,2) and g = gi + g2, therefore 


14(9)| < |u(q1)| + [e(g2)| < Lf) + LC fe) ; 


since |,(g)| is arbitrarily close to L(f1 + fo), we have 
L(fi + fo) < L(fi) + Lhe), 


which completes the proof of our assertion. 

When 4 is a real measure, it follows from formula (9) that |u| < L; 
on the other hand, by virtue of the last part of No. 5, if g € #(X;C) 
and |g| < f € #4(X) then | fgdul < f|g|- dlul < f fdju|, therefore by 
definition LD < |u|, in other words L = |p|. 

We denote again by |u| the positive measure L for any complex mea- 
sure 4s, and we say that || is the absolute value of uw. The definition 
of |u| can therefore be written 


(12) lef) = sup lu(g)l, 
lal<f, 9€¢4#(X;C) 


consequently, for every function g € #(X;C), 


(13) [oa < ficial: 


It is clear that for every scalar a € C and every measure yp on X, 


(14) lop] = la] - [yz]. 


On the other hand, if » and v are two measures on X, f is a function 
in .#,(X), and g isa function in #(X;C) such that |g| < f, then 


[faaury) =|[adus [oa < [fais [ fan, 
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whence 
(15) Ju+v| < |p| +r]. 


With the same notations, the relations |g| < f and |g| < f are equivalent, 
therefore 


(16) zl = [al . 
It follows from (14), (15) and (16) that 
(17) Zul <ul, (Ful< ul, lel < |@ul +14. 


PROPOSITION 8. — If ys is a measure on X then, for every function 
he @(X;C), 


(18) Ih- wl < JAI - |e. 


For, if f € £4(X) andif g € #(X;C) is such that |g| < f, then, 
by (13), | fghdp| < f|gh|d|u| < f f\h|d|u|, which proves (18). 


7. Definition of a measure by extension 


Let X be a locally compact space; if V is a dense linear subspace 
of £(X;C), it is clear that two measures p41, #2 on X that coincide 
on V are equal, and that every linear form on V that is continuous for 
the topology induced by that of (X;C) may be extended (in only one 
way) to a measure on X. For positive measures, a convenient criterion is 
the following: 


PROPOSITION 9. — Let V be a linear subspace of #(X;R) having 
the following property: 

(P) For every compact subset K of X, there exists a function f €V 
such that f >0 and such that f(z) >0 forall ceEK. 

Under these conditions, every positive linear form on V for the ordering 
induced by that of #(X;R) (Ch. II, §2, No. 1, Def. 1) may be extended to 
a positive measure on X (which is unique when V is dense in #(X;R)). 

For every function f € #(X;R), with support K, there exists a 
function g € V such that f < g; for, there exists a function h>0 in V 
such that h(x) > 0 for all x € K; setting a = int h(x), we thus have 


a >0 and the function g = (a7'||f||)h meets the requirements. It then 
suffices to apply Th. 1 of No. 5 and Prop. 1 of TVS, II, §3, No. 1. 
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8. Bounded measures 


Let X be a locally compact space. Since the topology on -#(X;C) 
induced by that of @°(X;C) is coarser than the direct limit topology on 
HK (X;C), a measure on X is not necessarily continuous for the topology of 
uniform convergence in X. 


DEFINITION 3. — A measure on a locally compact space X is said to 
be bounded if it is continuous on #(X;C) for the topology of uniform 
convergence. 


It comes to the same to say that there exists a finite number M > 0 
such that, for every function f € #(X;C), 


(19) IM(f)| < MI fll 


(where ||f/|| is defined by formula (3) of No. 2). 

To say that y is a bounded measure thus signifies that p belongs to 
the dual of the space “(X;C) normed by ||f||; we shall denote this dual 
by .@'(X;C) (or simply -@'(X) when no confusion can result). We know 
that @1(X;C) is equipped with a norm, ||u|| being the smallest of the 
numbers M > 0 for which the inequality (19) holds for every function 
f € #(X;C), or again, 


(20) Il-l| = sup (FDI 
I Fll<1, FEX (GC) 


Equipped with this norm, .@!(X;C) is known to be a Banach space (TVS, 
ITI, §3, No. 8, Cor. 2 of Prop. 12). 

The definition of ||,|| by the formula (20) may be extended to every 
measure j1 on X and, by an abuse of language, |||| is again said to be the 
norm of yw; for y to be bounded, it is necessary and sufficient that ||u|| be 
finite. 

If X is compact, then every measure on X is bounded. 


Examples. — 1) The measure €q defined by a unit mass at a point a € X 
is bounded, and |léa|| = 1. 

2) The Lebesgue measure on R_ is not bounded; indeed, for every integer 
n> 0 there exists a function f € #(R;C) with values in [0,1] and equal to 1 
on the interval [— n,n] (No. 2, Lemma 1); thus ||f|| = 1 and 


+00 n 
/ peayae> f f(z) dz = 2n, 


which proves that there does not exist any finite number M satisfying the rela- 
tion (19). 
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3) On the real line R., the mapping 


+00 
f(x) de 
ro f T+a? 


fo} 


is a bounded measure since, for every function f € #(R;C), 


+oo +00 
f(x) dz de 
/ i+2|* inf m-|fll- 


z= 
es 14+2 


Since the relations ||f|| <1 and ||f|| <1 are equivalent, it follows 
from (20) that 


(21) All = Hell 


for every measure pp on X. 


PROPOSITION 10. — For every measure  onX, 


(22) Ill = sup lHI(f) - 


O<f<1, fe #(X;R) 


For, taking into account the formula (12) that defines the absolute value 
of a measure, the second member of (22) may be written 


sup sup H(g)| } = sup lu(g)| - 
O<f<i, fe (XR) \lgl<f, g€ 4 (X;C) lIgil<1, 964 (X;C) 


COROLLARY 1. — For every measure on X, the norms of w and |p| 
are equal; is bounded if and only if |u| is bounded. 


COROLLARY 2. — For every measure fs on a compact space X, 


(23) lvall = [wl(2) = / dul. 


This formula will be generalized in Ch. IV, §4, No. 7. 


On a compact space X, for every (complex) measure on X the 
complex number p(1) is called the total mass of 4. When yp is positive, 
its total mass is thus equal to its norm. When yp is a positive measure on a 
compact space X, of total mass equal to 1, one also says that its value p(f) 
for a continuous function f € @(X;C) is the mean of f with respect to 
the measure pL. 
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COROLLARY 3. — For every real measure 1 on a locally compact space X, 


(24) {||| = sup lu(f)I- 


fli<1, fe #(X;R) 


It suffices to make use of the formula (22) and the expression (9) for 
\u\(f) when py is areal measure and f € £#4(X). 


The set of bounded real measures is therefore the dual of the normed 
space #(X;R); it is denoted .@1(X,R), or @'(X) if no confusion can 
result. The canonical injection .@1(X,R) — .@'(X;C) is an isometry by 
virtue of (24). 


PROPOSITION 11. — Jf yw and v are two positive measures on X, then 


|e + vl] = llell + [le 

For, the functions f € #(X;R) such that 0 < f <1 form a directed 
set S for the relation <. For a positive measure on X, it therefore 
follows from (22) and the monotone limit theorem that |||| = lim u(f); the 


conclusion of the proposition then follows at once. 


COROLLARY 1. — If u and v are two positive measures on X such 
that w<v, then |\pl| < ||v||; in particular, if v is bounded then so is pL. 
Indeed, ||v| = [lll + lv — ull. 


COROLLARY 2. — For every real measure fp on X, 


Mell = he I+ Me 


For (Cor. 1 of Prop. 10), the norm of ju is equal to that of |u| = wt+po. 


PROPOSITION 12. — If py is a bounded measure on X and if g is a 
bounded continuous mapping of X into C, then the measure g-w is bounded 


and |\g- ull < llgll- Nell. 
For every function f € #(X;C), 


le(F9)| < Mell fall < Mell - Iigll - IT. 


9. Vague topology on the space of measures 


Let X be a locally compact space. On the space “@(X;C), one can 
consider the topology of pointwise convergence in #(X;C), which we shall 
call the vague topology on (X;C). 
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Since # (X; C) = #(X; R)+1.# (X; R), the vague topology on .&(X;C) 
is defined by the semi-norms sup lu(fi)|, where (fi)i<icn is any finite 


l<icn 
sequence of functions in #(X;R) (or in 4(X)). To say that a filter F 
on “(X;C) converges vaguely to a measure po signifies that 


Ho(f) = limy,s u(f) 


for every function f € “(X;R). For every function f € #(X;C), the map- 
ping w+ u(f) is a vaguely continuous linear form on the space .@(X;C). 


PROPOSITION 13. — Let X be a locally compact space and, for every 
x EX, let ¢, be the Dirac measure at the point x. The mapping x €z is 
a homeomorphism of X onto a subspace of the space M(X;C) of measures 
on X, equipped with the vague topology. Moreover, if X' denotes the compact 
space obtained by adjoining to X a point at infinity w, then €, tends to 0 
as x tends to w. 

For every function f € #(X;C), (f,é2) = f(x); since f is con- 
tinuous, this proves that the mapping x + €, is continuous. If z, y 
are two distinct points of X, there exists a function f € #(X;C) such 
that f(x) =1, f(y) =0 (No. 2, Lemma 1), which proves that ez # éy; 
the mapping «+ €, is therefore injective. Moreover, for every function 
f €4(X;C), (f,e2) tends to 0 by definition as x tends to w, therefore 
Zt+€, may be extended by continuity to X’ = XU {w} by assigning to it 
the value 0 at the point w. This extended mapping is also injective, since 
€z # 0 for all x € X. It is therefore a homeomorphism of the compact 
space X’ onto a subspace of @(X;C), since .@(X;C) is Hausdorff for 
the vague topology (GT, I, §9, No. 4, Cor. 2 of Th. 2). 


PROPOSITION 14. — In the space @(X;C) of measures on a locally 
compact space X, the cone 44(X) of positive measures is complete for the 
uniform structure deduced from the vague topology (hence is vaguely closed 
in (X;C)). 

For, consider a Cauchy filter ® for the vague uniform structure on 
M,(X); by definition, po(f) = lim,,s w(f) exists for every function 
f € #(X;C) and, by the principle of extension of inequalities, yo(f) > 0 
for every function f € 4(X); it follows that jo is a positive measure 
on X (No. 5, Th. 1). 


It should be noted that the space .#(X;C) (or .@(X;R)) itself ts not nec- 
essarily complete for the vague uniform structure (TVS, II, §6, No. 7). 


COROLLARY. — If A and B are two vaguely closed subsets of &4(X), 
then A+B is vaguely closed in @(X) (hence also in M(X;C)). 
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This is in fact a general property of weakly complete, proper cones in 
locally convex spaces (TVS, H, 86, No. 8, Cor. 2 of Prop. 11). 


PROPOSITION 15. — Let H be a subset of M&(X;C). The following 
properties are equivalent: 

a) H ts vaguely bounded. 

b) H is vaguely relatively compact. 

c) H is equicontinuous. 

d) For every compact subset K of X, there exists a number Mx > 0 
such that |u(f)| < Mx\lf|| for every measure p € H and every function 
f € #(X,K;C). 

Since (X;C) isa barreled space (No. 1, Prop. 2), the equivalence of 
properties a), b) and c) follows from TVS, IT, §4, No. 1, Scholium. 

It is clear that d) implies a). Finally, if H is equicontinuous then the 
set of restrictions of the measures » € H to #(X,K;C) is also equicon- 
tinuous, whence the condition d), since .(X,K;C) is a normed space. 


* We shall see in Ch. IV, §4, No. 6 that the conditions of Proposition 15 
are also equivalent to the condition that, for every compact subset K of X, there 
exists a constant Mx such that |u|(K) < Mx for every measure yp € H., 


COROLLARY 1. — Let v be a positive measure on X; the set of mea- 
sures such that |u| <v is vaguely compact. 


COROLLARY 2. — The set of measures yp such that ||u|| <a (a@ any 
finite number > 0) is vaguely compact. 


COROLLARY 3. — If X is compact, the set of positive measures 4 on X 
such that ||u|| = 1 is vaguely compact. 

For, it is the intersection of the vaguely compact set (Cor. 2) of measures 
such that ||,|| < 1 and the vaguely closed sets defined respectively by the 
relations >0 and p(l)=1 (No. 8, Cor. 2 of Prop. 10). 


COROLLARY 4. — In the space @(X;C), the mapping pr |lyll| ts 
lower semi-continuous for the vague topology. 
This is an immediate consequence of Corollary 2. 


It should be noted that the mapping pr |u| of M(X;C) into itself is not 
necessarily continuous for the vague topology (Exer. 9). 


PROPOSITION 16. — Let K be a compact subset of X, H a vaguely 
bounded subset of @(X;C); then, the bilinear form (f,u) + (f,p) is 
continuous on 4 (X,K;C) x H when #(X,K;C) is equipped with the 
topology of uniform convergence and H with the vague topology. 
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For, there exists a number M > 0 such that 


lM(f)| < Mil fll 


for every function f € #(X,K;C) and every measure p € H (Prop. 15). 
If o and pu are two measures belonging to H, fo and f two functions in 
A (X,K;C), then 


\“(f) — Ho(fo)| = |u(f — fo) + u(fo) — Ho(fo)| 
< Milf — foll + |u(fo) — Ho(fo)|, 


and the last quantity is arbitrarily small when || f—fo|| and |u(fo) — uo(fo)| 
are, which proves the proposition. 


10. Compact convergence in .#(X;C) 


Recall that the topology of compact convergence on (X;C) is the 
topology of uniform convergence in the compact subsets of (X;C). We 
shall call topology of strictly compact convergence on .@(X;C) the topology 
of uniform convergence in the strictly compact subsets (No. 1) of #(X;C). 


PROPOSITION 17. — On the space (X;C), consider the following 
topologies: 

F;: the topology of pointwise convergence in a total subset T of #(X;C); 

Jy: the vague topology; 

3: the topology of strictly compact convergence; 

NJ: the topology of compact convergence. 

Each of these topologies is coarser than the next. Moreover: 

(i) The bounded sets are the same for A, Fz and GH. 

(ii) Jf H is a vaguely bounded subset of (X;C), the topologies induced 
on H by the topologies %, 2, Fz, % are identical. 

A vaguely bounded subset H of .@(X;C) is equicontinuous (No. 9, 
Prop. 15), thus the first assertion follows from TVS, III, §3, No. 7, Prop. 9, 
and the second from GT, X, §2, No. 4, Th. 1. 


Recall that when X is paracompact, the topology of strictly compact 
convergence coincides with the topology of compact convergence (No. 1, 
Prop. 2). 


PROPOSITION 18. — On the cone .@,(X), the topologies induced by 
the following topologies coincide: 

A: the topology of pointwise convergence in a linear subspace V of 
H(X;C) that is dense in #(X;C) and satisfies the property (P) (No. 7, 
Prop. 9); 
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Fy: the vague topology; 
F3: the topology of strictly compact convergence. 


Since every filter is the intersection of the ultrafilters finer than it (GT, 
I, 86, No. 4, Prop. 7), it suffices to show that if U is an ultrafilter on 4, (X) 
that converges to a measure jo for the topology % , then it also converges 
to wo for 4%. Let K be a compact subset of X; by hypothesis, there 
exists a function h € V that is > 0 on X and takes values > 0 on K; 
it follows that every function f € #(X,K;C) may be written f = gh 
with g € #(X,K;C), andif c= inf A(z) > 0 then |lgl| < c7*||f||. By 


hypothesis, there exists a set Hp € such that, for every measure ps € Ho, 


Consequently, for every function f € #(X;C), 


(fhe w)l = (hf el < MF ll- wh) < olf 


for every measure p € Ho; this proves that the set H of measures h- py, 
where pz runs over Ho, is vaguely bounded. If Up is the ultrafilter induced 
by & on Ho, the image of Uo under the mapping u+>+ h-y is the base of 
an ultrafilter § on H, and since H is relatively compact for the topology of 
strictly compact convergence (Prop. 17 and No. 9, Prop. 15), § is convergent 
to a measure vp for this topology. In other words, for any ¢ >0 and any 
compact subset L of .#(X,K;C), there exists a subset N of Ho belonging 
to U such that, for every function g € L and every pair of measures 1, pW’ 
belonging to N, one has |(g,h- uw) — (g,h-p’)| <e, that is, 


\(gh, uw) — (gh, p")| <e. 


Now, we saw above that the mapping gt» gh is an automorphism of the 
Banach space #(X,K;C). We have thus shown that U is a Cauchy filter 
on ,(X) for the topology of strictly compact convergence. A fortiori, it 
is a Cauchy filter for vague convergence, and Prop. 14 of No. 9 shows that 
it is vaguely convergent to a measure f4,; moreover, since V is dense in 
A(X; C), the hypothesis implies that 4; = suo; finally, since { is a Cauchy 
filter for the topology of strictly compact convergence, it also converges to jo 
for this topology (GT, X, §1, No. 5, Prop. 5). 

Q.E.D. 
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CoROLLARY. — If X is paracompact then the topologies induced on 
M,(X) by the vague topology and the topology of compact convergence co- 
incide. 

However, the topologies induced on .4;(X) by the topology of compact 


convergence and the topology of strictly compact convergence may be different 
when X is not paracompact (Exer. 3). 


§2. SUPPORT OF A MEASURE 


1. Restriction of a measure to an open set. Definition of a measure 
by means of local data 


Let X be a locally compact space, Y an open set in X. The subspace 
Y of X is locally compact, and every continuous function with values in a 
topological vector space E, defined on Y and with compact support, may 
be extended by continuity to all of X, by giving it the value 0 on CY; 
one can therefore identify in this way the space #(Y;E) with the linear 
subspace of .#(X;E) formed by the continuous functions with compact 
support contained in Y. If uw is a measure on X, it is clear that the restric- 
tion of u to £#(Y;C) is a measure on Y, which is called the restriction 
of y to the open subspace Y, or the measure induced on Y by p, and 
is denoted p/Y. The restrictions to Y of |u|, By and %y are, respec- 
tively, |u[Y|, B(ulY) and .7(ul/Y), by virtue of §1, Nos. 5 and 6. If py is 
real then the restrictions of w* and pw to Y are, respectively, (u|Y)* 
and (u|Y)~ , by virtue of formula (8) of § 1, No. 5. 

One sees immediately that if Y and Z are two open sets in X such 
that Y > Z, and if pl|Y and ylZ are the restrictions of w to Y and Z, 
then |Z is also the restriction of p/Y to the open subspace Z of the 
locally compact space Y. 


In Ch. IV, §5, No. 7 we shall generalize this definition to the case that Y is 
a locally compact subspace of X. 


Note that a measure on Y is not necessarily the restriction of some 
measure on X (cf. Ch. V, §7, No. 2, Prop. 3). 


For example, let Y be the open interval ]0,1[ of X =R; the mapping 


1 
0 x 
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is a measure on Y , because every function in %(Y;C) is zero on a neighborhood 
of 0 in R. However, this measure cannot be extended to a measure on R. because, 
in the contrary case, its restriction to the set of functions f € #(Y;C) such that 
\|f|| <1 would be bounded; but this is false. 


However, we have the following proposition: 


PROPOSITION 1. — Let (Ya)aca be an open covering of X and sup- 
pose given, on each subspace Yy, @ measure fg, in such a way that for 
every pair (a, 3), the restrictions of Ua and ug to YaMYg_ are identi- 
cal. Under these conditions, there exists one and only one measure w on X 
whose restriction to Yq is equal to Uo for every inder a. 

Let us first show that every function f € #(X;C) may be written 
in the form of a finite sum f = >> f; where, for each of the functions 


4 
fi € #(X%;C), there exists an index a; such that Supp(fi) C Yo,. If 
K = Supp(f), there exists a finite number of indices a; (1 < i < n) such 
that the Y,, form a covering of K; let hj (1 < i < n) be continuous 
mappings of X into [0,1] such that the support of h; is compact and 
n 


is contained in Yy, for 1 <i <n, and such that > hi(x) = 1 on K 
i=1 

(§1, No. 2, Lemma 1); the functions f; = fh; meet the requirements. 

This shows in the first place that if there exists a measure fz meeting the 


n 
requirements then it is unique, because for every finite sum f = >> fi, 
i=1 


where f; € #(Ya,;C), necessarily p(f) = >> Ma,(fi). Moreover, we will 
w=1 


have shown the existence of a linear form yp on .#(X;C) whose restriction 
to each subspace #(Yq;C) is 2, provided we demonstrate the following 
property: if (gi)i<i<¢m and (h;)i<j<n are two finite sequences of functions 
in #(X;C) such that 9, € #(Yo,;C) for l<igm, hj € #(Yg,;C) 
for 1<j<n and 


Yo glx) = D5 j(x) = 1 
i=l j=l 
on K, then 
So Has (9%) = 32 tea, (Fy) - 
i=1 j=l 
Now, 
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whence 


Ya £9) = = Sa i) 


i=1 j=1 


Similarly, 


Yaa (fhj) = DIN fgih;). 


jali=1 


But since the support of fg:h; is contained in Yo, Yg,, we have 
Ha: (fgih3) = 4, (fgih3), which establishes our assertion. 

It remains to see that yu is a measure on X; now, every point of X 
admits a compact neighborhood contained in one of the Yq; the conclusion 
therefore follows at once from the definition of 4 and from Prop. 6 of §1, 
No. 3. 


COROLLARY (Principle of localization). — Let and v be two measures 
on X, and let (Yq) be a family of open sets of X such that, for every a, 
the restrictions to Ya of and v are equal; then the restrictions of u 
and v to Y=UYaq are equal. 
a 


2. Support of a measure 


Let ys be a measure on a locally compact space X, and let © be the set 
of open sets U C X such that the restriction of u to U is zero; it follows at 
once from the principle of localization (No. 1, Cor. of Prop. 1) that if Up is 
the union of the sets U € 6, then Up itself belongs to 6 and is therefore 
the largest of the sets of 6. 


DEFINITION 1. — If w is a measure on a locally compact space X, one 
defines the support of 4, denoted Supp(jz) , to be the closed set complemen- 
tary to the largest of the open sets in X on which the restriction of p 1s 
zeTO0. 


To say that a point x € X does not belong to the support of 4 means 
that there exists an open neighborhood V of x such that the restriction of pu 
to V is zero; to say that x belongs to the support of uw therefore means 
that for every neighborhood V of z, there exists a function f € #(X;C), 
whose support is contained in V, such that p(f) #0. 


Examples. — 1) For a measure on X to be zero, it is necessary and sufficient 
that its support be empty. 

2) The support of Lebesgue measure on R is the entire line R; for, it is 
nonempty and is invariant under every translation. 
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3) On the interval X = [0,1] of R consider a countable dense subset, ar- 
ranged into a sequence (an), and let pz be the measure defined by placing the mass 
2-” at the point an for every n > 0 (§1, No. 3, Example I). The support of pw 
is all of X; for, let x be any point of X, V a neighborhood of z, and f a con- 
tinuous real-valued function > 0 on X, equal to 1 at the point x, whose support 
is contained in V (§1, No. 2, Lemma 1); the set of y € V such that f(y) >0 is 
open in X, therefore contains a point an, consequently p(f) > f(an)2~" > 0. 


PROPOSITION 2. — The support of a measure ft is identical to the 
support of the measure |u|; if js is real, its support is the union of the 
supports of the measures w* and pw. 

For, if the restriction of 4. to an open set U is zero, then so is that of 
|u| (resp. of w* and yz” when yp is real), and conversely. 


Note that the supports of yt and w~ can be nonempty and identical 
(cf. Ch. V, § 5, Exer. 5). 


PROPOSITION 3. — Jf 4 and v are two measures on a locally compact 
space X such that |p| < |v|, then Supp(u) C Supp(v) . 
For, if the restriction of v to an open set is zero, then so is that of p. 


PROPOSITION 4. — The support of the sum of two measures is contained 
in the union of their supports. 

For, if the restrictions of two measures to an open set are zero, then the 
same is true of the restriction of their sum. 


If and v are two positive measures, then the support of A= u+v is equal 
to the union of the supports of » and v; for, if xo is a point of the union and V 
is any neighborhood of xo, then there exists a continuous function f > 0 with 
support contained in V and such that one of the numbers p(f), v(f) is > 0; 
a fortiori, Af) = u(f) +vu(f) > 0. 


PROPOSITION 5. — The support of the restriction of a measure js to 
an open set U is the trace on U of the support of p. 
The proposition is obvious from the definitions. 


PROPOSITION 6. — The set of measures on a locally compact space X, 
whose support is contained in a closed set F, ts a vaguely closed linear 
subspace of M(X;C). 

For, it is the intersection of the vaguely closed hyperplanes with equation 
u(f) = 0, where f runs over the set of functions in #(X;C) whose 
support does not intersect F. 


Suppose X is not compact: given a filter ® on the space .@/(X;C) 
of measures on X, we shall say that the support of a measure pu recedes 
indefinitely along ® if, for every compact subset K of X, there exists a set 
Me® such that Supp(u) 1K =@ for every measure wp € M. 
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PROPOSITION 7. — If ® is a filter on (X;C) such that the support 
of yu recedes indefinitely along ® , then uw converges vaguely to 0 with respect 
to ®. 

Let f be any function in #(X;C) and let K be its support. By 
hypothesis, there exists a set M €® such that for every measure p € M, 
Supp(u) NK = @; it follows that p(f) = 0 for all ~ € M, which proves 
the proposition. 


3. Characterization of the support of a measure 


By definition, if the support of a function f € #(X;C) does not 
intersect the support of a measure yw, then pu(f) = 0; but the following 
more precise result is true: 


PROPOSITION 8. — Let 4 be a measure on a locally compact space X. 
For every function f € #(X;C) that is zero on Supp(u), w(f) =0. 

Set K = Supp(f), S = Supp(w). Given a number ¢ > 0, let V be 
the set of z € X such that |f(x)| < ¢; V is an open set containing S 
by hypothesis, therefore (S is a neighborhood of the compact set CV. It 
follows that there exists a continuous mapping h of X into [0,1], equal 
to 1 on CV and with support contained in €S (§1, No. 2, Lemma 1). 
Since the support of fh does not intersect S, u(fh) = 0. On the other 
hand, f = fh on KNCV, and |fh| < |f| on X, therefore |f—fh| < 2 
on X, by the choice of V. Observe finally that there exists a number 
Mx such that |u(g)| < Mx|lg|| for every function g € #(X;C) whose 
support is contained in K; since the support of f — fh is contained in K, 
lu(f — fh)| < 2Mxe and consequently |u(f)| = |u(f — fh)| < 2Mxe; since 
e is arbitrary, w(f) =0. 

COROLLARY 1. — If two functions f,g in #(X;C) are equal on 
Supp(u), then p(f) = u(g). 

COROLLARY 2. — Let ps be a positive measure on X; if f € #(X;C) 
is such that f(z) >0 on Supp(p), then pu(f) >0. 

For, f =|f| on Supp(u), therefore u(f) = u(|f|) > 0 by Corollary 1. 

COROLLARY 3. — Let ys be a bounded measure on X; if f € #(X;C) 
is such that |f(x)| <a on Supp(x), then |u(f)| < allul]. 

For, Supp(|z|) = Supp(u), and if h is a continuous mapping 
of X into [0,1], equal to 1 on Supp(f) and with compact support, then 
if(x)| < ah(z) on Supp(), therefore 


A(IF1) < alel(h) < allel 
by Corollary 2; the conclusion then follows from formula (13) of §1, No. 6. 
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PROPOSITION 9. — Let tu be a positive measure on X; if f is a function 
in #4(X) such that p(f) =0, then f is zero on Supp(p). 


Let x bea point of X such that f(z) > 0; let us show that x does not 
belong to Supp(). For, there exist a compact neighborhood V of z anda 
number a>0O such that f(y) >a on V. If g is any continuous function 
> 0 with support contained in V, let us show that ju(g) = 0; indeed, if one 
sets b= ||g|| then g < bf/a, whence p(g) < bu(f)/a=0. 


PROPOSITION 10. — Let pp be a measure on a locally compact space X; 
for every function g € @(X;C), the support of the measure g- is the 
closure T of the set of points x € Supp(u) such that g(x) #0. 


Set S = Supp(js); let zo be a point not belonging to T; there exists 
an open neighborhood V of xp such that at every point of VONS, g is 
zero; if f € #(X;C) has support contained in V, then fg is zero on S, 
therefore (Prop. 8) (gf) = 0; in other words, the restriction of g-p to V 
is zero. 


Conversely, assuming that the restriction of g-p to an open neighbor- 
hood W of a point 29 € X is zero, let us show that there does not exist a 
point of WMS at which g is 40. Indeed, if there were such a point y, 
there would exist a compact neighborhood U of y, contained in W, at ev- 
ery point x of which g(x) #0; but then every function f € #(X;C) with 
support contained in U could be written f = gh, where he #(X;C) has 
support contained in U C W;; it would then follow that p(f) = u(gh) =0, 
contrary to the hypothesis y € S. 


Note that T is contained in the intersection of the support S of ys and the 
support of g, but it is not necessarily equal to this intersection. For example, if 
X =R, w is the Dirac measure at the point 0, and g(x) = 2, then g-p=0 
even though the intersection of the supports of g and w reduces to the point 0, 
thus is nonempty. 


COROLLARY. — In order that the measure g- i be zero, it is necessary 
and sufficient that g be zero on the support of bu. 


PROPOSITION 11. — Every measure with compact support is bounded. 


For, |u| is also a measure with compact support, thus we can restrict 
attention to the case that yw > 0; if A is a continuous mapping of X 
into [0,1], with compact support and equal to 1 on Supp(u), then for 
every function f € “(X;C) one has |f(x)| < |[f\[h(z) on Supp(y), 
therefore (Cor. 2 of Prop. 8) p(|f|) < u(A)||f||, which proves the proposition 
(§1, No. 8). 
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4. Point measures. Measures with finite support 


PROPOSITION 12. — Let a; (1 <i <n) be distinct points in a locally 
compact space X. Every measure on X whose support is contained in the 
set of the a; is a linear combination of the measures é4, (l1<i<n). 

For, such a measure is zero for every function f € (X;C) satisfy- 
ing the n relations f(a;)=0 (No. 3, Prop. 8); since these relations may be 
written €,,(f) =0, pw is a linear combination of the €,, (A, II, §7, No. 5, 
Cor. 1 of Th. 7). 


In particular, every measure whose support is either empty or reduced 
to a single point x is of the form aé, , where a is a complex number; such 
a measure is said to be a point measure; thus every measure whose support 
is finite is a sum of point measures. 


THEOREM 1. — Every measure ys on a locally compact space X is in 
the vague closure of the vector space V of measures whose support is finite 
and contained in Supp() . 

It suffices to prove that y is orthogonal to the subspace V° of .#(X;C) 
orthogonal to V (TVS, II, §6, No. 3, Cor. 2 of Th. 1), that is, that the 
relations (f,€,) =0, where a runs over the support of , imply (f,u) = 0; 
but this is just Prop. 8 of No. 3. 


COROLLARY 1. — Every bounded measure pp on X is in the vague clo- 
sure of the convex set A of measures whose support is finite and is contained 
in that of w, and whose norm is < ||u||. Moreover, if v tends vaguely to wu 
while remaining in A, then ||v|| tends to ||ull. 

To prove the first assertion, it suffices to establish that the measure pu 
belongs to the polar set of the polar set A° of A in #(X;C) (TVS, II, §6, 
No. 3, Th. 1 and §8, No. 4); this means that for f € #(X;C), the relations 
l(f,€a)| < 1/|\u|| for all a@ € Supp(u) imply that |(f,)| <1; but this is 
a consequence of Cor. 3 of Prop. 8 of No. 3. 

To prove the second assertion, we note that 


an . 
liming, vl > Mell 


since the function v + |lv|| is lower semi-continuous for the vague topology 
(§1, No. 9, Cor. 4 of Prop. 15), and the conclusion follows from the fact that 
lv || < ||ul| for v € A by definition. 


COROLLARY 2. — Every bounded measure pp on X is in the vague 
closure of the set of measures whose support is finite and contained in that 
of « and whose norm is equal to ||| . 
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We can suppose that » #0. Let V be an open neighborhood of 0 
for the vague topology; for every € such that 0 < € < 1, there exists, 
by virtue of Cor. 1, a measure v9 whose support is finite and contained 
in Supp(y) and for which vp —p € V and (lull > |lvoll > (1 — )|lull. 
Setting v = (||u||/Ilvoll)vo, we have ||v|| = ||u|| and ||v —vol| < |u|]; for e 
sufficiently small we therefore have v ~~ € V+ V, whence the conclusion. 


COROLLARY 3. — Every bounded positive measure pp on X is in the 
vague closure of the convex set of positive measures whose support is finite 
and contained in that of 4 and whose norm is equal to ||ll . 

The same reasoning as in Cor. 2 shows that we can limit ourselves 
to proving that js is in the vague closure of the convex set B formed by 
the positive measures with finite support contained in Supp(j) and with 
norm < ||j||. Again, it suffices to establish that y belongs to the polar set 
of B®, the polar set of B in the space #(X;R) (TVS, II, §6, No. 3, Th. 1); 
but this means that for f € #(X;R) the relations (f,é) > —1/||u|| for 
all a € Supp(w) imply (f,u) > —1, which is a consequence of No. 3, Cor. 2 
of Prop. 8. 


COROLLARY 4. — In the space @(X;C), the set of point measures is 
total for the topology of strictly compact convergence (§1, No. 10). 

On the cone .#,(X), the topology of strictly compact convergence is 
identical to the vague topology (§1, No. 10, Prop. 18), and every measure 
on X may be written p; — 2 + tu3 — ia, where the uw; (1 <j < 4) are 
positive measures; the conclusion therefore follows from Th. 1. 


PROPOSITION 13. — Let pp be a measure on a locally compact space X. 
For a point xo to belong to Supp(y), it is necessary and sufficient that the 
point measure €,, be in the vague closure of the set of measures g-, where 
g runs over the set of continuous functions with compact support such that 
lg: ul] <1. 

The condition is obviously sufficient by virtue of Prop. 6 of No. 2. To 
see that it is necessary, suppose 2 € Supp(j) ; consider a finite number of 
functions f, (1 <k <n) in #(X;C), and an arbitrary number 6 > 0; we 
are to prove that there exists a function g € #(X;C) such that ||g-p|| <1 
and such that 


lfe(%0) — M(gfe)| < 6 


for 1 << k <n. Let U bea relatively compact open neighborhood of zo 
such that the oscillation of each of the f, (1 << k <n) on U is < 6/2. 
By hypothesis, since x9 € Supp(j:), there exists a function go € #(X;C) 
whose support is contained in U and such that p(go) # 0; the measure 
V = go: | is not zero, since for every function f € #(X;C) equal to 1 
on U, v(f) = u(go) # 0. Moreover, v is bounded (No. 3, Prop. 11); 
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multiplying go by a scalar, we can suppose that ||v|| = 1. This being so, 
setting a, = fx(xo) we can write, for 1 < k <n and for every function 
he #(X;C), 


feo) — V(fuh) = ae(1—1(h)) + ((ax ~ fi)h). 


Since v has its support in U, we may identify it with its restriction to U; 
the hypothesis ||v|| = 1 then implies that there exists a function 
h € #(X;C), with support contained in U, such that ||h|| <1 and such 
that jax(1—v(h))| < 6/2 for 1<k <n. The definition of U moreover 
shows that |(ax — fx(x))h(x)| < 6/2 for all x € U; since ||v|| = 1 and 
Supp(v) C U we therefore have |v((ax — fx)h)| < 6/2 and so, setting 
g = goh, 
lfi(%0) - wg fk) <9 for l<k<n. 


This proves the proposition, since |lg - y|| = ||(goh) - ull < Ilgo - vl] = 1. 


COROLLARY. — Let p be a measure on X. For a measure v on X 
to be in the vague closure of the set of measures g-, where g runs over 
KH (X;C), it is necessary and sufficient that Supp(v) C Supp(s). 

For, Supp(g-) C Supp() by No. 3, Prop. 10; therefore the support of 
every vague limit of measures of the form g-p is also contained in Supp(y) 
(No. 2, Prop. 6). Conversely, if Supp(v) C Supp() then v is the vague 
limit of measures with finite support contained in Supp(j) (Th. 1), hence 
is in the vague closure of the set of measures g- by Prop. 13. 


5. Discrete measures 


PROPOSITION 14. — For a measure y on a locally compact space X to 
be a discrete measure (§1, No. 3, Example I), it is necessary and sufficient 
that Supp() be a discrete closed subspace of X. 

Let yu be a discrete measure on X, defined by the masses h(x) # 0 
placed at the points x of a discrete closed subspace N of X; let us show that 
Supp(u) = N. For every a € N and every neighborhood V of a, there 
exists a function f € £(X;C) with support contained in V, equal to 1 at 
the point a and to 0 at the other points of N, whence p(f) = h(a) #0. 
On the other hand if b ¢ N then there exists a neighborhood W of 6 not 
intersecting N; for every function g € #(X;C) with support contained 
in W, we therefore have p(g) = 0, which proves that b ¢ Supp(). 

Conversely, let 4. be a measure such that Supp(j:) is a discrete closed 
subspace N of X. For every a € N, there exists an open neighborhood 
V, of a that contains no point of N distinct from a; the restriction of yu 
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to V, is therefore a point measure with support {a} (No. 2, Prop. 5), hence 
(No. 4, Prop. 12) is of the form h(a)e,, where h(a) #0. Setting h(xz) =0 
at the points of (N, and denoting by v the measure defined by the masses 
h(x), the principle of localization shows that v = p. 


We thus see that on a discrete space X , every measure is discrete. 


§3. INTEGRALS OF CONTINUOUS VECTOR-VALUED FUNCTIONS 


Throughout this section, X denotes a locally compact space, E a locally 
conver space over R or C. We denote by E’ the dual of E (the space 
of continuous linear forms on E) and by E’* the algebraic dual of E’ (the 
space of all linear forms on E’); for 2€ E, z' CE’, 2'* €E’*, we write 
(2,2) = 2 (z)» d2'* 2!) (2'). 

Recall that if E is Hausdorff, then E may be identified with a 
linear subspace of E’* by identifying an element z € E with the linear 
form z!' ++ (z,2') on E’, and that E’*, equipped with the weak topology 
o(E’*,E’), may be canonically identified with the completion of E equipped 
with the weakened topology o(E,E’). 


1. Definition of the integral of a vector-valued function 


Recall that a mapping f of X into E is said to be weakly continuous 
if, for every z' ¢ E’, the mapping «+ (f(x),z’) of X into C (in other 
words the mapping z’ of, also denoted (f,z’) ) is continuous. We shall say 
that a mapping f of X into E is scalarly of compact support if, for every 
z’ € E’, the mapping x +> (f(x),z’) has compact support. We denote by 


~ 


A (X;E) the space of mappings of X into E that are weakly continuous 
and scalarly of compact support; it is clear that # (X;E) > #(X;E), but 
these two spaces are not necessarily identical (see Example 2 below); they 
are, however, equal when E is finite-dimensional. 


Note that in the definition of a function that is weakly continuous (resp. sca- 
larly of compact support), the topology of E intervenes only through the interme- 
diation of the dual E’ of E; thus, the set of these functions is not changed when 
the topology of E is replaced by any locally convex topology for which the dual is 
the same. 

If E and F are two vector spaces in duality, we note that it means the same 
to say that a mapping of X into E is continuous for o(E,F) and to say that it 
is weakly continuous. 
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Let f be a mapping of X into E, weakly continuous and scalarly of 
compact support, and let ~ be a measure on X; for every z’ € E’ we have 
z’ of € 4 (X); set 


ola!) = f(F(e),2!) du(e) = nla! of). 


It is clear that y is a linear form on E’, hence is an element of E’*. 


DEFINITION 1. — For every function f © # (X;E) we call integral 
of f ae ee to 4, and denote by [fd or f f(x)du(x), or ff, or 
{i , the element of E'* defined by 


(1) ( f tau2 \- [ez du for all z' EE’. 


We note that even if E is Hausdorff and f € #(X;E), one does not 
necessarily have f fdu€ E (Exer. 1; cf. No. 3). 


Examples. — 1) Suppose that E is finite-dimensional over C and Haus- 
dorff, so that if (e;)1<i<n is a basis of E then the mapping 


(eee ~ ee 


is an isomorphism of C” onto E. We then know that every linear form 
on E is continuous, in other words that E’ is identical to the algebraic dual 
E* of E, and E/* may be canonically identified with E. Let (ej)i<icn be 
the basis of E’ dual to (e;); for a mapping f of X into E to be weakly 
continuous and scalarly of compact support, it is necessary and sufficient 
that the functions f; = e,of be continuous with compact support; we then 


n 
have f(z) = >> f,(x)e; for all c € X, and 
i=l 


[tau = Youltoe 
t=1 


2) Let us take for E the space .@(X;C) of measures on X, equipped 
with the vague topology (§1, No. 9); the dual E’ of E may then be canoni- 
cally identified with the space #(X;C) (TVS, II, 86, No. 2, Prop. 3). The 
mapping r++ €, of X into E is continuous (§1, No. 9, Prop. 13), but its 
support is not compact if X is not compact; however, it is scalarly of compact 
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support, because for every function f € E’ the function «+ (éz, f) = f(z) 
by definition has compact support. Moreover, 


[ew than= | He) du(x) = 8) 


for every function f € “(X;C) =E’, which proves that 


[exdute) =n 


for every measure pp on X. 
3) If E is Hausdorff then, for every point y € X and every function 


fe KH (XE), we have 
[tay = f(y) 


because | (f,z’) de, = (£(y),z’) by definition. 


Remarks. — 1) If E is a locally convex space and N is the closure of {0} in E, so 
that E; = E/N is the Hausdorff locally convex space associated with E , we know that the 
duals E’ and Ej are identical; for a function f to belong to .#(X;E), it is necessary 
and sufficient that f; = 10 f (where a: E — Ey; is the canonical homomorphism) 
belong to #(X; Ex), in which case if fdp= f fi dw. We may therefore limit ourselves 
to considering only Hausdorff locally convex spaces. 

2) Let E be a locally convex space over C, and let Eo be the locally convex 
space over R. underlying E; we know that the mapping 2’ ++» &z’ which, to every 
continuous (complex) linear form z’ on E, makes correspond the continuous (real) linear 
form z++ &(z,z') on Eo, is an R-isomorphism of the dual B’ onto the dual Ej of Eo 
(TVS, II, §8, No. 1). Similarly, the algebraic dual EQ* of the real vector space Ej may 
be canonically identified with the real space underlying the algebraic dual E’* of E’. 
It follows that if is a real measure and f a mapping in .#(X;E), the formula (1) is 
again valid when f is regarded as taking its values in Eo and the canonical bilinear forms 
figuring in the two members as being, respectively, relative to the duality between E} 
and E9* for the first member and the duality between Eo and Ej for the second. 


2. Properties of the vectorial integral 


PROPOSITION 1. — The mapping 
(f,p) > | f du 


of XH (X;E) x M(X;C) into E™* is bilinear. 
The proposition follows immediately from Def. 1 of No. 1. 
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Let u_ be a continuous linear mapping of E into a locally convex 
space F'; we know that the transpose ‘u is a linear mapping of the dual F’ 
of F into the dual E’ of E; we shall denote by “u the mapping E’* — F’*, 
the transpose of ‘u (in the algebraic sense); when E and F are Hausdorff 
and are canonically identified with subspaces of E’* and F’*, respectively, 
ty extends the mapping u. With these notations: 


PROPOSITION 2. — Let u be a continuous linear mapping of E into a 
locally convex space F'; for every function f € #(X;E), the function uof 
belongs to #(X;F) and 


(2) [0402 ana) =a (f £02) dute)) . 


For every continuous linear form z’ € F’, we have z’ouof=y’'of 
on setting y’ = z’ou = ‘u(z’) € E’, whence the first assertion; moreover, 
for all z’ € F’, 


( ih (wo) dua’) = i, mote a= / (f,fu(2")) du 
{fear =(C(fes).2) 


PROPOSITION 3. — For every function g € €(X;C) and every function 
tex (X;E), the function gf belongs to H (X;E) and 


(3) [tao-m = [ todn. 
Indeed, for every z’ € E’, (gf,z’) = g(f,z’) , whence the first assertion; 
moreover, 
( [eatg-w,2') = [t2)ata- 1) = f olf,2!) dy 


z [use 2!) du = ( [ af u,2') 
whence (3). 


PROPOSITION 4. — Let yu be a positive measure on X, S its support, 
and f a function in X#(X;E). Suppose E is Hausdorff, and equip the 
space E/* with the weak topology o(E’*,E’). 


whence the formula (2). 
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(i) The integral [fd belongs to the closure C in E’* of the convex 
cone generated by £(S). 

(ii) If 4 ts bounded, then the integral [fd belongs to the set ||u||-D, 
where D is the closed convex envelope of £(S) in E/*. 

If E is complex, we equip E with its underlying real vector space 
structure, which, as we have seen, does not modify the formula (1). 

(i) We know that C is the intersection of the closed half-spaces 
in E’/* that contain f(S) and are determined by closed hyperplanes pass- 
ing through 0; it therefore suffices to prove that, for z’ € E’, the relation 
(f(z), z’)>0 for all z€S implies 


( | tau,2') >0; 
( f tay,2/) = fitz) du, 


this follows from §2, No. 3, Cor. 2 of Prop. 8. 

(ii) We know that D is the intersection of the closed half-spaces in E’* 
that contain f(S) ; it therefore suffices to show that, for z’ € E’, the relation 
(f(z),2’) <a for all x €S implies 


( ftau.2") < alll 


but this follows from §2, No. 3, Cor. 3 of Prop. 8. 


but since 


COROLLARY. — Let yw be a positive measure on X, f a mapping be- 
longing to #(X;E), and D the closed convex envelope of £(X) in E’*. 
There exists a number a > 0 such that ffduea-D. 

If v is any measure on X, there exist numbers a1,a2,a3,a4 >0 such 
that f £dv € a,D — agD + iazD — iasD. 

Suppose first that jz is positive; by hypothesis, the support K of f is 
compact; if v is the restriction of u to a relatively compact open neighbor- 
hood of K, then v is bounded and ffdy = [f dv € ||v||-D by Prop. 4, (ii). 
The second result follows from this, since any complex measure may be writ- 
ten as [41 — M2 + tp3 — i414, where the j; are positive. 


PROPOSITION 5. — Suppose that the space X is compact, and let f be 
a continuous mapping of X into a Hausdorff locally conver space E. The 
closed conver envelope of f(X) in E’* (for o(E’*,E’)) is equal to the set 
of vectors [fd for all of the positive measures on X of total mass 1. 
Let C be the closed convex envelope of f(X) in E’*; since f(X) is 
compact and E’* is complete, C is compact. We already know (Prop. 4) 
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that ffdu € C for every measure py belonging to the convex set H of 
positive measures on X of total mass equal to 1. On the other hand, H is 
convex and compact for the vague topology (81, No. 9, Cor. 3 of Prop. 15) 
and is the closure (for this topology) of the convex set Hg of positive mea- 
sures of mass 1 and finite support (§2, No. 4, Cor. 3 of Th. 1). Now, the 
image of Ho under the mapping p++ [fdy is the convex envelope Co 
of £(X) in E’*. On the other hand, this mapping is continuous for the 
vague topology on .@(X;C) and the topology o(E’*,E’) on E’* since 
(f fdu,z’) = f(f,z’)du by definition; thus the image of H = Ho is a 
compact convex set containing Co and contained in C; since C = Co, this 
image is equal to C. 


PROPOSITION 6. — For every continuous mapping with compact sup- 
port f of X into a Hausdorff locally convex space E, every continuous 
semi-norm q on E and every measure on X such that f[fduecE, 


(4) a( frau) < fiaet) a. 


Let D be the set of z € E such that q(z) < 1; D is closed, convex 
and contains 0, therefore D = D°° (TVS, II, §6, No. 3, Cor. 3 of Th. 1). 
It therefore suffices to prove that for every z’ € D°, 


{fea 
( | #ay,2') = fitz’) du, 


and since, by the definition of D°, 


[(£(x),2')| < q(£(2)) 


for all x € X, the desired inequality follows from the inequality (13) of 81, 
No. 6. 


< [aot dll 


since 


3. Criteria for the integral to belong to E 


PROPOSITION 7. — Let E be a Hausdorff locally convex space, and 
f € #(X;E). If f(X) is contained in a complete conver subset A of E, 
then ffidweE. 
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Let K be the support of f, which is compact by hypothesis. Since 
f is zerroon X —K, f(X) is equal to f(K) or to f(K) U {0}, therefore 
is compact since f is continuous and E is Hausdorff; the closed convex 
envelope C of f(X) in E is then precompact (for the uniform structure 
induced by that of E) (TVS, II, §4, No. 1, Prop. 3). But since C is a closed 
subset of the complete space A, C is complete and therefore compact; 
a fortiori, C is compact for the weakened topology o(E, E’); but since that 
topology is induced by o(K’*, BE’), C is the closed convex envelope of f(X) 
in E’* for the topology o(E’*,E’); the proof is therefore concluded by the 
Corollary of Prop. 4 of No. 2. 


COROLLARY 1. — Let E be a Hausdorff locally convex space; for every 
function £ € X(X;E), f£dw belongs to the completion E of E. 


Since the duals of E and E are identical, it suffices to apply Prop. 7 
while regarding f as taking its values in E. 


COROLLARY 2. — Jf E is a quasi-complete Hausdorff locally convex 
space, then [fdueE for every function f € #(X;E). 

As noted at the beginning of the proof of Prop. 7, f£(X) is compact 
and its closed convex envelope C in E is precompact, hence bounded; but 
since the set C is closed and bounded, it is complete by hypothesis, and it 
suffices to apply Prop. 7. 


We shall see, in Ch. VI, 81, No. 2, other criteria for ffdu to belong to E, 


which apply in particular to the functions in H (XE) and not just those in 
H(X;E). 


Corollary 2 of Proposition 7 may be applied in the following two cases: 
1° E is a Banach space; 2° E is the dual of a barreled Hausdorff locally 
convex space G, and E is equipped with an G-topology, where G is a 
covering of G by bounded subsets (TVS, III, §4, No. 2, Cor. 4 of Th. 1). 
For example, Cor. 2 of Prop. 7 can be applied when E is the weak dual of 
a Banach space, or a space of measures .@(Y;C) equipped with the vague 
topology. 


If X =R, yp is Lebesgue measure on R, and E is a Banach space, then the 
integral f fdu of a function in .(X;E) is none other than the integral 


+00 
/ f(x) dx 


defined in FRV, II, §2, No. 1; this follows from formula (1), and from FRV, I, §1, 
No. 2, Cor. of Prop. 2. 
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4, Continuity properties of the integral 


PROPOSITION 8. — Suppose that E is Hausdorff; let 4 be a measure 
on X. The mapping f+ [fdu of #(X;E) into E (No. 3, Cor. 1 of 
Prop. 7) is the unique continuous linear mapping ® such that ®(g-a) = 
u(g)-a for every vector a€E and every function g € #(X;C). 

To prove the continuity of the mapping f+ ff dy, it suffices to show 
that its restriction to %(X,K;E) is continuous for every compact subset 
K of X (TVS, II, §4, No. 4, Prop. 5). We note that if the topology of E is 
defined by a family of semi-norms (qq), that of “(X,K;E) is defined by 
the family of semi-norms 


Pa(f) = sup qa(f(z)) . 


xceK 


Now, let h be acontinuous mapping of X into [0,1], with compact support 
and such that h(x) =1 on K; by No. 2, Prop. 6 we have, for every function 
f € #(X,K;E), 


ds ( f ru) =e ( / ht ay) < f W(2)aa (FCe)) dle) < al(A) pal) 


(the qq being extended by continuity to E ), which proves the continuity of 
f++ f{fdyu. On the other hand, with the notations of the statement, 


/ (9(c) -a) du(z) = w(g)-a 


by virtue of No. 1, Example 1 and Prop. 2 of No. 2 applied to the canonical 
injection C-a— E. Moreover, the subspace of .(X;E) formed by the 
linear combinations )>g;-a;, where a; € E and g; € #(X;C), is dense 


in £(X;E) (§1, No. 2, Prop. 5), which completes the proof. 
PROPOSITION 9. — Suppose that E is Hausdorff; let f be a continuous 
mapping of X into E with compact support. When the space @(X;C) is 
equipped with the topology of strictly compact convergence (§1, No. 10), the 
mapping pt> ffdu of @(X;C) into E is the unique continuous linear 
mapping W such that W(e,)=f(x) forall ceEX. 
For every 2’ € E’, 


( [ #4e.,2') = Je of) de, =2'(f(x)) = (£(z),z’), 
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whence f f de, = f(x). We know, moreover, that the set of point measures 
is total in .@(X;C) for the topology of strictly compact convergence (§2, 
No. 4, Cor. 4 of Th. 1). Thus it all comes down to proving the continuity of 
the linear mapping u: to ffdy. For this, consider the linear mapping 
v:z' + (f,z') of E’ into #(X;C), and let us show that the image under v 
of an equicontinuous subset H of E’ is contained in a strictly compact subset 
of £(X;C). For, if K is the support of f, the functions (f,z') for z' € H 

have support contained in K; on the other hand, these functions form an 
equicontinuous set, and for each x € X the set of z’(f(x)) is bounded; our 
assertion therefore follows from Ascoli’s theorem (GT, X, §2, No. 5, Cor. 3 of 
Th. 2). Now, it follows from formula (1) of No. 1 that uw is none other than 
the restriction to .@(X;C) of the transpose ‘v (in the algebraic sense); its 
continuity therefore follows from the foregoing (TVS, IV, §1, No. 3, Prop. 6). 


COROLLARY. — With hypotheses and notations as in Prop. 9, the re- 
striction of the mapping w+> [fd to the set M,(X) of positive mea- 
sures, or to a vaguely bounded subset B of (X;C), is vaguely continuous. 

For, it follows from §1, No. 10, Props. 17 and 18 that, on .@,(X) or 
on B, the topology induced by the topology of strictly compact convergence 
is the same as the topology induced by the vague topology. 


However, the mapping p +> } fd is not necessarily continuous on all of 
Ma (X;C) for the vague topology (Exer. 2). 


§4. PRODUCTS OF MEASURES 


1. The product of two measures 


THEOREM 1. — Let X and Y be two locally compact spaces, X a 
measure on X, fL a@ measure on Y; there exists one and only one meas- 
ure v on XxX Y_ such that, for every function g € #(X;C) and every 
function hE H(Y;C), 


a) f alayntyyavte.y) = (f ateyancey) (f m0) aut) - 


Lemma. 1— Let X and Y be two locally compact spaces, K (resp. L) 
a compact subset of X (resp. Y ). 
(i) The restriction to #(X x Y,K x L;C) of the canonical bijection 


w: #(X x Y;C) > ¥(X; F(Y;C)) 
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(S, R, §4, No. 14) is an isometry of the Banach space #(X x Y,K x L;C) 
onto the Banach space #(X,K; #(Y,L;C)). 

(ii) The vector space #(X,K;C)®c #(Y,L;C), identified canonically 
with a subspace of #(XxY,KxL;C) (A, II, §7, No. 7, comments following 
the Cor. of Prop. 15), is dense in this Banach space. 

It is immediate that the image under w of “(Xx Y,KxL;C) is con- 
tained in %(X,K;#(Y,L;C)). Conversely, if u is a continuous mapping 
of X into #(Y,L;C), with support contained in K, then the mapping 
(z,y) + u(x)(y) of Xx Y into C is continuous and has support con- 
tained in K x L, therefore the restriction of w to #(X x Y,K x L;C) 
is a bijection of this space onto #(X,K;#(Y,L;C)); the fact that this 
restriction is a Banach space isometry follows from the relation 


eb. Gai Sea (sup itt wl) | 
xceEK \yeL 


(z,y)EKxL 
This proves (i); on the other hand the image under w, of 
H (X,K;C) @c #(Y,L;C) 


identified with a subspace of #(X x Y,K x L;C), is again the space 
KH (X, K;C)@c #(Y,L;C) but this time identified canonically with a space 
of mappings of X into “(Y,L;C) (A, I, §7, No. 7, Cor. of Prop. 15); but 
this subspace of “#(X,K;.4(Y,L;C)) is known to be dense in the latter 
space (§1, No. 2, Prop. 5), thus the conclusion of (ii) follows from the fact 
that the restriction of w is a topological isomorphism. 


Having proved the lemma, we now observe that every compact subset 
of Xx Y is contained in a product K xL, where K (resp. L) is a compact 
subset of X (resp. Y). It therefore follows from Lemma 1, (ii) that the 
subspace #(X;C)@c #(Y;C) is dense in #(X x Y;C); since the rela- 
tion (1) may also be written as v(g @h) = A(g)w(h) for g € #(X;C), 
he #H(Y;C), the uniqueness of v follows at once. To prove the existence 
of v, we shall make use of the following lemma: 


Lemma 2. — With notations as in Lemma 1, for every function 
fEH(XxY,KxL;C) the function 
(2) yr h(y) = - f(x,y) dA(x) 


belongs to #(Y,L;C). 
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For every function u € #(X;.#(Y,L;C)), the integral [ u(x)dA(z) 
belongs to #(Y,L;C) since the latter is a Banach space (§3, No. 3, Cor. 1 
of Prop. 7); but for u=w/(f) and for every yE Y, 


( f ula) arie).ey) =f ateyaarce) = f feemarce), 


whence the lemma. 


Consider, then, for every function f € #(X x Y;C), the number 
v(f) = uC f f(z,y) dA(x)) (which we shall also write f du(y) f f(x,y) dA(z) 
by an abuse of notation); if K (resp. L) is a compact subset of X (resp. Y ), 
then there exists a number ax (resp. by) such that, for every function 
g € #(X,K;C) (resp. he #(Y,L;C)), we have |A(g)| < ax|lg|| (resp. 
|w(A)| < by |All ). It follows that for every function f € #(XxY,KxL;C), 


< ax |I fl 


| [ienae) 


for every y € Y, whence |v(f)| < axby||f||. The linear form v on 
H(X x Y;C) is thus a measure on X x Y that obviously satisfies (1), 
which completes the proof of Th. 1. 


DEFINITION 1. — Given two measures X, defined, respectively, on 
two locally compact spaces X, Y , the product measure of X by ys is defined 
to be the unique measure v on XX Y_ satisfying the relation (1) for every 
function g € #(X;C) and every function hE #(Y;C). 


In the proof of Th. 1, the roles of the spaces X and Y may be in- 
terchanged; canonically identifying Y x X and X x Y, we thus define 
on X x Y a measure 


fre farce) f s1e,y) duly) 
that again satisfies condition (1). We have thus proved the following theo- 


rem: 


THEOREM 2. — Let A, uw be two measures defined, respectively, on 
two locally compact spaces X, Y. For every function f in #(Xx Y;C), 
the integral of f with respect to the product measure v of X by pw has the 
value 


[ tenavey)= fare f ean 


(3) 2 [aues) [ re.) dA(x) . 
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Because of the last formula, the integral of f with respect to the 
product measure vy is usually denoted || fdAdp, or iy fdudd, or 
Sf fAw, or wee . Sf f(x,y) dX(z) duly), or ff f(z,y ) du(y) dX(z), 
or ff f(x,y) A(z)u(y), or ff f(x,y a )X(z); it is said to be the double 
integral of f with ns to A and y. With this notation, the formula (3) 
may be written 


(4) / ii f(x,y) dX(x) duty) = / d(x) i f(x,y) du(y) 
= i dy(y) i f(x,y) dX(z). 


Formula (3) shows that if \ and yp are real (resp. positive) measures, then 
the product measure vr is real (resp. positive). 
Examples. — 1) The product measure of the Dirac measures €y (x € X) and 
ey (y€Y) is the Dirac measure €(2,y). 
2) Let us take X = Y=R, and for \ and yp the Lebesgue measure on R 
(§1, No. 3); their product is called Lebesgue measure on R*; the integral of a 
function f € #(R?;C) with respect to this measure is denoted f ff f(x, y) dx dy 
or f if f(z, y) dydz; formula (4), for a function that is zero outside a compact 
rectangle [a,b] x [c,d] , yields the formula 


d b b d 
fof jeanae= [ ae | f(x,y) dy 


proved in FRV, II, §3, No. 6. 
Since Lebesgue measure on R_ is invariant under every translation (§1, No. 3), 
it follows at once that Lebesgue measure on R? is invariant under every translation 


of R?. 


Remark. — Let E be a Hausdorff locally convex space, and let f 
be a mapping in ~(X x Y;E) such that f(X x Y) is contained in a 
complete conver subset C of E. Then, for every y € Y, the integral 
h(y) = f£(x,y)dA(x) belongs to E (§3, No. 3, Prop. 7); moreover, the 


function h belongs to #(Y;E): indeed, for every z’ € E’ we have 


(h(y), 2’) = [ae y),z) dX(z) , 


therefore y+ (h(y),z’) belongs to “(Y;C) by Lemma 2. The integral 
fd is therefore defined (and a priori belongs to E’*); let us show that 


f(x,y) dX(x) duly duly) | £(x,y) dX(z) 
(5) 
2 y ax(a) [ £(¢,v) duly) 
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thus generalizing the formula (4). Indeed, for every z’ € E’ we have 


(f fdddj2!) = [fez d\ du = [ow fener 
= [ (ftaz) du = (fan [ tar2') 


by (4), whence (5). 


2. Properties of product measures 


If A (resp. 4) is a measure on X (resp. Y) and v is the product 
measure of \ by p, then the restriction of v to #(X;C) @c H#(Y;C) is 
none other than the tensor product \® of the two linear forms \ and yu 
(A, II, §3, No. 2), because the relation (1) of No. 1 may be written 


(9 @h,v) = (g,A)(h, uw) = (9 @h,A® pw) 


for all g € #(X;C) and he #(Y;C). By an abuse of notation, we shall 
also denote by 1 @ the product measure v (and not just its restriction 
to the dense subspace #(X;C) @c #(Y;C) of #(X x Y;C)). 

The mapping (Au) - A®pw of M(X;C) x M(Y;C) into 
M(X x Y;C) is obviously bilinear, by virtue of formula (3) of No. 1. 


PROPOSITION 1. — Let A’ be a measure on X, a measure on Y; 
if gE @(X;C), hE S(Y;C), then 


(6) (9g: A)@(h- uw) =(g@h)-ASuyn). 


For every function f € #(X x Y;C), we have, by virtue of formula (3) 
of No. 1, 


(49@h)-(@n)) = f arte) | F(e,v)gle)mw) dn) 


= f alcyarte) [ H(e,y)rty) duty), 


PROPOSITION 2. — The support of the product \1 @ 1 1s equal to the 
product of the support of and the support of pw. 

We first observe that the relation A® ys = 0 implies that one of the 
measures A, is zero (A, II, 87, No. 7, Prop. 16, (ii)). On the other hand, 


which proves formula (6). 
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if U (resp. V) is an open set in X (resp. Y), then the restriction of \@ yu 
to the product Ux V is the product of the restrictions of to U and of pu 
to V, as follows from Th. 1 of No. 1 and the definition of the restriction 
of a measure to an open set (§2, No. 1). It therefore follows that, for the 
restriction of A®@p to Ux V to be zero, it is necessary and sufficient that 
either the restriction of X to U or the restriction of to V be zero, which 
proves the proposition, on taking into account the definition of the support 
of a measure (§2, No. 2). 


PROPOSITION 3. — Let \€ .4@(X;C), we H(Y;C). Then 
(7) [A ® pl = Al @ [x]. 


Let f € #4(Xx Y), 9 € #(X x Y;C) be such that |g| < f; we 
have (§1, No. 6, formula (13)) 


Korea) =| farce) f oz») aut 
< f ani(o) f loce.w)l dl 
= (gl, |Al @ lel) < (F,/Al ® |uI). 
It follows that (f,|A ® pl) < (f,|A| @ |v), and so 
(8) |A® pl < |A @ |]. 
On the other hand, let u € #4(X), v € 41(Y). For every e>0, 
there exist uy € #(X;C), v1) € #(Y;C) such that Jul <u, jul <v 


and 
(ur, A)| > (u,|Al) —e, — [(vr, m)| > (v, ul) — € 


(§1, No. 6). It follows that Ju; ®@vi]<u@v and 


(u@v,|A®@ pl) > |(ur @ v1, @ p)| = |(ar, A) (v1, 4) 
> ((u, |Al) — €)((v, |ul) — €)- 


Since ¢€ is arbitrary, we infer that 
(u@v,|A® pl) > (u, |Al)(v, el) = (u @ v, [A] @ [yI) . 
Taking (8) into account, we see that 


(u@v,|.@ pl) = (u@v, |A] @ |x). 
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Since every function in .(X;C) (resp. #(Y;C)) is a linear combination 
of functions in #4(X) (resp. .€4(Y)), the preceding formula remains true 
for u € #(X;C) and v € #(Y;C); the proposition therefore follows 
from the fact that #(X;C)@c #(Y;C) is dense in #(X x Y;C). 


COROLLARY. — Let (\€ @(X;R), we W(Y;R). Then 


(9) 


ASpt=AM @ut+rA Op, 
(A@p)” =A Op +X Opt. 


For, by virtue of Prop. 3, 


(en) =50@n+ 10 lal) 


= =((AT —A7) @ (ut — 7) + (AT +47) @ (ut +47) 
=AT@ptt+rA Op. 


dole 


The argument for (A ® )~ is similar. 
PROPOSITION 4. — Let X€.@(X;C), we M(Y;C). Then 


(10) A @ wll = |All [ell 


with the convention that the second member is to be replaced by 0 whenever 
one of the factors is 0 and the other is +00. In particular, if X and yw are 
bounded then ® 2 is bounded. 

By the above Proposition 3, and §1, No. 8, Cor. 1 of Prop. 10, we may 
limit ourselves to the case that A and yw are positive measures. If 41 =0 or 
p = 0, the result is trivial; let us therefore assume that 1 #0 and p40. 
Let us first prove that ||\ ® pl] < |All - ||u||. We may suppose and p to 
be bounded. For every f € #1(X x Y), 


Exons / dX) i fey) duly) 


and 


/ Fey) duly) < Ill = lal 


for every x € X, therefore 


(fA 84) < MFI IAL tell, 
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which proves our assertion. On the other hand, let 


a<|lAll, 8< lull 
be two real numbers > 0. There exist g € #4(X), h€ #(Y) such that 


lg <1, Al <1, Ag) >a, wh) > 8. 


Then g@he€ #4(XxY), |lg@Al| <1 and (g@h,A@xp) > af; therefore 
|A ® || > eB and finally || @ pl] > [AI] - |||], which completes the proof. 


3. Continuity of product measures 


PROPOSITION 5. — For every measure 9 € M(X;C), the mapping 
Lr ro @p of M(Y;C) into A(X x Y;C) is vaguely continuous. 

For every function f € #(X x Y;C), we know that the function 
A(y) = ff(z,y)d\o(z) belongs to #(Y;C) (No. 1, Lemma 2), and 
(f, Ao ® #) = (h, #2) , whence the proposition. 


PROPOSITION 6.— When @(X;C), M(Y;C) and M(XxY;C) are 
equipped with the topology of strictly compact convergence (§1, No. 10), 
the bilinear mapping (A,u) > AB pw of M(X;C) x A(Y;C) into 
M(X x Y;C) is hypocontinuous for the set of vaguely bounded subsets of 
M(X;C) and A(Y;C) (TVS, III, §5, No. 3). 

Let K Cc X, LC Y be two compact sets, A a compact subset 
of #(X x Y,K x L;C), and B a vaguely bounded and closed subset of 
MX; C) ; it is known that B is vaguely compact (§1, No. 9, Prop. 15), hence 
also compact for the topology of strictly compact convergence (§1, No. 10, 
Prop. 17). On the other hand, the Banach space (X x Y,K x L;C) 
is isometric to #(X,K; #(Y,L;C)) (No. 1, Lemma 1); the mapping y 
of £(X,K; #(Y,L;C)) x .@(X;C) into #(Y,L;C), such that ¢(g, A) 
is the function h defined by h(y) = f g(x,y) dX(z), is separately contin- 
uous by virtue of §3, No. 4, Props. 8 and 9. Since #(X,K;.4#(Y,L;C)) 
is barreled, it follows that the mapping y is hypocontinuous relative to 
the vaguely bounded subsets of .@(X;C) (TVS, III, §5, No. 3, Prop. 6); 
the restriction of this mapping to A x B is therefore continuous (loc. cit., 
Prop. 4). The image C of A xB under this mapping is consequently a 
compact subset of the Banach space #(Y,L;C). Now, C is none other 
than the set of functions h(y) = f f(z,y)dA(z) as f runs over A and 
A runs over B; by virtue of formula (3) of No. 1, the conditions \ € B 
and yp € C° therefore imply 1 ® yw € A°. In view of the definition of the 
topology of strictly compact convergence, this proves the proposition (TVS, 
III, 85, No. 3, Def. 2). 


c 
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The conclusion of Prop. 6 is no longer valid when the topology of strictly 
compact convergence is replaced by the vague topology (Exer. 2 c)). However, if 
B (resp. C) is a vaguely bounded subset of .@(X;C) (resp. -@(Y;C)), then 
the image of B x C under the mapping (4,4) + A @yp_ is vaguely bounded in 
M(X x Y;C) and therefore the restriction of this mapping to B x C is vaguely 
continuous, by virtue of Prop. 6, of §1, No. 10, Prop. 17, and of Prop. 4 of TVS, 
III, §5, No. 3 (cf. Exer. 3). 


4. Product of a finite number of measures 


Let X; (1 <i <n) be n locally compact spaces, X = Il X; their 
=1 
product. The set of linear combinations of complex functions ef the form 


(01, 22,--.,2n) ++ fi(a1) fo(x2)--+ fran), 
where f; € #(X;i;C) (1 <i <n), may be identified canonically with the 
tensor product ® H(X;;C), and it follows from Lemma 1 of No. 1, by 
induction on n, ne this tensor product is dense in #(X;C). 


Now let p; be a measure on X; (1 < i <n); there exists on X one 
and only one measure v such that, for f; € #(Xi;C) (l<i<n), 


n 


(11) (fi ® fo®---® fas ») = [I] (fis mi) 


i=1 
For, if this measure exists, it is unique by the foregoing. On the other 
hand, let v = p41 ® U2 ®--:@ pn be the measure on X defined by the 
recursion relation 


[1 @ 2 @ +++ @ Mn = (fr @ Mz @ +++ @ Un-1) @ Un. 


It follows from No. 1, formula (1) and this definition (by induction on n) 
that v verifies (11); it is said to be the product measure of the measures 4; 


n 
(1 <i <n) and it is denoted again by ® ;. The relation (11) may also 
i=1 


be written 


n 
(12) (f. ® f2@---® fn, tn @ be @ + @ tn) = | [fis ma) - 
i=1 


PROPOSITION 7 (‘associativity of the product of measures’). — 
Let (Ik)ick<r be a partition of the interval [1,n] of N; then 


(13) @ (@ +) = Qu 


k=1 \iel, 
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For, these two measures coincide, by (12), for every function in 
n 
® #4 (Xi;C). 
i=l 


The integral of a function f € #(X;C) with respect to the product 
measure is denoted 


ffs di. den, 


is [fof sein 
7 [tn @---@ un) 
or also 
[fe f tleasta-s20) dha en) dia(ea) res 
or 


[ff teen, 0)pn tr tata) --- Han) 


with n signs f ; it is said to be a multiple integral of order n, or an n-tuple 
integral. By virtue of the associativity of the product of measures and the 
theorem on inverting the order of integration (No. 1, Th. 2), we have, for 
every permutation o of [1,n], 


(14) / i; se / f dy dpi ... dpin = i djta(1) i Ci eae / fdttorn)- 


The integral notation and formula (14) may be extended in an obvious 
way to functions f € #(X;E) with values in a Hausdorff locally convex 
space E, such that f(X) is contained in a complete convex subset of E. 
We leave to the reader the task of generalizing to the product of any finite 
number of measures the results of Nos. 2 and 3 concerning the product of 
two measures. 


In particular, one calls Lebesgue measure on R” the product of n measures 
identical to the Lebesgue measure on R;; the integral of a function f € #@(R";E), 
satisfying the preceding condition, is denoted 


[f [tented ...d£n 


and is equal to 


+00 +0o +00 
i an f tra... f f(r1,2%2,...,2n) dan. 
—oco —oco —oco 


Lebesgue measure on R” is invariant under every translation. 
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5. Inverse limits of measures 


Let X,Y be two compact spaces, p: X — Y a continuous mapping; 
then ft+ fop isa continuous linear mapping of @(Y;C) into @(X;C), 
since ||f o pl] < ||f|| for every function f € @(Y;C); we denote this 
mapping by p’. Its transpose ‘p!: #(X;C) > M(Y;C) is therefore such 
that, for every measure on X, ‘p’(u) is the measure on Y such that 


(‘p'(u), f) = (us f op) 


for every function f € @(Y;C). Note that for every x € X, ‘p'(ez) = 
Ep(z) ; for this reason, we shall denote by p,(j) the measure ‘p'(u), which 
thus extends p when X (resp. Y ) is canonically embedded in -@(X;C) 
(resp. @(Y;C) ) (81, No. 9, Prop. 13); for every measure pp on X, p,(y) is 
a special case of the general concept of image of a@ measure, which we 
shall study in Ch. V, §6. Since, as we saw above, ||p’|| < 1, we have 
also ||'p’|| < 1 and so 


(15) Io IL S< Weell 


for every measure pp € M@(X;C). 


Let us now consider a directed pre-ordered set I, and an inverse system 
(or ‘projective system’) (Xa,Pag) of compact spaces Xq (GT, I, 84, No. 4) 
having I as set of indices; the inverse limit space X = lim X, is known to 


be compact (GT, I, §9, No. 6, Prop. 8); we shall denote by p, the canonical 
mapping of X into X,. 

It is clear that (@(Xa;C),(Pog),) is an inverse system of vector 
spaces, and that ((pa),) is an inverse system of linear mappings, which 
justifies the following definition: 


DEFINITION 2. — A family (Ua)act, where, for every a EI, pe is 
a measure on Xq, is said to be an inverse system of measures if, whenever 
a< B, ba = (Pas),(ug). A measure pp on X = limX, is said to be 


an inverse limit of the inverse system (Ua) tf Ma = (Pa)y(u) for every 
aeél. 


PROPOSITION 8. — (i) If an inverse system (ua) of measures on 
the Xq has an inverse limit, then that limit is unique. 

(ii) If an inverse system (Ug) has an inverse limit, then the family of 
norms (||ta||) ts bounded. 

(iii) If the pag are surjective and the family (||ua||) is bounded, then 
the inverse system of measures ([1a) has an inverse limit. 
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(iv) If the pag are surjective, then every inverse system (Ug) of pos- 
itive measures has an inverse limit 1, which is a positive measure on X, 
and ||u\| = ||Hal| for all a. 

(i) We first prove the following lemma: 


Lemma 8.— Let F be the set of functions f € @(X;C) having the 
following property: there exist an a €I and a function fy € (Xa; C) 
such that f = fa °Dq. Then F is a dense linear subspace of @(X;C). 

We note first of all that if g = gg°pg and h = h,op,, where 
98 € @(Xg;C) and h, € @(X,;C), then there exists an a €I1 such that 
a>B and a2vV, and therefore pg = pga Pa, Py = Pya° Pa, Which 
shows that 

gth= (96 © PBa + hy © Pye) © Pa 
belongs to F; one sees similarly that gh € F; F is thus a C-subalgebra of 
@(X;C), which contains the constants and is such that the relation f € F 
implies f € F. Finally, if z 4 y are two points of X, there exists an a € I 
such that po(x) # pa(y), therefore there is a function fy € @(Xq;C) 
such that fa(pa(z)) # fa(Pa(y)). The conclusion therefore follows from 
the Stone-Weierstrass theorem (GT, X, §4, No. 4, Prop. 7). 


The lemma having been established, let pu,’ be two measures on X 
such that (pa), (Hu) = (Pa), (u’) for all a € 1; this means that, for every 
a €I and every function fy € @(Xa;C), we have 


(fers (Bar) (H)) = (fers (Por) (H’)) 


that is, (fo ° Pa, H) = (fa Pa; ’); in other words, and wy’ coincide on 
the subspace F of @(X;C), which is dense by Lemma 3, therefore p = p’, 
which proves (i). 

(ii) The relation (15) applied to p, shows that if y is the inverse limit 
of the inverse system (ji) , necessarily 


(16) Ile-l] > [Ia] 


for all a €l. 

(iii) Suppose the pag are surjective; one knows that the same is then 
true of the pa (GT, I, §9, No. 6, Prop. 8). Consider an inverse system 
of measures (j/.) and let us first show that there exists a linear form 2 
on F (in the notations of Lemma 3) such that, for every a € I and every 
fa € @(Xa3C), fa © Pa) = Malfa). To that end, let 8,y be two 
indices in I, and fg € @(Xg;C), fy €@(X,;C) two functions such that 
fe°pe = fy ° py; then there exists an index a €I such that a> and 
a > 7, therefore 


Pp = PBa° Da, Py =Pya°Pa and (fg ° pga) Pa = (fy © Pra) © Pa ; 
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since po is surjective, this implies fg ° pga = fy ° Pya, therefore 


Half ° Pea) a Balfy OPya)s 


but by definition the last relation may also be written jug(fg) = p+(fy), 
whence our assertion. 

This being so, suppose that there exists a finite number a > 0 such 
that ||u“ol| <a for all a €I; then, for every function fy € @(Xq;C), 


IA( fa ° Pa)| = Mal fa)| < all fall = all fa ° Pal 


since Dg is surjective. This shows that the linear form is continuous on F, 
and it follows from Lemma 3 that \ may be extended to a measure on X 
such that (pa), (M4) = Ma for all a €1, which proves (iii). 

(iv) To prove the existence of yu it suffices, by (iii), to verify that 
the family of norms (||q||) is bounded. But ||Mal| = “a(1) and, when 
a < B, the relation Ha = (Pag), (ue) implies that po(1) = pg(1); since 
I is directed, the total masses of all the measures fq are therefore equal, 
whence our assertion. Moreover, the subspace F obviously satisfies the 
property (P) of §1, No. 7, Prop. 9, therefore the inverse limit measure p 
of (Ha) is positive. Finally, the relation ta = (Pa), (4) shows as above 
that y(1) = Ha(1). 


Example. — Let (X))xe~ be a family of compact spaces; set X = 
T[ Xa and, for every finite subset J of L, set Xj = [] X); denote by 
EL NEI 
pry: X— Xj and pry, : Xx — Xj (for J C K) the canonical projections. 
We know that (Xj, prj,x) is an inverse system of compact spaces, and that 
the inverse limit of the system of continuous mappings (pry) is a hom- 
eomorphism of X onto the inverse limit space lim Xy, permitting one to 


identify these two spaces (GT, I, §4, No. 4 and S, IH, §7, No. 2, Remark 3). 
Since the projections prj, are surjective, it follows from Prop. 8 that 
the set .@(X;C) (resp. 4 (X)) may be identified with the set of inverse 
systems (jj) such that the family of norms (||y3||) is bounded (resp. such 
that the jj are all positive, and necessarily of the same total mass). 

Let us consider in particular the case where, for each \ € L, a measure 


#4, is given on X) and one sets wy = ® py. If J Cc K are two finite 
AEI 
subsets of I then, for every function f; € @(Xj;C) we have, by virtue of 


formula (14) of No. 4, 


(17) bx«(f3 ° pry x) = Ha(fy) - II y(1). 


ACK=— J 
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For (3) to be an inverse system of measures, it is therefore necessary and 
sufficient that either , =0 for all AGL or pw (1) =1 forall AEL. 


6. Infinite products of measures 


Let (Xy)xe~ bea family of compact spaces, and for every 4 € L let 
jt, be a measure on X). We retain the notations of the Example of No. 5, 
so that in particular yy = ®) py for every finite subset J of L. 
rEI 


PROPOSITION 9. — Suppose that all of the measures 4, are positive and 
that the family (u(1))xex is multipliable in Ry (with product possibly 0). 
Then there exists one and only one measure on X such that, for every 
finite subset J of L and every function fy € @(X3;C), 


(18) w(fyo pry) =wa(fs) [J a(t). 


AEL— J 


Moreover, the measure yu. is positive and its total mass is given by 


(19) wo) = Ta). 


AEL 


Let F be the vector space consisting of the functions on X of the form 
fy o pry, where J runs over the directed set of finite subsets of L, and 
fy € @(Xy;C); we again say that F is the space of continuous functions 
on X that depend only on a finite number of variables. Lemma 3 of No. 5 
shows that F is dense in @(X;C) , which proves the uniqueness assertion. If 
Ly, =0 forsome Ayo € L then the measure p= 0 meets the requirements, 
since in the second member of (18) we have pj(fy) = 90 if Ao € J and 

Tl wa(1) =0 if Xo ¢ J. We can therefore suppose that py, #0 for all 
NEL—J 
\€J and, since the measures 1) are positive, this implies that j,(1) #0 
for all \ € L. Let us then set py = p/p (1) for every » € L, so that 
u', is a positive measure on X) such that p\(1) = 1. It then follows 
from Prop. 8 of No. 5 that there exists a positive measure p’ on X of total 
mass 1, such that p'(fyo pry) =4(fy) for every finite subset J of L and 
every function fy € @(X3;C). The positive measure 


b= (1 10)] ye 


AECL 
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then meets the requirements, since 


us(fs) = wh (fs) [[ oa), 


AEST 


[[o@=[Toa@: [Tf »@. 


AEL AEI AEL~—J 


The measure y defined in Prop. 9 is called the product measure of the 
family of positive measures (j1\),e, and is denoted by ® py. 
AEL 
COROLLARY. — Assume that the conditions of Prop. 9 are verified, 
and let (Ly)per be a partition of L. Then each of the families of mea- 
sures (14y)xeL, admits a product measure, the family of product measures 


( ® wr admits a product measure, and 
AELp peR 


(20) @(@m)- Qu. 


peR ‘EL, EL 


This follows at once from the formulas (18) and (19) and the associa- 
tivity of the product for multipliable families in R; (GT, IV, §7, No. 5, 
Remark). 


Exercises 


§1 


§ 1) a) Let X be a locally compact space. Show that every compact convex subset 
A of the locally convex space .#(X;C) that is contained in #4(X) is strictly compact. 
(Consider the upper envelope function of the set of all f € A, s = sup f, which is 

fea 
continuous on X and tends to 0 at the point at infinity of X. For every continuous 
numerical function g on X, denote by P(g) the set of x € X such that g(x) > 0. 
Show that there exists a function f in A such that P(f) = P(s); for this, observe that 
if Ky, is the compact set of x € X such that s(x) > 1/n, there exists a finite number of 
functions fn; € A such that the open sets P(fn,;) cover Kn. Then make use of the 
fact that A is convex and closed.) 

b) Assume that there exists in X a countable dense subset D. Show that every 
compact convex subset A of .(X;C) is then strictly compact. (Let U be the set of 
x €X such that there exists an f € A for which f(x) #0, which is an open set in X. 
Show, making use of the fact that A is a Baire space, that there exists a function g € A 
such that g(z) #0 forall ce UND.) 


q{ 2) Let Y be a noncompact locally compact space that is countable at infinity and 
let (Yn) be an increasing sequence of compact subsets of Y forming a covering of Y and 


° 

such that Yn C Yn41 for all n, so that every compact subset of Y is contained in one of 
the Yn (GT, I, §9, No. 9, Cor. 1 of Prop. 15). Let BY be the Stone-Cech compactification 
of Y (GT, IX, §1, Exer. 7), so that the space @(GY;R) may be identified with the space 
of bounded continuous real-valued functions on Y , and Y is a dense open set in GY ; for 
every function f € @(GY;R), Supp(f) is thus the closure in BY of the set of y € Y 
such that f(y) #0. Recall that if Z1,Z2 are two subsets of Y , closed in Y and disjoint, 
then their closures Z1,Z2 in BY are also disjoint (GT, IX, §4, Exer. 17). 

Let w be a point of BY —Y and let X = BY — {w}. Show that, on the space 
4 (X;R), the direct limit topology Z defined in No. 1 is identical to the topology of 
uniform convergence. (If p is a semi-norm that is continuous for Y , show, by means of 
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a contradiction argument, that there exists a number c > 0 such that p(f) < ¢||f|| for 
every function f € #(X;R). In the contrary case, there would exist a sequence (fn) 
of functions in #(X;R) such that |fnll <1, p(fn) =n, Supp(fr) Yn = @, and 


Supp(fn) A Supp( fr) = FS 


for k <n. Then let Z; (i = 0,1) be the union of the sets YM Supp(fan+:); show that 
one of the two sets Zo,Zi is relatively compact in X (GT, X, §4, Exer. 7), and from 
this deduce a contradiction.) 

From this, deduce that the space (X;R) equipped with the topology 7 is not 
quasi-complete. 


3) In the example of Exer. 2, take for Y the discrete space N. For every n€N, 
let en be the function in “#(X;R) such that en(n) =1 and en(z) =0 for r#n 
in X. Show that the set A formed by the functions 0 and en/(n+1) is compact in 
4 (X;R), but not strictly compact. If L is the ultrafilter on N induced by the filter of 
neighborhoods of w in GY = GN, show that, with respect to U, the family of positive 
measures (n€n) tends to 0 uniformly in every strictly compact subset of #(X;R), but 
does not tend uniformly to 0 in A. 


4 4) a) Let By be the closed unit ball in the Euclidean space R”, and let An be 
the set of functions f € @(Bn;R) of the form 


f(x) = All? — 1) + (ala) 


with |A| <1/n and |la|| <1/n. The set An is convex and compact in the Banach space 
€(Bn;R), and possesses the following property: for any functions f1,..., fn belonging 
to An, there exists a point z€ Bn such that fi(x) =...= fn(x) = 0; however, there 
exist n+1 functions gi,...,gn+1 belonging to An that are not simultaneously zero at 


° 
any point of Bn (one may consider the mapping z+ z/(1— ||z||?) of By into R”). 

b) Let Bi, be the set Bn equipped with the discrete topology, and let Dn = 
BBi,. Let Y (resp. Y’) be the locally compact topological sum space of the spaces Dn 
(resp. Bi, ). Show that GY = GY’. 

c) For every integer n, let Kn C @(Dn;R) be the set of all real-valued functions 
whose restriction to B, = Bn belongs to An. Let K be the subset of #(GY;R) 
formed by the functions whose restriction to Dn belongs to Kn for every n € N. Show 
that K is a compact convex subset of the Banach space @(GY;R). For every finite 
family (fi)isi<n of functions in K, let W(fi,..., fn) be the set of y € Y’ such that 
fi(y) =0 for 1<i<n. Show that the W(f1,...,fn) form a base of a filter 2 on 
the discrete space Y’. From this, conclude that there exists a point w € GY — Y such 
that the trace on Y’ of the filter of neighborhoods of w in GY is a filter finer than W. 
Setting X = BY — {w}, deduce from this that K C .#(X;R) and, with the help of 
Exercise 2, conclude that in .(X;R) the set K is conver and compact, but not strictly 
compact. 


5) Show that if E is a Fréchet space and X is a locally compact space, then the 
space .(X;E) is bornological. 

From this, deduce that for every set G of bounded subsets of “(X;C) that isa 
covering of .#(X;C) and is such that every set formed by the points of a convergent 
sequence in .#(X;C) belongs to G, the space .@(Xe6;C) is complete. 


6) Let ys be a measure on a locally compact space X. Show that |u| = sup @(ap), 
where the scalar @ runs over the set of complex numbers of absolute value < 1. (Observe 
that for every function g € #(X;C) and every « > 0, there exist a finite number 
of mappings h; of X into [0,1], with compact supports, and scalars a; such that 


lg — Sashill <e and |\|g|— So lail hill <e.) 
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Show that also |u| = sup 4(h- uw), where Ah runs over the set of functions in 
4 (X;C) such that ||h]| <1. 


7) Give an example showing that in .4@(X;C), the set of bounded real measures p 
such that ||y|| = a is not necessarily vaguely closed, even if X is compact; show that 
if X is locally compact and noncompact, then the set of bounded positive measures such 
that ||| = 1 is not vaguely closed. 


8) Let X be a locally compact space; for every compact subset K of X and every 
integer n > 0, let Sk,n be the set of functions f € (X;C) with support contained 
in K and such that ||f|| <n. One calls quasi-strong topology on .@(X;C) the topology 
of uniform convergence in the sets Sx,n. It is coarser than the strong topology (when 
M(X;C) is regarded as the dual of the space %#(X;C), cf. TVS, III, §3, No. 1) and is 
identical to it when X is paracompact. 

a) Show that the quasi-strong topology on .@(X;C) is defined by the semi-norms 
ur |ul(f), where f runs over .#4(X); the space .#(X;C) is complete for the quasi- 
strong topology. The bounded subsets of @(X;C) for the quasi-strong topology are the 
equicontinuous subsets of .#(X;C). 

b) Show that on .@(X;R), the quasi-strong topology is compatible with the ordered 
vector space structure (TVS, II, §2, No. 7). From this, deduce that if H is an increasing 
directed set in .@(X;R) that is bounded above, then the supremum of H in .4@(X;R) 
is identical to the limit, for the quasi-strong topology, of its section filter (loc. cit.). 


9) Let X be the compact interval [0,1] of R. 

a) Let pin be the measure defined by the mass +1 at the point 0 and the mass 
—1 at the point 1/n. Show that the sequence (un) tends vaguely to 0 in .@(X;C), 
but that |un| does not tend vaguely to 0. 

b) Let yu be Lebesgue measure on X and let gn(x) = sinnx. Show that the measure 
(1—gn)-p is positive and tends vaguely to as n tends to infinity, but does not tend 
strongly to 4. From this, deduce that the topologies induced on .4#4(X) by the vague 
topology and the strong topology (which is identical here to the quasi-strong topology) 
are distinct (cf. Exer. 10). 


10) Let ® bea filter on the set .4#1(X) of positive measures on X. Show that if ® 
is vaguely convergent then, for every compact subset K of X, there exist a set M € ® 
and a number ax >0 such that |u(f)| < ax -||f|| for every function f € #(X,K;C) 
and every measure pe M. 


11) a) Show that when .#(X;C) is equipped with the quasi-strong topology (resp. 
the topology of strictly compact convergence, resp. the vague topology), the bilinear form 
(f, Hu) > (f,u) is (G,&)-hypocontinuous, where & is the set of vaguely bounded subsets 
of (X;C), and G is the set of bounded subsets of .(X;C) that are contained in 
4 (X,K;C) for a suitable compact set K (resp. the set of strictly compact subsets of 
HX (X;C), resp. the set of finite subsets of “%(X;C)) (cf. TVS, III, §5, Exer. 12). 

b) For every compact subset K of X, show that the bilinear form (f, 14) +> (f, ») 
is continuous on #(X,K;C) x .@(X;C) when .@(X;C) is equipped with the quasi- 
strong topology; it is continuous on %(X,K;C) x .4@4(X) when .4,(X) is equipped 
with the vague topology (make use of Exer. 10). 

c) Assume that X is paracompact and noncompact. Show that the bilinear form 
(f,u) > (f,u) is not continuous on #(X;C)x.@1(X) when .44(X) is equipped with 
the strong topology (identical in this case to the quasi-strong topology). 

d) Give an example where X is compact and the bilinear form (f,) ++ (f,u) is 
not continuous on @(X;C) x “@(X;C) when .@(X;C) is equipped with the topology 
of compact convergence (TVS, IV, §1, Exer. 11). 


{ 12) a) Show that the bilinear mapping (g,u) + g-p of @(X;C) x A(X;C) 
into .4@(X;C) is continuous when @(X;C) is equipped with the topology of compact 
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convergence and .@(X;C) with the quasi-strong topology (Exer. 8) or with the topology 
of strictly compact convergence. 

b) Show that the bilinear mapping (g,4) ++ g-p of @(X;C) x (X;C) into 
M(X;C) is (G,¥)-hypocontinuous when @(X;C) is equipped with the topology of 
compact convergence and .@(X;C) with the vague topology, where G denotes the set 
of finite subsets of @(X;C) and & the set of vaguely bounded subsets of .@(X;C). 

c) Show that the mapping (g,u) +> g-p of @(X;C) x @,(X) into .@(X;C) 
is continuous when @(X;C) is equipped with the topology of compact convergence, 
M(X;C) and .44(X) with the vague topology. 

d) Give an example of a compact space X such that the bilinear mapping (g, 2) > 
gp of €(X;C)x.a@(X;C) into .W(X;C) is not continuous when @(X;C) is equipped 
with the topology of uniform convergence and .@(X;C) with the vague topology. 


13) Show that for every function f € #4(X), the mapping p+ |ul(f) is lower 
semi-continuous on .@(X;C) for the vague topology. 


4 14) a) Let X be a locally compact space with a countable base. Show that the 
space 44(X), equipped with the vague topology, is metrizable. 

b) Let L be the set of increasing sequences (kn)nez of integers >0, tending 
to +oo with n, and zero for n <0 except for a finite number of values of n; let P be 
the set of equivalence classes formed by the translates (knin)nez of a same sequence 
(kn)nez (where h runs over Z); L and P are uncountable. Let X be the discrete 
topological sum space of P and Z; let H be the set of positive measures on X defined 
in the following way: for every a € P and every sequence g € a, Va,g is the measure 
defined by the mass +1 at the point a, mass 0 at the other points of P , and mass g(n) 
at every point n € Z; take H to be the cone generated by the measures va,g. Now let 
p be the measure on X defined by the mass +1 at each point of P and mass 0 at each 
point of Z. Show that y is in the vague closure of H but is not in the vague closure 
of any vaguely bounded subset of H. (Make use of the fact that for every mapping f 
of Z into N, there exists an increasing sequence (kn) € L such that for every h € Z, 
“lim kn4n/S(n) = +00.) 


15) Let X be a noncompact locally compact space; on the space .@1(X;C) of 
bounded measures on X, the dual of the Banach space €°(X;C), the topology defined by 
the norm ||,|| is called the ultrastrong topology, and the topology o(.#1(X; C), @9(X; C)) 
the weak topology. 

a) Show that if X is paracompact, then the weak topology on .@!(X;C) is strictly 
finer than the vague topology (compare with Exer. 2). 

b) Show that on .#!(X;C), the ultrastrong topology is strictly finer than the quasi- 
strong topology (observe that for the latter, ez tends to 0 as x tends to the point at 
infinity of X). 

c) If X is countable at infinity and is not discrete, show that on .@1(X;C) the 
weak topology and the quasi-strong topology are not comparable. 

d)In .@1(X;C), every weakly bounded set is bounded for the ultrastrong topology, 
but there can exist sets that are bounded for the quasi-strong topology but are not weakly 
bounded. 


16) Let X bea locally compact space, X’ the compact space obtained by adjoining 
to X a point at infinity. Let ~ be a bounded measure on X; show that there exists one 
and only one measure p’ on X’ that extends yw and satisfies ||’ || = ||ul| . 


17) For every measure ys on a locally compact space X and every homeomorphism 
o of X onto itself, let ug be the measure ft> p(foo). 

a) Show that |wol = |ulo. 

b) Equip @(X;C) with the vague topology and denote by #& the set of continuous 
endomorphisms of the locally convex space @(X;C); equip &” with the topology of 
uniform convergence in the vaguely bounded subsets of .@(X;C). Let I be the group 
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of homeomorphisms of X onto itself, equipped with the topology J, defined in GT, X, 
§3, No. 5. For every o ET, let Ao be the mapping +> pe , which belongs to #& ; show 
that the mapping o> Ag of [ into & is continuous. 


18) Let X be a compact space, 4 a measure on X such that p(1) = ||p\|. Show 
that p is a positive measure. (If ui = &(u), v2 = Y(p), note first that yi(1) = ||: || 
and show that 1 is a positive measure by making use of Ch. II, §2, No. 2, Prop. 4; then 
prove that y2 =0 by considering p(1+if) for a suitable function f € @(X;R).) 


§2 


1) Let X bea locally compact space, ® a filter on -@(X;C) such that the support 
of y recedes indefinitely along ® (No. 2, preceding Prop. 7); show that for the quasi- 
strong topology (§1, Exer. 8), u tends to 0 with respect to ®. 


2) Show that for the ultrastrong topology on .@1(X;C) (81, Exer. 15), the set of 
measures with compact support is dense in .@1(X;C). 


3) Let X be the interval [0,1] of R. Show that in the Banach space @(X;C), 
the distance from the Lebesgue measure to every discrete measure is > 1. 


q 4) Let A be an uncountable set. In the set $8(A), consider the relation (MNCN 
and NN EM are countable) between M and N; show that this is an equivalence relation, 
weakly compatible with the inclusion relation M c M’ (S, III, §1, Exer. 2). Let B be the 
quotient set of 8(A) for this equivalence relation; show that on B, the relation deduced 
from the inclusion relation by passage to quotients is an order relation for which B is a 
Boolean algebra (loc. cit, Exer. 17). One knows (GT, II, §4, Exer. 12) that there exists an 
order structure isomorphism of B onto the Boolean algebra formed by the subsets that 
are both open and closed in a totally disconnected compact space X. Show that if U is 
a nonempty open set in X, then there exists an uncountable family of pairwise disjoint 
nonempty open subsets Va of U (make use of the fact that an uncountable set admits 
an uncountable partition consisting of uncountable sets). From this, deduce that every 
measure on X has nowhere dense support. 


5) Let X be a compact space. An infinite sequence (tn)nen of points of X is said 


n—1 
to have a limit distribution if the sequence of measures with finite support ( > ex.) /n 
i=0 
tends vaguely to a limit in .@4(X); one also says that the sequence (tn) is equidis- 
tributed for the measure yw. If T is a total set in the Banach space @(X;C), show 
that for a sequence (%) to have a limit distribution, it is necessary and sufficient that 


n-1 

the sequence (( > f(«s)) /n) tend to a limit in C for every function f € T. In 
i=0 

particular, show that if X is a metrizable compact space, then for every sequence (rn) 

of points of X there exists a subsequence (xp, ) that has a limit distribution. 

If X is the interval [0,1] of R and if yw is Lebesgue measure on X, show 
that for a sequence (rn) of points of X to be equidistributed for pw, it is necessary 
and sufficient that it be equidistributed mod 1 in the sense of GT, VII, §1, Exer. 14. 
For this, it is necessary and sufficient that for every integer m € Z, the sequence 


n-1 
(( s errmes ) /n) tend to 0 for m # 0. From this deduce anew, in particular, 
k=0 


that the sequence zt = n6 — [nO] (n € N) is equidistributed mod 1 for every irrational 
number 6 (GT, VII, §1, Exer. 14). What is its limit distribution when 6 is rational? 
Cf. also Ch. IV, §5, No. 12. 
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§3 


1) Let E be a Hilbert space with a countable orthonormal basis (en) (TVS, V, §2, 
No.3), Eo the dense linear subspace of E formed by the linear combinations of finitely 
many vectors en. Let X be the compact subspace of R. formed by 0 and the points 1/n 
(n an integer > 1); let y be the positive measure on X defined by the mass 1/n? at 
each point 1/n and the mass 0 at the point 0 (81, No. 3, Example I). Consider the 
continuous mapping f of X into Eo defined by f(0) = 0, f(1/n) =en/n for n 21; 
show that the integral f fd does not belong to Eo. 


2) The spaces X and E and the mapping f being defined as in Exer. 1, show that 
the mapping A+ A(f) of M(X;C) into E is not continuous for the vague topology. 
(If gg (1 < k < n) are n continuous scalar functions on X, show that there exists a 
discrete measure A on X such that f 9% d= 0 for 1gk <n but || f faa\ is 


arbitrarily large.) 


3) a) Let E be a quasi-complete Hausdorff locally convex space. Show that when 
(X;C) is equipped with the quasi-strong topology (§1, Exer. 8) (resp. the topology of 
strictly compact convergence), the mapping (f, 4) > f fdyu is (G,Z)-hypocontinuous, 
& being the set of vaguely bounded subsets of .@(X;C), © the set of bounded (resp. 
compact) subsets of .(X;E) that are contained in .(X,K;E) for a suitable compact 
set K. 

b) For every compact subset K of X, the mapping (f, 1) > f fd is continuous 
on “(X,K;E) x @(X;C) when .@(X;C) is equipped with the quasi-strong topology, 
and on #(X,K;E) x @4(X) when .41(X) is equipped with the vague topology. 


4) Prove the Cor. of Prop. 4 of No. 2 by making use of Prop. 8 of No. 4 (reduce to 
the case that E is quasi-complete, and make use also of §1, No. 9, Cor. 3 of Prop. 15). 


§4 


1) Let X,Y be two locally compact spaces. 

a) Show that the mapping (u,v) / uw @v of M(X;C) x A(Y;C) into 
(Xx Y;C) is continuous when .@(X;C), @(Y;C) and (Xx Y;C) are equipped 
with the quasi-strong topology (§1, Exer. 8). 

b) Show that the mapping (,v)> wv of M1(X) x A4(Y) into 4,(Xx Y) 
is continuous when .4+4(X), -@4(Y) and (Xx Y) are equipped with the vague 
topology. 


{ 2) a) Let X be the interval [0,1] of R; show that if (ag)icg<n is any finite 
sequence of pairwise distinct elements of X, then the n functions |x — a,| (1<k <n) 
are linearly independent. From this, deduce that the continuous function |xz—y| defined 

n 


on X X X is not of the form > ui(x)ui(y) , where the u; and v; are continuous. 
t=1 

b) For every measure pp € .@(X;C), set fr(y) = fiz — y|du(x). Show that the 
linear mapping p> f, of (X;C) into @(X;C) is injective, has for image a dense 
linear subspace L of @(X;C), and is continuous but not bicontinuous for the normed 
space topologies on .@(X;C) and L. (Observe that L contains the constants and the 
piecewise linear functions.) 

c) Let uz; (1 < i < m) be any m functions in @(X;C) and let V be the linear 
subspace of .@(X;C) orthogonal to the u;, which is therefore of codimension < m in 
M(X;C). Show that if B is the set of measures 4 on X such that ||| < 1, there exist 
measures  € B and v € V such that f fuy) dv(y) is arbitrarily large (make use 
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of 6)). From this, deduce that if B, @(X;C) and .@(X x X;C) are equipped with the 
vague topology, then the mapping (,v)> w@v of Bx.@(X;C) into W(X x X;C) 
is not continuous. 


q{ 3) a) Let X,Y be two locally compact spaces, K C X, L C Y two compact 
sets, A acompact subset of the space “(Xx Y,KxL;C). For every integer n, let Vn 
be an entourage of the uniform structure of K such that, for every pair (x’,2’) € Vn, 
every y€L and every function f € A, 


\f(x’,y) — F(a”, y)| < 1/n?. 


Let Cn be the set of functions y+ n(f(x2’,y) — f(x”, y)) for all pairs (x’,2’’) € Vn 
and every f € A; show that the union C of the Cy for all n 21 is a relatively compact 
subset of “(Y,L;C). 

b) Let B be the union of C and the set of mappings y+ f(x,y) for «€K and 
f € A, which is a relatively compact subset of #(Y,L;C). Show that when v runs 
over the polar B° of B in @(Y;C) and f runs over A, the set of mappings 


yr i f(z, y) dv(y) 


is relatively compact in #(X,K;C). 

c) Deduce from 6) that the mapping (,v)> w@v of &(X;C) x M(Y;C) into 
(Xx Y;C) is continuous when .@(X;C), @(Y;C) and (Xx Y;C) are equipped 
with the topology of strictly compact convergence. 


4) Let X bea locally compact space, Y a paracompact locally compact space. Show 
that the canonical mapping of “(Xx Y;C) into #(X;#(Y;C)) is an isomorphism 
of topological vector spaces. 


5) Let (X)),ex be an infinite family of compact spaces; for each A € L, let ay 
be a point of X, and let 4 be a positive measure on X) of total mass 1. For every 
finite subset J of L, let v(J) be the measure on X = I] X) that is the product of the 

AEL 
measures pt, for A € J and the measures €a, for 1 €¢ L — J. Show that, with respect 
to the directed set of finite subsets of L, the measure v(J) tends vaguely to p= & TN 
AEL 
but does not tend strongly to py. 


{ 6) With the notations of No. 6 show that, for there to exist a measure yp # 0 
on X such that 


(1) ufo pry) = ue bx (fs ° pry x) = wa(fa) - I] (1) 
AEL=—J 


for every finite subset J of L and every function fy € @(Xy;C), it is necessary and 
sufficient that the following three conditions be satisfied: 

1° pw, #0 forall AEL. 

2° There exists a finite subset Jo of L such that the family (#)(1)),eL—3, is 
multipliable in C* (hence has a product # 0). 

3° The family ((|#||)xex is multipliable in R4 (hence has a product # 0). 

Under what conditions is the second member of (1) equal to 0 for every finite subset 
J of L and every function fy € @(X3;C)? 
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7) With the notations of Exercise 6, assume that the conditions of the exercise are 
satisfied. Show that for every function f € @(X;C), 


[sae=tin [ere senate, 


where the limit is taken with respect to the directed set of finite subsets of L, and where 
ay denotes prj(x) for every x€X andevery J CL; similarly, 


f(z) = tin f Fes, 21—a)en.—s(en-9) 


for every x € X, provided that all of the measures 4, (A € L) have total mass 1 (where, 
for every subset K of L, xx denotes the product of the subfamily of measures (4),¢Ex )- 


8) With the notations of Exercise 6, show that if the product of the family (1) 
is defined and # 0, then there exists a countable subset K of L such that for every 
»€L—K, the measure p is positive and of total mass 1 (make use of Exer. 18 of §1). 


CHAPTER IV 


Extension of a measure. L’ spaces 


In this chapter, X denotes a locally compact space, 1 a measure on X; 
when a function is under consideration (absent any specification of the set 
where the function is defined), it is understood to be a function defined in X. 

For every subset A of X, we denote by ya the characteristic function 
of A (equal to 1 on A and to 0 on CA). 


§1. UPPER INTEGRAL OF A POSITIVE FUNCTION 


1. Upper integral of a lower semi-continuous positive function 


Let X bea locally compact space, ps a positive measure on X; we know 
that py is an increasing function on the lattice #1(X) (which will also be 
denoted #4 ). 

We denote by .4%,(X) (or simply -4,) the set of numerical functions 
on X, finite or not, that are positive and lower semi-continuous on X .1 
Recall that the sum of any family of functions in .%, belongs to -4%,; the 
product of a function in .4, by a finite number a >0 belongs to 4, ; the 
upper envelope of any family of functions in .4, and the lower envelope of 
a finite family of functions in 4, also belong to %, (GT, IV, §6, No. 2, 
Prop. 2 and Th. 4). We shall also make use of the following lemma: 


Lemma. — Every function f € 4%, is the upper envelope of the set 
(directed for the relation <) of all functions g € #4 such that g< f. 

For every x € X such that f(x) > 0, and for every real number a 
such that 0<a< f(x), there exists by hypothesis a compact neighborhood 
V of x such that f(y) >a on V; on the other hand, there exists a function 
g € #4, with support contained in V, equal to a at the point z and <a 


1 «9° as in ‘inferior’; the letter & (as in ‘lower’) is preémpted for other function 
spaces, to be discussed in §3. 
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on V (GT, IX, §1, No. 5, Th. 2); therefore 0 < g < f and g(x) >a, which 
proves the lemma. 


DEFINITION 1. — Given a positive measure 4 on X, one calls upper 
integral of a function f € 4%, (with respect to ) the positive number 
(finite or equal to +00) 


u*(f)= sup pg). 
gC, 95 f 


For every function f € #4, it is clear that u*(f) = u(f), in other 
words p* is an extension of 1 to 4,. 


Example. — Let X be a discrete space, ps a positive measure on X, and 
set a(x) = u(Yye}) for all x € X. Every numerical function f defined on X 


is then continuous; for such a function f > 0, u*(f) = 3. a(x) f(x), where 


LEX 
we agree to set a(x) f(x) = 0 whenever a(rz) = 0 and f(x) = +oo. For, 


be a(x) f(x) = sup ( > a(e)f(2)) , where M runs over the set of all finite sub- 
rex M x2eM 
sets of X. If there exists an xo € X such that f(zo) = +oo and a(ro) > 0, 
then > a(x)f(z) = +00 whenever xo € M, and, on the other hand, 
zeEM 
f 2 N- feo} for every integer n > 0, therefore p*(f) > na(zo) and so 
p*(f) = +00. If, on the contrary, a(x) = 0 at all the points where f(x) = +00, 
then the function g equal to f at the points « € M where a(x) > 0 
and to 0 elsewhere belongs to .#4 ,, and so, by virtue of the conventions made, 
L(g) = > a(x) f(x), which again proves the relation p*(f) = 5 a(x) f(a). 
rEeM rex 
PROPOSITION 1. — For every finite real number a@ > 0 and every 
function f € ¥,, 


(1) u*(af) = op*(f). 
PROPOSITION 2. — On the set 4%, , the function u* is increasing. 


The proofs are immediate from Def. 1. 


THEOREM 1. — Let H be a nonempty set of functions in 4, , directed 
for the relation <. For every positive measure on X, 


(2) yu (supa) = sup u*(g) = lim p*(q). 
g¢H g¢H g€H 


Let f = sup 9. We shall first prove the theorem for the special case 


that the éalints g € H and their upper envelope f belong to “4. 
then follows from Dini’s theorem (GT, X, §4, No. 1, Th. 1) that the ee 
filter of H converges uniformly to f on every compact subset of X, and 
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in particular on the support K of f. Since 0<g</f for every function 
g €H, the support of every function in H is contained in K; but by defini- 
tion yu is continuous on the vector space .(X,K;C) of continuous func- 
tions with support contained in K,, for the topology of uniform convergence; 
whence the relation (2) in this case. 

Let us pass to the general case. It is clear that *(g) < w*(f) for every 
function g € H. By Def. 1, it all comes down to showing that, for every 
function w € #4 such that w< f, 


up) < sup u*(g) . 
geH 


For every function g € H, let ®, be the set of functions y € #4 such that 
yp <g, and let ® be the union of the sets ®, as g runs over H; since H is 


directed, so is ®, and f = supy. Since w < f, w is the upper envelope 
yee 

of the set of functions inf(y,y) as y runs over ©; but since ~ and the 

functions inf(W,y) belong to #4, the first part of the proof shows that 


p(w) = sup p(inf(~, y)) . Now, each y € ® belongs to a set Oy, therefore 
ye® 
u(inf(v, ¢)) < w(y) < u*(g) < sup n*(9), 


geH 


from which it follows at once that p(w) < sup u*(g). We have thus proved 

that u*(f) = man u*(g); the relation uf )= pee u*(g) is then a conse- 

quence of the monotone limit theorem (GT, IV, §5, No. 2, Th. 2). 
THEOREM 2. — If f, and fo are two functions in 4%, then 


(3) w*( fi + fo) = (fi) + u*(fe)- 


As 1 (resp. ~2) runs over the set of functions in #4 such that 
yi < fi (resp. y2 < fo), the functions y,;+y2 form a directed set (for <) 
whose upper envelope is f; + f2. Therefore, by Th. 1, 


u*(fi + fo) = sup u(yi + Y2) = sup (u(y1) + u(¥2)) 5 


where (1,2) runs over the set of pairs of functions in 4 such that 
yi < fi and %2 < fo; since 


sup (14(y1) + u(¢2)) = sup u(yi) + sup u(y2) 


(GT, IV, §5, No. 7, Cor. 2 of Prop. 12), the theorem is proved. 
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PROPOSITION 3. — For every family (f.).er of functions in F, , 


(4) us (s ‘| =) eG: 


rel cel 


For every finite subset J of I, it follows from Th. 2 (by induction on 
the number of elements of J) that u*( > f.) = > u*(f.); as J runs over 
ted ted 


the set of finite subsets of I, the functions gj = >> f, belong to 4, and 
Led 
form a directed set for the relation <, whose upper envelope is the function 


>> f.; the proposition therefore follows from Th. 1. 
rel 


PROPOSITION 4. — Let f be a function in ¥,. The mapping 
ptr u*(f) of the set M,(X) of positive measures on X, into the extended 
real line R, is lower semi-continuous for the vague topology on .,,(X) 
(Ch. III, §1, No. 9). 

For, this mapping is by definition the upper envelope of the map- 
pings “+> u(g), where g runs over the set of functions in 4 such that 
9g < f; and by definition of the vague topology, the mappings p++ u(g) 
are continuous on .@(X). 


2. Outer measure of an open set 


Given an open set G C X, its characteristic function vq is lower semi- 
continuous on X (GT, IV, 86, No. 2, Cor. of Prop. 1). We may therefore 
make the following definition: 


DEFINITION 2. — Given a positive measure fs on X, for every open set 
GCX the upper integral u*(~q) is called the outer measure of G and is 
denoted pu*(G). 


The outer measure of an open set G is thus a number > 0, finite or 
equal to +00. Clearly u*(@) = 0. Moreover, pu*(X) = ||u||, as is shown 
by formula (22) of Ch. III, §1, No. 8. 


PROPOSITION 5. — The outer measure of a relatively compact open 
set G is finite. 


For, there exists in this case a function f € #4, such that yo < f 
(Ch. III, §1, No. 2, Lemma 1), whence 


u*(G) = U*(pa) < H*(f) = uf) < +00. 
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An open set of finite outer measure is not always relatively compact 
(Exer. 3). 


PROPOSITION 6. — If G, and Ga are two open sets such that 
G; C Go, then w*(Gi) < p*(Go). 
For, the relation G; C G2 is equivalent to ya, < Ya,- 


PROPOSITION 7. — Let © be a set of open subsets of X that is directed 
for the relation C; then 


(5) #(U e) = sup u*(G). 


Ges 


The functions yq form a directed set (for <) in .%, and their upper 
envelope is the characteristic function of the union of the sets G € 6; the 
proposition is thus a consequence of Th. 1. 


PROPOSITION 8. — Let (G.),e1 be any family of open sets; then 


(6) uu (U <, < So u*(G,) 


vel vel 


Moreover, if the G, are pairwise disjoint then 


(7) u* (U a, = So u*(G.) : 


vel vel 


For, if G= UG, then yg = uP ya, < S¥a,; when the G, are 
vel vel 
pairwise disjoint, yg = >> Ya, ; the ae is therefore a consequence 
cel 


of Props. 2 and 3. 


Example. — Let X = R and let uw be Lebesgue measure on R (Ch. II, 

§1, No. 3); we are going to determine the outer measure of an open interval 

= ]a,bl (-oo < a < b < +00). Suppose first that a and 6 are finite. 

For every function f in 4 such that f < ya, we have, by the theorem 
of the mean (FRV, II, §1, No. 5, Prop. 6), 


+00 


™ sede = ff sle)ae < b-a, 


whence p*(G) < b—a. On the other hand, for every ¢ >0 there exists a 
function f € #, such that f< yo and f(z)=1 for ate<ar<b-e, 
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whence p*(G) > b—a ~ 2¢; since ¢ is arbitrary, w*(G) = b— a; in other 
words, the outer measure of G is equal to its length. This result extends at 
once to the case that G is an unbounded open interval, since it then contains 
bounded open intervals of arbitrarily large length; thus y*(G) = +00 in 
this case. 

Now let G be any open set in R; G is the union of a countable set 
(finite or infinite) of pairwise disjoint open intervals ]a,,b,[ (GT, IV, §2, 
No. 5, Prop. 2), consequently 


w*(G) = So(be — a) 


k 


(Prop. 8); in other words: 


PROPOSITION 9. — For Lebesgue measure on R, the outer measure 
of an open set in R is equal to the sum of the lengths of its connected 
components. 


Note in particular that if G is an open set in R such that u*(G) =0, 
then G is empty. 


3. Upper integral of a positive function 


For every numerical function f > 0 (finite or not) defined on X, 
there exist functions h € .4, such that f < h, if none other then the 
constant +00. 


DEFINITION 3. — Let uw be a positive measure on X; for every numer- 
ical function f >0 (finite or not) defined on X, the positive number 


u*(f) pot oe (h) 


(finite or equal to +00 ) is called the upper integral of f (with respect to w). 


When f € -4%,, the number yu*(f) thus defined is equal to the upper 
integral defined in Def. 1, since y* is increasing in 4, . 
In place of the notation p*(f), we shall also employ the notations 


"fay, ['Fle)dpl2), f* fy and f*f(a)u(z). 


Example. — If X is a discrete space, 4 a positive measure on X, and if one 
sets a(x) = u(pye}), then p*(f) = 2 a(x) f(z) for every numerical function 
LEX 

f 20 defined on X, since such a function is continuous (No. 1, Example). 
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PROPOSITION 10. — If f and g are two numerical functions > 0 
defined on X such that f <g, then p*(f) < u*(g). 


PROPOSITION 11. — For every finite real number a > 0 and every 
numerical function f >0 defined on X, 


(8) u*(af) = ap*(f). 


PROPOSITION 12. — Jf f; and fo are two numerical functions > 0 
defined on X, then 


(9) u*(fi + fe) < w*(fi) + w* (fa) - 


For every function h; € 4%, such that f; < A; and every function 
he € Z, such that fo < he, we have, by Th. 2, 


u*(fi + fe) < p*(hi + he) = p* (hi) + w*(ha), 
whence (GT, IV, §5, No. 7, Cor. 2 of Prop. 12) 


*(fi t+ fo) < inf *(hy) + inf *(h 
Ms (fi jr) eT tt ae ( i) eT ee a ( 2) 


which is none other than the inequality (9). 


Props. 10, 11 and 12 express that y* is an increasing, positively homogeneous 
and convez function on the set of numerical functions 20 defined on X (Ch. I, 
No. 1). Note that if f; and fo are any two positive functions, the two members 
of (9) are not necessarily equal (§4, Exer. 8 d)); in §5, No. 6 we shall give conditions 
under which equality holds. 


THEOREM 3. — For every increasing sequence (fn) of numerical func- 
tions >0 defined on X, 


(10) p* (sup fn) =a0P U* (fn) - 


Since each of the functions f, is less than or equal to sup f,, every- 
n 
thing comes down to proving that y*(sup f,) < supy*(f,); this is obvious 


n n 

if the second member of the inequality is +oo. In the contrary case, 
u*(fn) < +00 for all n; we are going to show that, for every € > 0, 
there exists an increasing sequence (g,) of functions in 7, such that 
fn < Gn and p*(gn) < w*(fn) +e. If g is the upper envelope of the se- 
quence (gn), we will then have y*(g) = sup, u*(gn) (No. 1, Th. 1), whence 
u*(g) < supu*(fr) +e; since sup f, <g and « is arbitrary, the theorem 
will then have been proved. 
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By hypothesis, there exists a function h, € 4%, such that fp < hn 
and p*(fr) < w*(hn) < w*(fnr) + €/2”; let us show that the functions 
gn = sup(hy, ho,...,hn) meet the requirements. They belong to 4%, , form 
an increasing sequence, and satisfy f, < gn for all n; we shall prove that 


wlGn) <u*(fa) +e (1-5) 


Let us argue by induction on n; the case n = 1 is trivial. On the 


other hand gn41 = sup(Gn;hnti), gn > fn and Anti > fnai > fn, 
whence inf(gn,hn41) > fn; since 


inf(Gn,hn+1) + sup(9n, hn+1) = Gn + hn4i , 
it follows from Th. 2 of No. 1 that 


U*(gn41) = H*(gn) + U*(Rng1) — U*( inf (Gn, Mn+1)) 
< 2 (Gn) + p* (Anti) — u* (fn) 


1 E 
< pina) +E (1 _ =) te Qn+i 


= H"Gana) +e (1- sat) 


Q.E.D. 


COROLLARY. — Let § be a set of numerical functions > 0, directed 
for the relation <, such that there exists a countable cofinal subset 6 of $ 
(S, III, §1, No. 7); then 


(11) ye (ser) = sup u*(f). 


fey fey 


For, there exists an increasing sequence of functions in 6 having the 
same upper envelope as §: if (fn) is the sequence of functions of 6, 
arranged in any order, let (fn,) be a subsequence defined recursively by the 
conditions ny =1, fn,,, > sup(fn,, fe); it is clear that this subsequence 
has the indicated properties. 


Remarks. ~~ 1) The relation (11) does not necessarily hold when $ is an 
uncountable directed set of functions > 0 that are not lower semi-continuous. Take 
for example X = R, yu being Lebesgue measure on R, and consider the directed 
(for <) set § of characteristic functions yy of all the finite subsets M of R. 
Then p*(ym) = 0 for every finite subset M, because a point is contained in an 
open interval of arbitrarily small length, and the characteristic function of a set 
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reduced to a point therefore has upper integral zero by Def. 3 and Prop. 9 of No. 2. 

But the upper envelope of § is the constant function equal to 1, and p*(1) = +00. 

2) Note that for a decreasing sequence (fn) of functions > 0, one does not 

necessarily have p*(inf fn) = inf u*(fn), even if u*(fn) < +00 for all n (cf. §4, 
n n 


Exer. 8 c)). 
PROPOSITION 13. — For every sequence (fn) of numerical func- 
tions >0 defined on X, 
co co 
(12) ue (x: i) <n 
y= 1 n=1 


It suffices to apply the relation (10) to the increasing sequence of func- 


n 
tions gn = >> fe while taking into account that, by (9), 
k=1 


u*(gn) < dou fe) - 


k=1 


In §5, No. 6, we will give conditions under which the two members of (12) are 
equal. 


PROPOSITION 14 (Fatou’s lemma). — For every sequence (fn) of nu- 
merical functions > 0, 


(13) * (liminf fn) < liminf w*(fn) 


For every integer n, set Gn = inf fntp; the sequence (gn) is increasing 
P2 


and liminf f, =supgn, whence, by (10), 
n—0o n 
u*(lim inf fp) = sup p*(gn) ; 
n—0o na 
but since gn < fnip for p > 0, we have p*(gn) < w*(fntp), whence 
U*(9n) < inf u*(fn+p) and finally 
P2 


a ee 2 tata eer nn 
p (lim int ie) < sup (ing (foss)) lim inf u*(fn) 


COROLLARY. — Let (fn) be a sequence of numerical functions 2 0 
such that, for every « € X, lim f(x) = +00. If p is not the zero 
n—oCo 


measure, then lim p*(fn) = +00. 
nm—oo 
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If fo is the constant function equal to +oo, then fo is the upper 
envelope of all the functions of .#, , and, since pp #0, we have p*(fo) > 0; 
but since fo =afo for every a> 0, necessarily u*( fo) = +00 (Prop. 11). 
The inequality (13) then shows that p*(f,) tends to +oo with n. 


PROPOSITION 15. — For every scalar a >0O and every pair of positive 
measures [,v on X, 


(14) (ap)* = apt 
(15) (ut v)* = pt +v*. 


Moreover, the relation w<v implies u* <v*. 

Let us prove the relation (15). Set A= wt+v;thus A(f) = w(f)+v(f) 
for f € #,; for f € 4%,, the value of A*(f) (resp. w*(f), v*(f)) is the 
limit of A(g) (resp. u(g), v(g)) as g runs over the directed set (for <) of 
all g € #4, such that g < f; therefore A*(f) = y*(f)+v*(f). Finally, 
if f is any function >0 defined on X, then A*(f) (resp. w*(f), v*(f)) 
is the limit of \*(h) (resp. u*(h), v*(h)) as h runs over the directed set 
(for >) of all functions h € 4%, such that h > f; again, by passage to 
the limit, we therefore have A*(f) = w*(f) + v*(f), which proves (15). 
The relation (14) is established similarly. Finally, if 4 <v one can write 
vy=p+(v— pu), where v—p > 0, therefore v* = u* + (v — p)*, which 
shows that w* < v*. 


4. Outer measure of an arbitrary set 


DEFINITION 4. — Let js be a positive measure on X; for every subset 
A of X, the upper integral u*(pa) is called the outer measure of A (with 
respect to the measure yz) and is denoted w*(A). 


The outer measure of a set is thus a number > 0, finite or equal to +00, 
that, for an open set, coincides with the outer measure defined in Def. 2 
of No. 2. 


PROPOSITION 16. — Jf A and B are two subsets of X such that 
ACB, then p*(A) < p*(B). 

COROLLARY. — Every relatively compact set in X has finite outer 
measure. 


For, such a set is contained in a relatively compact open set (GT, I, 89, 
No. 7, Prop. 10), whose outer measure is finite (No. 2, Prop. 5). 
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PROPOSITION 17. — If (An) ts an increasing sequence of subsets of X, 
then p*(U An) = sup u*(An). 


PROPOSITION 18. — For every sequence (An) of subsets of X, 


p* (U a] < 5° u*(An) : 


These propositions are the translations of Props. 10 and 13 and of Th. 3 
of No. 3 for characteristic functions of sets. 


PROPOSITION 19. — For every subset A of X, w*(A) is the infimum 
of the outer measures of the open sets containing A. 

The proposition is obvious if y*(A) = +oo. In the contrary case, for 
every € such that 0 <e <1, there exists a function f € %, such that 
ya <f and p*(A) < w*(f) < w*(A) +e. Let G be the set of rE X 
such that f(z) >1—e. Since f is lower semi-continuous, G is open (GT, 
IV, §6, No. 2, Prop. 1) and contains A; on the other hand f > (1—e)¢c, 
whence 


(u*(A) +e); 


since € is arbitrary, we see that y*(G) differs as little as we please from 
u*(A), whence the proposition. 


=e 


§2. NEGLIGIBLE FUNCTIONS AND SETS 


1. Negligible positive functions 


DEFINITION 1. — Given a measure yp on a locally compact space X, 
a numerical function f > 0 (finite or not) defined on X is said to be 
negligible for the measure w if |p|*(f) =0. 

We then also say that f is u-negligible, or simply negligible if no con- 
fusion can result. 

PROPOSITION 1. — If f is a negligible function >0, then every nu- 
merical function g such that 0<g<af (a ascalar >0) is negligible. 

For, 0 < |u\*(g) < alul*(f) = 0. 

PROPOSITION 2. — The sum and upper envelope of a sequence (fn) 
of negligible functions > 0 are negligible. 
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For, |u/*(Qo fn) < dlul*(fr) = 0 (81, No. 3, Prop. 13) and 
sup fn SY fn. 


PROPOSITION 3. — For a lower semi-continuous function f >0 on X 
to be negligible, it is necessary and sufficient that f be zero on the support 
of pL. 
If |u|*(f) =0 then |u\(g) =0 for every function g € 4; such that 
9g < f; it follows (Ch. III, §2, No. 3, Prop. 9) that g is zero on the support 
S of uw; since f is the upper envelope of the functions g € #4 such that 
g<f (81, No.1, Lemma), f(x) =0 on S. Conversely, if f(x) =0 on S 
then g(x) =0 on S for every function g € #4 suchthat g < f, therefore 
(Ch. III, §2, No. 3, Prop. 8) |u|(g) = 0, which, by definition, implies that 


l“I*(f) = 0. 


2. Negligible sets 


DEFINITION 2. — Given a measure ts on a locally compact space X, 
a subset A of X is said to be negligible for the measure ws if |u|*(A) =0. 


One also says that A is p-negligible, or simply negligible if no confusion 
can result. It comes to the same thing to say that the characteristic function 
ya is negligible. 


PROPOSITION 4. — Every subset of a negligible set is negligible; every 
countable union of negligible sets is negligible. 
This is an immediate consequence of Props. 1 and 2. 


Example. — Let be Lebesgue measure on R. Every set {xo} reduced 
to a point is negligible (cf. §1, No. 3, Remark 1). It follows that every countable 
subset of R is negligible for Lebesgue measure. The converse of this proposition is 
incorrect (§4, Exer. 4 6)). 

PROPOSITION 5. — The complement of the support S of us is the largest 
negligible open set in X. 

For, by Prop. 3, in order that an open set G be negligible, it is necessary 
and sufficient that GNS =, that is, GCCS. 


3. Properties true almost everywhere 


Let X be a locally compact space, 4 a measure on X. If Pir} 
is a property, the property « P{x{ almost everywhere (with respect to w)» 
is by definition equivalent to the property «the set of x such that 
(xz €X and not P§x}{) is p-negligible» . 


No. 4 NEGLIGIBLE FUNCTIONS AND SETS INT IV.13 


THEOREM 1. — In order that a numerical function (finite or not) 
f 20 defined on X be negligible, it is necessary and sufficient that f(z) =0 
almost everywhere. 
The condition is necessary. For, suppose that f is negligible, and let 
N be the set of x € X such that f(x) #0; then yn < sup(nf), therefore 
n 


yn is negligible (No. 1, Props. 1 and 2). 
The condition is sufficient. Suppose that the set N of points where 
f(z) #0 is negligible; then f <supnpn, therefore f is negligible (No. 1, 
n 


Props. 1 and 2). 


PROPOSITION 6. — If f and g are two functions >0 (finite or 
not) defined on X such that f(x) = g(x) almost everywhere, then 
luI*(F) = lHl*(9) - . 

Let N be the negligible set of points « € X such that f(x) 4 g(z). 
The functions inf(f,g) and sup(f,g) being equal except at the points 
of N, it suffices to prove the proposition assuming f < g. Let h be 
the function equal to +oo at the points of N, and to 0 on €N; then 
f<g<fth, thus 


IeI*(F) < lel*(9) < HI*CF +) < [wl*f) + [el*(A) = lel*(f) 


(since h is negligible), whence the proposition. 


PROPOSITION 7. — If f is a function >0 defined on X such that 
\w|*(f) < +00, then f(x) is finite almost everywhere. 

For, let N be the set of points x € X such that f(x) = +00; for every 
integer n, nyn < f, whence n|u|*(yn) < |u|*(f); since n is arbitrarily 
large, |y|*(N) =0. 

However, even if X is compact, a function f 20 defined on X and every- 


where finite can have infinite upper integral, as is shown by the example X = [0,1], 
f(x) =1/x for >0 and f(0)=0, pw being Lebesgue measure on X. 


4. Classes of equivalent functions 


Let yw be a measure on a locally compact space X. Given a set F, two 
mappings f,g of X into F are said to be equivalent with respect to (or 
p-equivalent, or simply equivalent if no confusion can arise) if f(x) = g(x) 
almost everywhere in X. Since the union of two negligible sets is negligible, 
one indeed defines in this way an equivalence relation in the set F* of all 
mappings of X into F; when we speak of the equivalence class of such a 
function f (without further specification) it will be understood to be the 
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class of all the functions equal almost everywhere to f; in this chapter and 
those that follow, we will indicate this class by the notation f. 


PROPOSITION 8. -— Let (F,) be a countable family (finite or infinite) 
of sets. For every index n, let fn, Gn be two equivalent mappings of X 
into F,; then, there exists a negligible set H such that, for every x ¢ H, 
fn(z) = gn(x) for all n. 

For, the set H, of x € X such that fn(x) # gn(z) is negligible, 
therefore so is their union H (No. 2, Prop. 4), and this set meets the re- 
quirements. 


COROLLARY. — If yp is a mapping of [| Fn into a set G, then the 
n 


mappings y(( fn)) and p((gn)) of X into G are equivalent. 


We denote by 9((fn)) the equivalence class of every function y(( fa)) ; 


where f, is an arbitrary function in the class fy. _ 

_ In particular, if F is a vector space over R, one defines f +g and 
af to be the equivalence classes of f +g and af, respectively (f and 
g being mappings of X into F, and a a scalar); we obtain in this way, 
on the set of equivalence classes of mappings of X into F, a vector space 
structure: moreover, this is the quotient space structure of that of FX by 
the linear subspace of mappings f such that f =0 (the functions that are 
zero almost everywhere), which we also call negligible functions (with values 
in F). One defines similarly the product gf, where f is an equivalence 
class of mappings of X into F, and g is an equivalence class of (finite) 
numerical functions defined on X: the set of equivalence classes of mappings 
of X into F is thus equipped with the structure of a module over the set 
of equivalence classes of finite numerical functions defined on X (which is 
itself equipped with a ring structure). If F is an algebra over R., one defines 
similarly an algebra structure on the set of equivalence classes of mappings 
of X into F. 

Let F be a metrizable topological space, and consider a uniform struc- 
ture on F compatible with its topology and defined by a countable fam- 
ily of pseudometrics p, (GT, IX, §§1 and 2); in order that two mappings 
f,g of X into F be equivalent, it is necessary and sufficient that the nu- 
merical functions p,(f,g) be negligible; for, this is equivalent to saying 
that there exists a negligible set H in X such that, for every x ¢ H, 
Pn(f(x),9(x)) = 0 for all n, that is, f(x) = g(x). In particular, if F is 
a metrizable locally convex space, and (g,) is a countable family of semi- 
norms defining the topology of F (TVS, I, §4, No. 1), in order that two 
mappings f,g of X into F be equivalent it is necessary and sufficient that 
all of the numerical functions q,(f(z) — g(z)) be negligible. 
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PROPOSITION 9. — Let f and g be two continuous mappings of X into 
a Hausdorff topological space F; for f and g to be equivalent, it is necessary 
and sufficient that f(x) = g(x) at every point of the support of pw. 

For, the set of « € X such that f(x) # g(x) is an open set (GT, I, 
88, No. 1); for it to be negligible, it is necessary and sufficient that it not 
intersect the support of y (No. 2, Prop. 5). 


PROPOSITION 10. — Let F be a Hausdorff locally convex space over R 
such that there exists in the dual F’ of F a sequence (aj,) that is dense 
for the weak topology o(F’,F) (TVS, II, §6, No. 2). In order that two 
mappings f,g of X into F be equivalent, it is necessary and sufficient 
that, for every n, the numerical functions (f(x),a;,) and (g(zx),a;,) be 
equivalent. 

The condition is obviously necessary. Conversely, if it is satisfied, there 
exists a negligible set H such that, foreach «¢H, (f(x), a/,) = (g(x), a/,) 
for every n; this means that the weakly continuous linear forms 
z’ + (£(z),2’) and z’ + (g(z),z’) on F’ are equal at each of the 
points aj,, hence are identical by virtue of the hypothesis, which proves 
that f(x) = g(x) forall c¢H. 


Note that the hypothesis of Prop. 10 is applicable in particular when 
F is a locally convex space that is metrizable and separable! (TVS, III, §3, 
No. 4, Cor. 2 of Prop. 6). 


5. Functions defined almost everywhere 


In conformity with the definition in No. 3, a mapping f of a subset A 
of X into aset F is said to be defined almost everywhere if the complement of 
the set A on which it is defined is a negligible set. We again call equivalence 
class of f , and denote by f , the equivalence class of every function defined 
on all of X and equal to f(x) at the points x € X where f is defined; 
it is clear that this class depends only on f. Two functions f,g defined 
almost everywhere are again said to be equivalent if f = g: this means, 
therefore, that the set of points where f(x) and g(x) are both defined 
and equal has negligible complement. 

It follows at once that Prop. 8 of No. 4 and its corollary may be general- 
ized to the case where in their statements it is assumed only that each of the 
functions fn,gn is defined almost everywhere; then the functions p(( ind) 


1The original is de type dénombrable, also translated as ‘of countable type’ (GT, IX, 
§2, No. 8, Def. 4) or ‘second countable’, or ‘satisfying the second axiom of countability’. 
In the corollary cited here from TVS, the term ‘satisfying the first axiom of countability’ 
should be replaced by one of the foregoing terms. 
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and 9((9n)) are themselves defined almost everywhere; the equivalence 
class of y((fn)) is again y((fn)) - 

A function defined almost everywhere, with values in a vector space F, 
is again said to be negligible if it is equivalent to 0. If f is a negligible 
function with values in F, and u is a linear mapping of F into a vector 
space G, then the composite function uof (defined almost everywhere) is 
negligible; similarly, for every (finite) numerical function g, defined almost 
everywhere, the function gf (defined almost everywhere) is negligible. 


One must take care to observe that, in the set of functions with values in F 
and defined almost everywhere, the internal law of composition (f,g) > f+g is 
not a group law, because, while the function 0 is indeed a neutral element for this 
law, if f is not everywhere defined then there does not exist a function g such that 


f+g=0. This is what motivates the introduction of the equivalence classes f , 
which do form a vector space. 


Let (fn) be a sequence of mappings into a topological space F , each 
of which is defined almost everywhere in X. We say that the sequence 
(fn) converges (pointwise) almost everywhere to f in X if the set of points 
x € X where all the f,,(z) are defined and the sequence (f,(x)) has a 
limit equal to f(z), has negligible complement. It is clear that if, for each n, 
the function g, (defined almost everywhere) is equivalent to f,,, then the 
sequence (g,) converges almost everywhere to f. 

If F is topological vector space, one defines similarly an almost every- 
where convergent series, whose general term is a function f, defined almost 
everywhere in X with values in F; the sum of this series is a function de- 

n 
fined at the points where the partial sums > f,(x) are defined and have 
k=1 
a limit, and its class depends only on the classes f, : 


6. Equivalence classes of functions with values in R 


In conformity with the definition in No. 3, we say that a function f, 
defined almost everywhere in X and with values in R, is finite almost ev- 
erywhere if the set of x € X for which f(x) is defined and finite has 
negligible complement. A function that is finite almost everywhere is equiv- 
alent to a function that is everywhere finite; one can therefore identify its 
class f with a class of finite numerical functions defined on X (or almost 
everywhere in X). In particular, the sum and product of two classes of 
functions finite almost everywhere are defined, and the set of these classes 


is an algebra over R. If (fn) is a sequence of functions with values in R, 


n 
defined and finite almost everywhere, then the partial sums > f;,(x) are 
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defined almost everywhere; if, for almost every x € X, they have a limit 
f(z) in R, we again say that the series with general term f, converges 
almost everywhere and that f is the sum of the series (note that f is not 


necessarily finite almost everywhere). 


If f and g are two numerical functions defined and finite almost every- 


where in X, then f +9 (resp. f @) is the class of every function equal to 
f(z) + 9(x) (resp. f(x)g(x)) at the points 2 € X where this expression has 
meaning. Note that f and g can both be everywhere defined without f(x)+ (x) 

(resp. f(x)g(x) ) being defined for all x (GT, IV, §4, No. 3); by definition f +g 

(resp. fg) is then the function equal to f(x)+g(zx) (resp. f(z)g(z) ) at the points 
where this expression is defined; it is therefore only defined almost everywhere. 


Let f and g be two numerical functions (finite or not) defined almost 
everywhere in X and such that f(x) < g(x) almost everywhere; if f, 
is equivalent to f, and gi is equivalent to g, it is clear that also 
fi(z) < gi(xz) almost everywhere. The relation in question therefore de- 
pends only on the classes of f and g; one writes f< < g, and one verifies 
immediately that this relation is an order relation in the set of equivalence 
classes of functions with values in R. If ( a) is a countable family (finite 
or infinite) of such classes and if, for every n, f, and gp, are two func- 
tions defined almost everywhere and belonging to the class dea it follows 
from Prop. 8 of No. 4 that the functions sup f, and supgn, defined al- 


n n 
most everywhere, are equivalent; their class therefore depends only on the 
classes f,, and one verifies at once that it is the supremum supf, of 
n 


these classes in the set of classes of functions with values in R, ordered 
in the way just described (a set which is therefore, in particular, lattice- 
ordered). One shows similarly the existence of the infimum inf f, , and one 
n 
has inf fn = =<SUD fn). It follows that limsupf, and limsupg, are 
noo TL 00 


also equivalent, aa their class, which is denoted limsup -. is equal to 
nm—-Ooo 


inf, (sup fate lim: inf ie is defined similarly. 
p> 


A qoneneal tas f (finite or not) is said to be negligible if it is 
equivalent to 0; this definition is equivalent to Def. 1 for functions that are 
positive and everywhere defined, by virtue of Th. 1. For f to be negligible, 
it is necessary and sufficient that |f| be negligible (or that both f* and f7 
be negligible). 
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§3. L? SPACES 


1. Minkowski’s inequality 


Let X be a locally compact space, » a measure on X. In the set 
of positive numerical functions (finite or not) defined on X, the function 
lu|*(f) is positive, positively homogeneous, increasing and convez (§1, No. 3, 
Props. 10, 11 and 12). 


PROPOSITION 1. — For every real number p > 1 and every pair of 
positive functions f,g (finite or not) defined on X, 
1/ 1 1 
(1) (\al*((F + 9)?))”? < (aml*(f7))”? + (Lal(9?))”? 


(Minkowski’s inequality). 

The inequality (1) is obvious when one of the terms of the second mem- 
ber is equal to +oo0. In the contrary case, f and g are finite almost ev- 
erywhere (§2, No. 3, Prop. 7). If f; and g; are finite positive functions 
equivalent to f and g, respectively, then f?, gf and (fi +91)? are equiv- 
alent to f?, g? and (f +4)”, respectively, and since equivalent positive 
functions have the same upper integral (§2, No. 3, Prop. 6), we are reduced 
to proving the inequality (1) in the case that f and g are everywhere finite; 
but in this case the inequality is a special case of the general Minkowski 
inequality proved in Ch. I, No. 2, Prop. 3. 


We shall also have occasion to make use of the following elementary 
inequality: if p >1 then, for any numbers a> 0, b> 0, 


(2) a? + bP < (a +b)”. 


The inequality is obvious if a = b = 0 or if one of the numbers a,b 
is +oo; if a,b are finite and a+b> 0, it may be written 


an Ne bo \e 
ee ese 
(=45) + (=) ae 


which follows from the fact that 


ay? a b \? b a b 
aa ; < d ord 
(=) a+b (=) rr as ob ab : 
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2. The semi-norms N, 


In all that follows, F denotes a complete normed vector space (that is, 
a Banach space) over the field R or the field C; the norm of an element 
z€F will be denoted |z|. Given a mapping f of aset A into F, we write 
|f| for the mapping z+ |f(x)| of A into R, (one must take care to note 
that |f| is a numerical function, and not a number). 


DEFINITION 1. — Let X be a locally compact space, 4 a measure on X. 
For every mapping f of X into a Banach space F , and for every number p 
such that 1 < p < +00, we denote by N,(f,), or simply N,(f), the 
positive number (f° |f|? dlul)!/? . 


Note that the number N,(f) may be equal to +00. 


PROPOSITION 2. — If f and g are two mappings of X into F, and 
a is any scalar #0, then, for 1<p< +00, 
(3) N,(af) = |o| Np (f) 
(4) N,p(f + ) < Np(f) + Np(g) - 


For, the relation (3) follows at once from Def. 1 and the fact that |y|* 
is positively homogeneous; on the other hand, since |f + g| < |f| + |g], the 
inequality (4) follows from Minkowski’s inequality (1) and the fact that |,|* 
is increasing. 


We extend Def. 1 to the case of numerical functions, finite or not, defined 


on X, by again setting 
* 1/p 
= (fan) 


for such a function f. One sees immediately that the relations (3) and (4) 
also hold for these functions when f +g is defined on X and a # 0. 
Moreover: 


THEOREM 1 (countable convexity theorem). — Let (f,) be a sequence 
of functions > 0 (finite or not) defined on X. For l1<p<+o, 


(5) No (3 tn) < <DN No( fn): 


CO 
Set f= >> fn; f is the upper envelope of the increasing sequence of 


n= 


n 
functions gn = >> fx; the definition of N,(f), and Th. 3 of §1, No. 3, show 
k=1 
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that N,(f) =supNp(gn). But Np(gn) < D2 Np(fe) by Prop. 1, whence 
n k=1 
the inequality (5). 


PROPOSITION 3. — If f and g are two equivalent mappings of X into 
a Banach space F , then N,(f —g) =0 for 1 < p< +00; conversely, if 
N,(f—g) =0 for a value of p>1 then f and g are equivalent. 

The proposition follows at once from Th. 1 of §2, No. 3. 


If f and g are two equivalent mappings of X into F, then 
N,(f) = Np(g) for all p > 1 (82, No. 3, Prop. 6); thus, N,(f) depends 
only on the class f of f, and one sets, by definition, N,(f) = N,(f). Since 
the classes of mappings of X into F form a vector space (§2, No. 4), the 
relations (3) and (4) may also be written 


(6) N,(af) = |a| Np(£) 
(7) Np(f + 8) < Np(f) + Np(g). 

One defines similarly N,(f) for every class of equivalent numerical 
functions (finite or not). =: 

One can then define N,(f) for a function with values in F (resp. in R.) 
defined almost everywhere in X, by setting N,(f) = N,(f); it is then clear 
that the relations (3) and (4) again hold (assuming a #0 and f+g defined 
almost everywhere, in the case of numerical functions, finite or not). 

If 0< p< 1, one again sets Np(f) = (fle d|y|)!/” , but the inequalities 
(4) and (5) are no longer valid (cf. Ch. I, Exer. 6 and Ch. IV, §6, Exer. 13). 


3. The spaces Ff 


Let F bea Banach space, -¥(X;F) (or simply ¥p¢ ) the vector space of 
all mappings of X into F. For 1 < p< +00 wewilldenote by ¥”(X, yu; F) 
or ¥R(X,p), or simply p(w), or Fp (if no confusion can result), the 
set of mappings f of X into F such that N,(f) < +00 (we write ¥? 
instead of ¥p ). It is clear that Ff (|u|) = Fp(u). It follows at once from 
Prop. 2 of No. 2 that Ff is a linear subspace of #p and that N,(f) isa 
semi-norm on this space. We shall always assume (absent express mention 
to the contrary) that 4% is equipped with the topology defined by this 
semi-norm; we shall say that this topology is the topology of convergence in 
mean of order p (for p= 1, we call it simply the topology of convergence 
in mean; for p = 2, one also says «topology of convergence in the quadratic 
mean). We shall say that a filter 6 on Af (resp. a sequence (f,) of 
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elements of ¥, ) that converges to f for this topology converges in mean 
of order p to f; this means, therefore, that N,(g—f) tends to 0 with 
respect to © (resp. that N,(f, —f) tends to 0 as n tends to infinity). 


This terminology extends at once to the case that the functions fp, and the 


function f are only defined almost everywhere (or have values in R, and are 
defined and finite almost everywhere). 


Note that the locally convex space ¥% is in general not Hausdorff; the 
closure of 0 in this space is the linear subspace 4% of negligible mappings 
of X into F (No. 2, Prop. 3). 


Remark. — Let F be a Banach space over the field C of complex 
numbers; then, for every function f € #2 and every complex number a, 
af belongs to ¥f and N,(af) = |a|N,(f); in other words, ¥$ is also 
a vector space over C, and N,(f) is a semi-norm on this complex vector 
space (TVS, II, §1). 


PROPOSITION 4. — Let B® be a filter base on #f. Assume that there 
exists a compact set K C X_ such that, for every set M € B, all of the 
mappings f € M have their support contained in K. Under these condi- 
tions, if B converges uniformly in X to fo, then fo belongs to FE and 
$8 converges in mean of order p to fo. 


It comes to the same thing to say that, on the set of mappings f € FF whose 
support is contained in a fixed compact set, the topology of uniform convergence 
is finer than the topology of convergence in mean of order p. 


For, let h be a continuous mapping of X into [0,1], with compact 
support, equal to 1 on K (Ch. III, §1, No. 2, Lemma 1). For every ¢ >0, 
there exists an M € 8 such that, for every mapping f € M, |f(x)—fo(z)| < 
eh(x) forall x € X. From this, it follows that N,(f—fo) < ¢Np(h), whence 
the proposition. 


PROPOSITION 5. — The locally convex space Ff is complete. 

Since the Hausdorff space associated with ¥f is a normed space, it 
suffices to prove that every Cauchy sequence (f,) in Ff has a limit for the 
topology of convergence in mean of order p (GT, IX, §2, No. 6, Prop. 9). By 
hypothesis, for every € > 0 there exists an integer mo such that the rela- 
tions m>mo, n> mo imply Np(fr—fm) <€. One may therefore define, 
by induction on k, a strictly increasing sequence (n;,) of integers >0 such 
that Np(fnii, — £n,) < 27*. If we show that the series with general term 
Sk = farsi — fr, (k > 1) is convergent in mean of order p, then it will have 
asum g€ ¥h,and f=g+f,, will be the limit of the sequence (f,,) 
in Ff; f will then be a cluster point of the sequence (f,); since this 
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sequence is a Cauchy sequence, it will have f as limit, and Prop. 5 will have 
been proved (GT, II, §3, No. 2, Cor. 2 of Prop. 5). 
Prop. 5 is thus a consequence of the following proposition: 


peo TEN 6. — Let (fn) be a sequence of functions in Fp such 
that = Np(fn) < +oo. Under these conditions, the series with general 
term 'E, (2 ) € F is absolutely convergent almost everywhere in X. Setting 
{(¢) = 3 f,(z) at the points where the series converges, and f(x) = 0 
sbeunenes the function f belongs to Ff, and is the sum of the series with 


general term f,, (for the topology of convergence in mean of order p); more 
precisely, for every n> 0, 


(8) Ny (:-yon) < 5° Np(fr)- 
k=1 


k=n+1 


Consider the positive function (finite or not) g(x) = >> |f,(z)|. By 
n=1 


the countable convexity theorem (No. 2, Th. 1), 
co 
Np(g) < S>Np(fn) < +00; 


thus g is finite almost everywhere (§2, No. 3, Prop. 7), which means that the 
series with general term f,(x) is absolutely convergent almost everywhere. 
Since F is complete, this series is convergent almost everywhere and, for 


CO 
every © EX, |f(x)| < >> |f,(x)| = g(x), whence 
n=l 


CO 
Np(F) < Np(g) < S> Np(fn) < +00, 
n=1 


which proves that f belongs to ¥f. On the other hand, for every integer n, 


tte) - )>(@)| < 3 Ifx (2) 
k=1 


k=n+1 


n CO 
almost everywhere, whence N »(f- 28 «) < oe Nol) By hypothe- 


k 
sis, the series with general term N,(f, ) is sare therefore, for every 
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co 
é > 0, there exists an integer n such that > N,(f,.) < €, and the 
k=n+1 


inequality (8) proves that f is the sum of the series with general term f, , 
for the topology of convergence in mean of order p. 
Propositions 5 and 6 are thus completely proved. 


4, p-th power integrable functions 


The vector space (X;F) (which we shall denote simply by # if 
there is no fear of confusion), consisting of the continuous functions of X 
into F with compact support, is obviously a subspace of each of the vector 
spaces Ff. 


DEFINITION 2. — Given a locally compact space X, a measure p 
on X, and a Banach space F, we denote by 2f(X,u) (or simply YP (u), 
or £f) the closure, in the locally conver space F(X, 1) , of the vector space 
AH (X;F) of continuous mappings of X into F with compact support. We 
denote by LR(X,u) (or L&(u), or Le) the (normed) Hausdorff space as- 
sociated with F(X, ). The functions belonging to Lf are called the p-th 
power integrable functions (*). 


Obviously 22(X, ul) = Z2(K,u) and LR(K, jl) = LB(X, n). 

We shall write @? and L? instead of YR and LR (orof ¥&§ and 
L& when this causes no confusion). If F is a complex Banach space, 4 
and L& are equipped with the structure of a topological vector space over 
the field ‘C (No. 3, Remark). 

It is clear that every function in ¥f that is equivalent to a function 
in “f, belongs to “f. A function with values in F and defined almost 
everywhere in X is again said to be p-th power integrable if it is equivalent 
to a function in Y*; similarly a function with values in R, defined and 
finite almost everywhere in X, is said to be p-th power integrable if it is 
equivalent to a function in 2? . 

The functions in “f (resp. in #” ) are thus the p-th power integrable 
functions that are defined on all of X (resp. defined and finite on all of X). 
In this section and the following one, most of the propositions proved for 
the functions in Yf (resp. Y?) may immediately be extended to p-th 
power integrable functions that are not everywhere defined (resp. that are 
not everywhere defined and finite); we shall usually leave to the reader the 
task of formulating and proving these results. 


(*) The justification for this terminology will be given in §4, No. 2. 
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Remarks. — 1) As has already been signalled (§2, No. 5) the p-th power 
integrable functions with values in F in general do not form a vector space. 
2) In general, the space FF is distinct from its subspace i (84, Exer. 8). 


Def. 2 immediately yields the following criterion: 


PROPOSITION 7. — For a function f to belong to YP, it is necessary 
and sufficient that, for every « > 0, there exist a continuous function g 
with compact support such that N,(f—g) <e. 


In other words, the functions in a are the limits of sequences of continu- 
ous functions with compact support, for the topology of convergence in mean of 
order p. 

PROPOSITION 8. — Let f be a numerical function (finite or not) defined 
almost everywhere; if, for every € > 0, there exists two p-th power integrable 
functions g,h such that g< f <h almost everywhere and N,(h—g) <e, 
then f is p-th power integrable. 

For, f is finite almost everywhere and N,(f —g) < N,(h-—g) <6¢; 
Prop. 7 therefore shows that f is p-th power integrable. 


Since, by definition, 4? is a closed subspace of #f, and since the 
latter space is complete (No. 3, Prop. 5), we have the following result (GT, 
II, §3, No. 4, Prop. 8): 


THEOREM 2. — The space YP is complete; the space LR is a Banach 
space. 


In the space LP, the norm N,(f) of a class is again denoted \lfllp - 
Th. 2 can be sharpened as follows: 


THEOREM 3. — Let (f,) be a Cauchy sequence in the space YZ ; there 
exists a subsequence (f,,) of (fr) having the following properties: 

1° the series with general term No(fnyy, — {n,) 18 convergent; 

2° the series with general term fn,,,(£) — fn, (x) 1s absolutely conver- 
gent almost everywhere; 

3° if £ is a function defined on X and equal almost everywhere to the 
limit of the sequence (fn,(x)), then f belongs to ZF and the sequence (fp) 
converges in mean of order p to f; 

4° there exists a lower semi-continuous function g > 0 such that 
N,(g) < +00 and such that, for every k, |fn,(x)| < g(x) for all reX. 

As in the proof of Prop. 5 of No. 3, it suffices to define the sequence (ng) 
by induction, in such a way that Np(fn,,, — fr.) < 2-*; parts 2° and 3° 
then follow from Prop. 6 of No. 3 and the fact that f is closed in Fp. 
On the other hand, if h(x) is the sum of the series with general term 
fuga (2) —fn, (x)|, Th. 1 of No. 2 shows that N,(h) < +00; therefore, by the 
definition of |j.|* , there exists a lower semi-continuous function g > h+|fh,| 
such that N,(g) < +00, which completes the proof. 


NIN 
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CoroLary 1. — If a Cauchy sequence (fn) in the space YF is such 
that the sequence (f,(x)) converges almost everywhere to f(z), then f is 
p-th power integrable and the sequence (f,) converges in mean of order p 
to f. 

For, there exists a subsequence (f,,) of (f,) such that (f,,(z)) 
converges almost everywhere to g(x), where g is a function in YP such 
that (f,) converges in mean of order p to g. The hypotheses therefore 
imply that f(x) = g(x) almost everywhere, whence the corollary. 


COROLLARY 2. — Let & be a dense subset of YF. For every function 
f € YP, there exists a sequence (gn) of functions in € having the following 
properties: 

1° the sequence (g,) converges in mean of order p to f; 

2° for almost every x € X, the sequence (gn(x)) converges to f(x). 

For, since the space Lf is metrizable, there exists a Cauchy sequence 
(fr) in YF consisting of functions in & and convergent in mean of order p 
to f (GT, IX, §2, No. 6, Prop. 8); it suffices to apply Th. 3 to this sequence. 


Cor. 2 is applicable in particular to the case where & is taken to be the 
space “pf of continuous functions with compact support. 


Remarks. — 1) A Cauchy sequence (fn) in a can be such that the sequence 
(fn(x)) is not convergent at any point of X (Exer. 1). 

2) If f belongs to Bos , it is not always possible to find a sequence (fn) 
of continuous functions with compact support such that the sequence (fn(x)) 
converges everywhere in X to a function equal to f(x) almost everywhere (§4, 
Exer. 4 c)). 


5. Properties of p-th power integrable functions 


THEOREM 4. — Let F and G be two Banach spaces, u a continuous 
linear mapping of F into G. For every function f € YP, the composite 
function uof belongs to ZG. 

Let f € YP; for every € > 0, there exists a function g € %p such 
that N,(f—g) <¢; since Juof —uog| < |lul| - |f — g|, we have 


Np(uof —uog) < |ul| -Np(f —g) <ellul, 


and since uog is continuous with compact support, the theorem is proved. 


COROLLARY 1. — Let a’ be a continuous linear form on F; if f € ZF, 
the numerical function x +> (f(x),a’) (denoted by (f,a’)) belongs to 2?. 


INT IV.26 EXTENSION OF A MEASURE. L? SPACES §3 


COROLLARY 2. — Given n points a, of F (1<k <n), and n numer- 


n 
ical functions fy (1<k <n) belonging to Y?, the function f= > agfr 
k=1 
belongs to Zp. 
This follows from the fact that the mapping t+ at of R into F is 
continuous. 
PROPOSITION 9. — Let F be an n-dimensional vector space over R, 


n 
and let (€k)i<k<n be a basis of F. For a function f = S> ex fy to belong 
k=1 
to Lp, it is necessary and sufficient that each of the numerical functions fx 
belong to L? . 


This follows at once from Cors. 1 and 2 of Th. 4. 


PROPOSITION 10. — In the space YZ , the linear subspace formed by the 
(finite) linear combinations S\ ax fe, where a, € F and the fx are contin- 
k 


uous numerical functions with compact support, is dense (for the topology 
of convergence in mean of order p). 

The set “pf of continuous mappings of X into F with compact support 
is by definition dense in f. On the other hand, every function g € 4p 
may be uniformly approximated by functions of the form 5° axf,, where 


k 
the f, are continuous functions with support contained in a fixed compact 
neighborhood of the support of g (Ch. III, §1, No. 2, Lemma 2); it follows 
(No. 3, Prop. 4) that g is in the closure in of the set of Slagfx, 
k 


whence the proposition. 


PROPOSITION 11. — If a function f belongs to YF , then the function 
|f| belongs to LY? , and the mapping {+ |f| of YP into LY? is uniformly 
continuous (for the topology of convergence in mean of order p). 

For every ¢ > 0 there exists a continuous function g with compact 
support, such that N,(f — g) < ¢€; since ||| - is|| < |f — gl], we have 
N,(|f| — |g]) < ¢, which proves that |f| € @?. On the other hand, if f;, fp 
are two functions in “? then N,(|fi| — |f|) < Np(fi — f2), which shows 
that f+ |f| is a uniformly continuous mapping. 


PROPOSITION 12. — For a numerical function f to belong to L?, it 
is necessary and sufficient that each of the functions ft and f~ belong 
to 2” 

The condition is sufficient since f = ft — f~; it is necessary, because 
if fe Y? then |f|e€ #? (Prop. 11). 


COROLLARY. — The upper (resp. lower) envelope of a finite family of 
functions in Y? belongs to L”. 
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6. Directed sets in L? and increasing sequences in Y? 


We have defined (§2, No. 6) an order relation f <@ in the set F 
of equivalence classes of numerical functions defined and finite almost ev- 
erywhere in X; equipped with this order relation and with its vector space 
structure, F isa Riesz space. The corollary of Prop. 12 of No. 5 shows that 
if i and g are two elements of the subspace L? of F , then the supremum 
sup(f, 9) of f and g in ¥ (which is the class of each of the functions 
sup(f,g), where f € f and g € g) belongs to L? ; this proves in particular 
that L? , equipped with the order relation induced by that of F, is a Riesz 
space. 


PROPOSITION 13. — In the Riesz space L?, equipped with the topology 
defined by the norm ||f|lp, the mapping f +> |f| is uniformly continuous, 
and the set of elements f> 0 is closed. 

The first part of the proposition follows at once from Prop. 11 of No. 5; 
since the set of f > 0 is also the set of f such that |f| = f, it is closed, 
because fir if is a continuous mapping and L? is Hausdorff. 


We thus see that the topology on L? defined by the norm IIfllp is 
compatible with the ordered vector space structure of L? (TVS, II, §2, No. 7). 


PROPOSITION 14. — Let H be a subset of the Riesz space L? , consisting 
of classes >0 and directed for the relation <. For H to have a supremum 
in LP, it is necessary and sufficient that 


sup IIfllp < +00. 
fcH 


The supremum of H in L? is then the limit (in the Banach space L? ) of 
the section filter of H. 7 7 

The condition is clearly necessary, since f +> ||f||) is an increasing 
function on the set of elements >0 of L?. To see that it is sufficient, 
we first_observe that it implies that the image of H under the mapping 
f + |lfllp has a limit in R, by the monotone limit theorem; the image 
of the section filter ¥ of H under this mapping is therefore a base of a 
Cauchy filter on R. The proof will be complete if we show that § itself is 
a base of a Cauchy filter on L?; for, § will then converge in L”? , since L? 
is complete (No. 4, Th. 2), and the proposition will follow from TVS, IJ, §2, 
No. 7, Prop. 18. 

To see that ¥ is a base of a Cauchy filter, we shall make use of the 
following lemma: 
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Lemma. — If f and g are two functions in 2? such that O< f <q, 
then 


(9) (Np(g — f))” < (Np(g))” - (Np(F))” - 


When f and g are continuous with compact support, the relation (9) 


may be written 
flo-nraul < for au\— fr aye 


and is then a consequence of the elementary inequality (g — f)? < g? — f? 
(No. 1, formula (2)). To pass from this to the general case, it suffices to 
observe that the two members of (9) are continuous functions on Y? x #? , 
and that every function f >0 in Y? is the limit (for convergence in mean 
of order p) of a sequence of continuous functions > 0 with compact support, 
by the continuity of the mapping g+> |g| on ” (Prop. 11). 


The lemma, having been established, for every ¢ > 0 there exists by 
hypothesis an f € H such that, for every g > f belonging to H, we have 
(Ilgllo)? — Uf llp)? < €; from this it follows that (|g — fllp)? < €; thus, if 
gi and go are two elements in H that are > fi then ||91 — Gallp < 2e!/?, 
which proves that ¥ is a Cauchy filter base on L? and completes the proof 
of Prop. 14. 


COROLLARY 1. — If g is the supremum of H in L?, then 


(10) ldllp = lim |Ifllp = sup [If - 
feH feH 


This follows from the continuity of the norm \Ifllp in L?, and the 
monotone limit theorem. 


COROLLARY 2. — The Riesz space L? is fully lattice-ordered. 
Every directed set H in L? (for the relation <), consisting of classes 
> 0 and bounded above in L? , has asupremum: for, if h isan upper bound 
fot H in L?, then \Ifllp < \Fllp for all f € H, and Prop. 14 is applicable. 
This proves the corollary (Ch. II, §1, No. 3, Piap. 1). 


The conclusions of Prop. 14 no longer hold when they are formulated 

for the functions in .#? instead of their classes. To be precise, if M is a 

subset of &? , consisting of functions > 0, directed for the relation <, and 

such that sup N,(f) < +00, the class of the upper envelope g of M is not 
fEM 


za necessarily identical to the supremum in L? of the classes of the functions 
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f €M; in particular, g is not necessarily p-th power integrable, and even 
if g € £?, N,(g) can be distinct from sup N,(f) (cf. §1, No. 3, Remark 1 
feM 


following Th. 3). 
Nevertheless, we have the following theorem: 


THEOREM 5. — Let (fn) be an increasing sequence of functions > 0 
in £?. For the upper envelope f of this sequence to be p-th power integrable, 
it ts necessary and sufficient that supNp(fn) < too. The sequence a) 


is then convergent in mean of order p to f, and 
(11) N>(f) =supNp(fn) = lim Np(fn). 
a n—0o 


The condition being obviously necessary, we need only prove that it is 
sufficient. Now, if the condition is satisfied then Prop. 14 shows that the 
sequence (f,) is a Cauchy sequence in L? , therefore the sequence (fn) is 
a Cauchy sequence in ?; since f,(x) tends to f(x) forall re X, f is 
p-th power integrable and is the limit of the sequence (fn) for the topology 
of convergence in mean of order p (No. 4, Cor. 1 of Th. 3). Therefore 
Ny(fn) tends to N,(f) since N, is a continuous function on 2? . 


COROLLARY 1. — Let (fn) be a decreasing sequence of functions > 0 
in £?; then, the lower envelope f of the sequence belongs to Y? , the 
sequence (fn) converges in mean of order p to f, and 


Np(f) = Jim No(fn) = inf Np(fn) . 


The first two assertions follow from Th. 5 applied to the sequence 
9n = fi— fn, which is increasing and bounded above; the rest is then 
obvious. 


COROLLARY 2. — Let (fn) be a sequence of functions in ¥?. For 
the upper envelope f of the sequence (fn) to be p-th power integrable, 
it is necessary and sufficient that there exist a function g > 0 such that 
f* 9? dul <+oo and fa<g forall n. 

The condition is obviously necessary, on taking g = ft. Conversely, 
suppose it is verified, and set gy, = sup fy; the sequence (gn) is increasing 


gn 
and consists of p-th power integrable functions (No. 5, Cor. of Prop. 12). 
The increasing sequence of positive functions hy = gn + 9, satisfies the 
conditions of Th. 5, since Np(hn) < N,(g +97) < +00; its upper enve- 
lope suph, is therefore p-th power integrable, and the same is true of 
n 


f =suph,—-g; . 
n 
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COROLLARY 3. — Let A be a countable set, § a filter on A having a 
countable base, (fa)aca 4 family of functions >0 in 2?. Assume that 
there exists a function g >0 such that Np(g)< +00 and fa <g for all 
a € A; then the function limsupg fa is p-th power integrable and 


(12) lim sup 3Np(fa) < Np(lim sup ¢ fa). 


Let (A,) be a decreasing base of § and set g, = sup f,,; since An 
acAn 
is a countable set, it follows from Cor. 2 that gp, is p-th power integrable; 


on the other hand, Np(gn) > SUD N>(fa)- This being so, limsup; fa 


is the lower envelope of the derene sequence (gn); thus limsup fa is 
p-th power integrable by Cor. 1, and 


N, (lim sup 3 fa) = Np (int n) = lim Np(gn) 


noo 


> lim ( sup Np(Jo)) = lim sup 3N, (fa) - 
acAn 


7. Lebesgue’s theorem 


THEOREM 6 (Lebesgue). — Let F be a Banach space, (f,) a sequence 
of functions in YF such that: 1° the sequence (fn(x)) converges almost 
everywhere to a limit f(x) € F; 2° there exists a numerical function g > 0 
such that f* 9? d|u| < +00 and |f,(x)| < g(x) almost everywhere in X, 
for every integer n. Then, the function f (defined almost everywhere) is 
p-th power integrable, and the sequence (f,) converges in mean of order p 
to f. 

Consider the ‘double’ sequence of numerical functions gmn = |fm — fh , 
which belong to “” (No. 5, Prop. 11); by hypothesis, mdm Gmnl2) = 0 


almost everywhere, and on the other hand |gmn(x)| < 2g(x) almost every- 
where; applying Cor. 3 of Th. 5 of No. 6 to this double sequence, 


limsup Np(fm— fr) < Np(0) =0, 


m—oo, N—- CO 
and since N,(fn—f,) > 0 this implies lim  N,(fm—f,) = 0; in 
m—0o, N00 


other words, the sequence (f,) is a Cauchy sequence in YP. The theorem 
therefore follows from Cor. 1 of Th. 3 of No. 4. 


COROLLARY. — Let A be a set of indices, filtered by a filter § having‘ 
a countable base. If (fa)aca 1s a family of functions in ZF that, with respect 


c 


Cc 
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to the filter §, converge pointwise almost everywhere to a function f, 
and if, moreover, there exists a numerical function g > 0 such that 
f *9? dlul < +00 and |f.(x)| < g(x) almost everywhere in X for each 
a €A, then the function f is p-th power integrable and f, tends in mean 
of order p to f with respect to the filter §. 

For, let (A,) be a decreasing countable base of ¥, and let a, be 
any element of A,; the sequence (f,,,) converges pointwise to f almost 
everywhere in X, thus Th. 6 shows that f is p-th power integrable and that 
Jim, N,(f — fo, ) = 0. Since F is the intersection filter of the elementary 


filters associated with all such sequences (a,) (GT, I, §6, No. 8, Prop. 11), 
limg N,(f — f.) exists and is equal to the common limit 0 of all of the 
sequences (N,(f — fa,,))- 


Remarks. — 1) Th. 6 no longer holds if the hypothesis |fn| < g (with 

Np(g) < +00) is replaced by the weaker hypothesis supNp(fn) < +oo. Sup- 
n 
pose, for example, that w is Lebesgue measure on R; define continuous functions 
fn in the following manner: fp(z)=0 for «<0 and for «2 2 ‘ fn(4) =n, 
fn being linear on the intervals [0, 4] and [, 2] . Then lim fn(x) =0 for all 
n—co 

zeéR, but Ni(fn) =1 for every n (cf. §5, Exer. 12). 

2) The Cor. of Th. 6 no longer holds if it is not assumed that the filter § has 
a countable base (cf. §1, No. 3, Remark 1 following the Cor. of Th. 3). 


8. Relations between the spaces 4 (1 <p < +00) 


For every real number a > 0, the mapping z+ |z|*~!-z is defined and 
continuous on the complement of 0 in F; moreover, since ||z|?~+ -2| = |z|*, 
this function tends to 0 with z and may therefore be extended by continuity 
to the point 0 by giving it the value 0 at this point, even if a<1. 


THEOREM 7. — Let p and q be two real numbers such that 
1<p<+to, 1<q< +oo. Ifa function f belongs to ZP then the 
function |f|'?/9-1.£ belongs to Lf, and conversely. 

By hypothesis, there exists a sequence (f,,) of continuous functions 


[o.e) co 
with compact support such that > N,(fn) <+oo and f(x) = > f,(x) 
n=1 n=1 
almost everywhere (No. 4, Th. 3). Set 


Bn = lft fete + f|°/9 7 - (fy +f +--+ fh); 


the function g, is continuous with compact support; on the other hand, 


oS P 
lgn|? = [fit f+---+£,|? < (3m ue 
n=1 


a 
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where the numerical function h > 0 (finite or not) satisfies the inequality 


(N,(h))? = (x, (> fi) < (>: a) ear 


by the countable convexity theorem. Moreover, g,(x) tends almost every- 
where to g(x) = |f(x)|"°/2-1 - f(x), therefore Lebesgue’s theorem shows 
that g ¢ YJ. The converse is immediate, since f = |g|(4/?)-! -g. 


BL 
It can be shown that the mapping f +> |f|¢4 ' f isa homeomorphism 
of YF onto YZ! (§6, Exer. 10). 


COROLLARY 1. — For a function f to belong to 2, it is necessary 
and sufficient that the function |f|?-!-f belong to Zp. 


COROLLARY 2. — For a positive numerical function f to belong to £? , 
it is necessary and sufficient that f? belong to @'. 


Note that if f is a numerical function of arbitrary sign, such that |f|? 
belongs to £1, f does not necessarily belong to @? (cf. §4, Exer. 8). 


84. INTEGRABLE FUNCTIONS AND SETS 


1. Extension of the integral 


It follows from the definition of the space “% that the subspace %p 
of continuous functions with compact support is dense in YP (§3, No. 4, 
Def. 2). Every continuous (for the topology of convergence in mean of or- 
der p) linear function, defined on .%p and taking its values in a complete 
Hausdorff topological vector space G, can therefore be extended by conti- 
nutty in a unique manner, to a continuous linear function defined on “? 
with values in G (GT, II, §3, No. 6, Th. 2 and III, §3, No. 1, Prop. 3). 

Now, for every continuous function f with compact support, with values 
in the Banach space F’, we have defined (in Ch. II, §3, No. 1) the integral 
u(f) = {fdw with respect to u, which is an element of F, and we have 
proved (Ch. III, §3, No. 2, Prop. 6) the inequality 


(1) | [teu 


This inequality proves that the linear mapping f+ [fdu of #p 
into F is continuous for the topology of convergence in mean in “fp. It can 


< i If] d|u| = Ni (fF). 
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therefore be extended by continuity to the entire space Y}, and we may 
make the following definition: 


DEFINITION 1. — The functions belonging to Y}(X,pu) are said to 
be integrable with respect to the measure w (or, again, that they are 
-integrable). The integral (with respect to ) of the integrable function f 
is by definition the value at f£ of the extension by continuity to Y} of the 
linear mapping g++ fgdu of Xp into F; it is again denoted p(f) or 
ffdpu,or f£(z)du(x) or ff, or ff(x)p(z). 


Example. — Let X be a discrete space, 4 a measure on X, and set 
a(x) = w(p{2}) for every x € X. The functions in #4 are then integrable, 


in other words 4} = #3; moreover, for every function f € Y}, 
[sw = > a(x)f (x) . 
weX 


For, let f € F}3; we have |y|*(\f|) = >> la(x)|-|f(z)| < +00 (§1, No. 3, Example); 


xEX 
for every € > 0, there exists a finite subset M of X such that 


YS la@)I-If@) <e- 


rEX—M 


The function g equal to f at the points z € M where |f| is finite, and to 0 
elsewhere, belongs to .#(X;F) and, by the conventions that have been made, 


i(t-el)< S> la@)l-If@<e, 


reX—M 


which proves that f € %}. On the other hand, 


Jute) - ratte) < J) la@l-e <e, 


rEX rEX—M 


whence the second assertion. 
In other words, the p-integrable functions f are those for which the fam- 
ily (a(z)f(x)),cx is absolutely summable (GT, IX, §3, No. 6), and the integral 


f fdyw is the sum of this family. 


Since p(f) is continuous on 4} by definition, and since it takes its 
values in a Hausdorff space, we have p(f) = 0 for every function that 
belongs to the closure of 0 in 4}, that is, is negligible; if f and g are 
two equivalent integrable functions, then pu(f) = u(g). In other words, the 
value of u(f) depends only on the class f of the integrable function f; it 
is again denoted p(f), and the function f + u(f) is a continuous linear 
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mapping of L} into F. Ifa function f, with values in F and defined almost 
everywhere in X, is equivalent to an integrable function, we again say that f 
is integrable and we write f f dj = p(f); one defines similarly an integrable 
function with values in R,, defined and finite almost everywhere, as well as 
its integral. 


2. Properties of the integral 


PROPOSITION 1. — For every positive p-integrable numerical func- 
tion f, 


(2) [ta = ff =Ni(f)>0. 


For, f fdju| and Nj(f) are continuous on ¥! and are equal for 
every continuous function f 20 with compact support; on the other hand, 
every function f >0 in #! is the limit (in the sense of convergence in 
mean) of a sequence of continuous functions > 0 with compact support (§3, 
No. 5, Prop. 11); whence the proposition. 


COROLLARY 1. — For every integrable function f € YZ, |f| is inte- 
grable and 


(3) [itiau= eral = me). 


We shail make frequent use of Prop. 1 and its Cor. 1, on replacing 
‘i “7 d\u| or Ni(f) by f fd|u| when dealing with an integrable func- 
tion 20. For example, for two integrable functions f,g to be equivalent, 
it is necessary and sufficient that f |f — g|d|u| =0. 


We recall that, for a function f to belong to 4}, it is necessary and 
sufficient that the function |f|?-'-f belong to Y} (§3, No. 8, Cor. 1 of 
Th. 7), that is, that it be integrable; this is the reason for the terminology 
‘p-th power integrable function’. Moreover: 


COROLLARY 2. — For every function f € YZ, the numerical function 
|f|? is integrable and 


(“ Nt) = ( Pal) 


This follows at once from the fact that |f| belongs to Y? (§3, No. 5, 
Prop. 11) and formula (2). 
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PROPOSITION 2. — For every integrable function f, 


(5) | [ra 


This follows at once from the inequality (1) by passage to the limit, on 
taking into account (3) and the continuity of Ni(f) on 4. 


< / Ifa. 


THEOREM 1. — Let F and G be two Banach spaces, u a continuous 
linear mapping of F into G. For every integrable function f with values 
in F, uof is integrable and 


(6) [20402 duce) =u ( f te)au(@)) 


We already know that uof is integrable (§3, No. 5, Th. 4); the rela- 
tion (6), being valid for every f € #f, extends to every integrable func- 
tion f by the principle of extension of identities: for, f+ uof is continu- 
ous for the topology of convergence in mean, as follows from the inequality 
Ni(ucf) < [jul] -Ni(f). 


COROLLARY 1. — Let a’ be a continuous linear form on F . If f is an 
integrable function with values in F , then the numerical function (f,a’) is 
integrable and 


(7) [(e@.2') dul) = ( [re au(z),a') | 


We shall see in Ch. VI, §1, Exers. 7, 11 and 12 that there can exist func- 
tions f , with values in an infinite-dimensional Banach space F, such that (f, a’) 
is integrable for every continuous linear form a’ on F,, without f being integrable. 


COROLLARY 2. — If the ag (1 < k < n) are vectors in F and 
the fy (1 < k < n) are integrable numerical functions, then the function 
n 


f= Do agf, is integrable and 
k=1 


(8) [ (Same) du = dias ff du. 
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3. Passage to the limit in integrals 


PROPOSITION 3. — Let B® be a filter base on ZY}. Assume that there 
exists a compact set K C X_ such that, for every set M € B, all of the 
functions f € M have their support in K. Under these conditions, if B 
converges uniformly on X to fo, then the function fp is integrable and 


(9) [rau =iima [tdu. 


For, 8 converges in mean to fp (§3, No. 3, Prop. 4). 


PROPOSITION 4. — Let (fn) be an increasing (resp. decreasing) 
sequence of integrable numerical functions. For the upper (resp. lower) 
envelope f of the sequence to be integrable, it is necessary and sufficient 
that sup f fnd|p| < +00 (resp. inf f fn d\u| > —0o), in which case 

n 


(10) [fay = jim, [ taaw. 


We limit ourselves to considering an increasing sequence. The sequence 
9n = fn +f; is increasing and consists of integrable functions > 0; since 
its upper envelope is g = f + f; , the proposition follows from Th. 5 of §3, 
No. 6. 


THEOREM 2. — Let A be a set of indices, filtered by a filter § with a 
countable base. Let (fa)aca be a family of integrable functions that, with 
respect to the filter § , converge pointwise almost everywhere to a function f ; 
if there exists a numerical function g >0 such that f *9 d\u| < +00 and 
such that |f.(x)| < g(x) almost everywhere in X for each a€ A, then the 
function f is integrable and 


(iy) [tdu=iims [te dy. 


The theorem follows from Lebesgue’s theorem (§3, No. 7, Cor. of Th. 6) 
since, under the conditions of the statement, f,. converges in mean to f 
with respect to §. 


COROLLARY 1. — Let Q be a topological space, to a point of Q ad- 
matting a countable fundamental system of neighborhoods, f a mapping of 
XxQ into F having the following properties: 

a) for every t€Q, the function r++ f(x,t) is integrable; 

b) for every x € X, the function tr+f(x,t) is continuous at to; 


No. 4 INTEGRABLE FUNCTIONS AND SETS INT IV.37 


c) there exist a neighborhood U of to and a numerical function g > 0 
defined on X, such that f*gdlu| < +00 and |f(z,t)| < g(x) for all 
rEX and tev. 

Under these conditions, the mapping t+ f f(z,t)du(z) of 2 into F 
is continuous at the point to. 


COROLLARY 2. — Let (fn) be a sequence of integrable functions such 
that the series with general term f,(x) converges almost everywhere; if there 
exists a function g >0 such that f *9 d|u| < +00 and such that, for every 


n 
integer n, | > fi (x)| < g(x) almost everywhere, then the sum f(x) (de- 
k=1 


fined almost everywhere) of the series with general term f,(x) is integrable 
and 


(12) [t= 3 [toa 


(‘term-by-term integration of a series’). 


4, Characterizations of integrable numerical functions 


PROPOSITION 5. — For a numerical function f > 0 (finite or not), 
lower semi-continuous on X, to be integrable, it is necessary and sufficient 
that [*f dlu| <+oo. 

It all comes down to proving that the condition is sufficient. The defini- 
tion of |u|*(f) (§1, No. 1, Def. 1) proves that, for every ¢ > 0, there exists 
a continuous function g > 0, with compact support, such that g < f and 
lul*(f) < |ul(g) +e. But f—g is lower semi-continuous and > 0, therefore 
(§1, No. 1, Th. 2) 

lul*(f) = lal(g) + lal*(F 9), 


in other words Ni(f—g) = |u|*(f —9) = |u|*(f) —|HI(9) < €, which proves 
that f is integrable (§3, No. 4, Prop. 7). 


COROLLARY 1. — For a finite numerical function f > 0, upper 
semi-continuous on X, to be integrable, it is necessary and sufficient that 
L"fdlu| < +00. 


For, if |y|*(f) < +00, then there exists a lower semi-continuous func- 
tion h such that f <h and |y|*(h) < +00; h—f is everywhere defined 
and lower semi-continuous, and |y|*(h — f) < |u|*(h) < +00; therefore 
h—f isintegrable, andsince f(x) = h(x)—(h(x)—f(z)) almost everywhere, 
f is integrable. 
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COROLLARY 2. — Let H be a nonempty set, directed for the relation < 
(resp. >), of lower (resp. upper) semi-continuous and integrable numerical 
functions; if 


sup ff dj < +00 (resp. int | f dl >-oo), 
feH feH 


then the upper (resp. lower) envelope g of H is integrable, 


[odu=tim [ fan, 


and fgd|u|=sup f fdly| (resp. fgd|u| = inf f fdly)). 
feH feH 


We may limit ourselves to the case of lower semi-continuous functions; 
the functions ft (resp. f~), as f runs over H, then form a directed set 
for < (resp. >) of lower (resp. upper) semi-continuous functions > 0; the 
upper (resp. lower) envelope of the f* (resp. f~), for f € H, is equal 
to g* (resp. g~ ). On the other hand, one can replace H by one of its 
sections (which is cofinal to it), consisting of the f € H that are > fo, for 
some function fo € H; then f ftdlu| < f fdlu|+f fo dlu|; we thus see 
that we are reduced to proving the two assertions of the corollary when H 
consists of positive functions. If H is directed for < and consists of lower 
semi-continuous functions > 0, then we know (81, No. 1, Th. 1) that 


Jal*(g) = sup al*(f) = sup f Fala) < +00, 
feH feu 


therefore g, which is lower semi-continuous, is integrable by Prop. 5; we 
have fgd|y| = fim ff dlul and, since f <q, te Nig — f) =0, which 


shows that f converges in mean to g with respect to H, and thus proves 
the corollary in this case. If H is directed for > and consists of upper semi- 
continuous integrable functions f such that 0< f < f; with f, € H, then 
there exists a lower semi-continuous integrable function h such that f; < h; 
we may write f =h-— ff’, where f’(z) = h(x) — f(x) when f(x) < +00, 
and f’(z) =0 otherwise. It is clear that the f’ form a directed set, for <, 
of lower semi-continuous integrable functions > 0, with 


J tauis [nd < +00; 


we can apply to them what has been proved above; if g’ is the upper envelope 
of the f’, then h and g’ are finite almost everywhere, therefore h—g’ is 
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defined almost everywhere and is equal to g almost everywhere; from this, 
the conclusions of the corollary follow at once in this case. 


CorROLLaRy 3. — Let f be a bounded numerical function, upper semi- 
continuous on X and with compact support. Then, the mapping uw f f du 
is upper semi-continuous on .@,(X) for the vague topology. 

If h is a function in #4(X) such that |f| < h (Ch. III, §1, No. 2, 
Lemma 1) then 0< f+h< 2h, and since f+h is upper semi-continuous, 
it follows from Cor. 1 that f is y-integrable for every measure p on X. 
Moreover, p(f) = w(h) — uw(h—f) and h-—f is a lower semi-continuous 
function >0. Since the mapping w+ yu(h — f) is lower semi-continuous 
on .@,(X) for the vague topology (§1, No. 1, Prop. 4), this proves the 
corollary. 


THEOREM 3. — For a numerical function f > 0 to be integrable, it 
is necessary and sufficient that, for every — > 0, there exist an upper semi- 
continuous function g > 0, with finite values and compact support, and a 
lower semi-continuous integrable function h, such that g < f < h and 
J(h—g) dul <e. 

The condition is sufficient by a general criterion for integrability (§3, 
No. 4, Prop. 8), Prop. 5 and its Corollary 1. Let us show that the condition 
is necessary. If f 20 is integrable then, for every ¢ > 0, there exists a 
function u > 0, continuous and with compact support, such that Ny(f—u) < 
e/4. By the definition of N,, this implies that there exists a lower semi- 
continuous function v > 0 such that |u|*(v) <¢/2 and |f—u| <v. Thus, 
—v(z) < f(x) — u(x) < v(x) for all x € X, and since u(x) is everywhere 
finite, it follows that (u(x) — u(x))* < f(x) < u(x) + v(x) for all cE X. 
The functions g=(u—v)t and h=u+v meet the requirements. 


COROLLARY. — For every integrable (resp. integrable and > 0) numer- 
ical function f, there exist an increasing sequence (gn) of upper semi- 
continuous functions that are integrable (resp. integrable, with finite val- 
ues >0, and with compact support), and a decreasing sequence (hn) of 
lower semi-continuous integrable functions, such that: 

1° gn(x) < f(z) < An(x) for all cE X and every integer n; 

2° f(x) is equal almost everywhere to the lower envelope h of the 
sequence (hy) and to the upper envelope g of the sequence (gn) ; 


3° Sfdy= lim fgndy= lim f hn du. 


Suppose first that f > 0. By Th. 3 there exist, for every n, a lower 
semi-continuous integrable function v, , and an upper semi-continuous func- 
tion u,, >0 with finite values and compact support, such that 


met Se ont (enn) dll < 1/3 
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setting gn = sup(t,U2,.-.,Un) and hy, = inf(v1,v2,...,Un), the se- 
quences (g,) and (hn) meet the requirements. For, since g < f, g is 
integrable by Prop. 4 of No. 3, and since 


f Uf — gn) dlul < i Ca nal 


we have 


[t= s)atul = im, [(F - 96) dlw| =0 


(No. 3, Prop. 4), which proves that f and g are equivalent. One argues 
similarly for the sequence (hy). 

If f is not positive, we can apply the foregoing to f* and f~, thus there 
are two increasing sequences (g/,),(g)) of upper semi-continuous integrable 
functions, and two decreasing sequences (hj,),(hi’) of lower semi-continu- 
ous integrable functions, such that: 1° gf < ft < hi, gl! < -f7 < hh; 
2° ft (resp. —f7~) is equal almost everywhere to the upper envelope of 
the g/, and to the lower envelope of the h/, (resp. to the upper envelope of 


the g)) and to the lower envelope of the h’! ); and 3°: 


[tt du= jim, f op du = tim, fi, dp, 
= ff du tim, fof du= tim fd. 


Moreover, we can suppose that the gi, and the hj’ are everywhere finite; it 
is then clear that the sequences g, = gi, +g, and h,=h), +h), meet the 
requirements. 


Example. — For every positive measure on R, every step function with 
compact support is p-integrable; for, the characteristic function of an open (resp. 
closed) interval is lower (resp. upper) semi-continuous, and every step function 
is a linear combination of such characteristic functions. It follows that if f is a 
regulated function on R with compact support (FRV, IJ, §1, No. 3), then f is 
integrable, because it is the uniform limit of a sequence of step functions gn with 
support contained in a fixed compact set (No. 3, Prop. 3); moreover, ftdu = 


lim [gn dp. 
n—-Cco 

If, in particular, uw is taken to be Lebesgue measure, one sees that for every 
regulated function f with compact support, the integral f fd is equal to the 


integral [°° f(«) da defined in FRV, Il, §2, No. 1. 


Remarks. — 1) Let f be a regulated function on R that is integrable with 
respect to Lebesgue measure ps; then |f| is also integrable (No. 2, Cor. 1 of 
Prop. 1), and, setting In = [— n,n], |f| is the upper envelope of the increasing 
sequence of regulated functions |f|y1,,, therefore f itl du = lim i |f(ax)| dx 

NCO 
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by Th. 2 of No. 3; thus, the integral { f(x) dx is absolutely convergent (FRV, 
II, §2, No. 3). Moreover, fftdu = (ee f(x) dx by Th. 2 of No. 3. Conversely, 
suppose that foe f(x) dx is absolutely convergent; again, by Th. 2 of No. 3, 


f fd = jee f(x) dx. Note that if the integral fee. f(x) dx is convergent but 
not absolutely convergent, then f is not integrable with respect to Lebesgue mea- 
sure. 

2) Applied to Lebesgue measure and to regulated functions, Prop. 3 of No. 3 
yields anew the theorem on passage to the limit for integrals of regulated functions 
on a compact interval (FRV, II, §3, No. 1, Prop. 1); for sequences (or for filters with 
a countable base) of regulated functions, Th. 2 of No. 3 greatly improves on this 
proposition since, for uniformly bounded regulated functions on a compact interval, 
it substitutes pointwise convergence for uniform convergence (cf. §5, No. 4, Th. 2). 
However, as regards the passage to the limit for absolutely convergent integrals of 
regulated functions on a noncompact interval, we note that the conditions of Th. 2 
of No. 3 imply that the integrals under consideration are uniformly convergent (in 
the sense defined in FRV, II, §3, No. 2), and thus do not improve on the conditions 
for convergence given in Book IV (loc. cit.) except as concerns the convergence of 
the functions fy on every compact interval. Finally, the conditions for passing to 
the limit given for non absolutely convergent integrals of regulated functions remain 
outside the theory developed in this chapter. 


5. Integrable sets 


DEFINITION 2. — A subset A of a locally compact space X is said to 
be integrable with respect to a measure fs on X (or, that it is u-integrable) 
if the characteristic function ya of A is integrable. The finite number 
u(A) = f pad is called the measure of A. 


For every integrable set A, |u|(A) = |u|*(A) (No. 2, Prop. 1); for a 
set to be negligible, it is necessary and sufficient that it be of measure zero 
with respect to |u|. 


PROPOSITION 6. — The union of a finite family (Ai)i<icn of inte- 
grable sets is integrable, and 


n 


(13) Wel ( UJ Aa } < So ll(Aa)- 
i=1 


i=1 


If, moreover, the A; are pairwise disjoint, then 
n n 

(14) #1 LAs} =o afd). 
i=1 i=1 


For, if A= U A; then ya = supya,, therefore (§3, No. 5, Cor. of 
i=1 
Prop. 12) if the A; are integrable then so is A; the relation (13) is a special 
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case of the analogous relation for outer measures (§1, No. 4, Prop. 18), 
on taking account of the relation \u|(A) = |u|*(A); finally, if the A; are 
pairwise disjoint, then ya = = a, , whence (14). 


i=l 


PROPOSITION 7. — 1° If A and B are two integrable sets such that 
BCA, then the set C=A—B 1s integrable and 


(15) u(C) = p(A) — 2(B). 


2° The intersection of a countable family of integrable sets is integrable. 

The first part follows from the fact that yo = ya — yp. On the other 
hand, if (A,) is a sequence of integrable sets and A is its intersection, then 
~Pa= inf Ya, , therefore A is integrable (No. 3, Prop. 4). 


COROLLARY. — If (Ay) is a decreasing sequence of integrable sets, 
then BP) An) = = tim, p(An). 


For, af A= ive then ya is the lower envelope of the decreasing 
sequence (Ya, ) (No. 3, Prop. 4). 


PROPOSITION 8. — Let (A,) be an increasing sequence of integrable 
sets; for the union A=(JA,, to be integrable, it is necessary and sufficient 


n 
that sup|u|(An) < +00, in which case, 
n 


(16) M(A) = lim p(An)- 


For, the ya, form an increasing sequence of integrable functions, and 
pa = sup Ya, ; thus, the proposition follows from Prop. 4 of No. 3. 
n 


COROLLARY. — Let (An) be a sequence of integrable sets such that 
CO 
‘> |ul(An) < +00; the union A= A, is integrable, and 
n=1 n 


(17) [ul (U a) B u\(An) 


For, ya =supya, and 
n 


u\*(A <b \u|*(A )= Sl lu|(An) < oo 
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(§1, No. 4, Prop. 18); therefore A is integrable (§3, No. 6, Cor. 2 of Th. 5) 
and, since |u|(A) = |u|*(A), we indeed have (17). 


PROPOSITION 9. — Let (An) be a sequence of pairwise disjoint inte- 
ie,2) 
grable sets such that >> |u|(An) < +00; then 
n=1 


(18) js (U as] = > pi(An). 


For, if A = UAn then ya = > Ya,» and the proposition follows 
from (17) and Cor. 2 of Th. 2 of No. 3. 


The relation (18) is also expressed by saying that the measure yp is 
completely additive in the set of integrable subsets of X . 


6. Criteria for the integrability of a set 


PROPOSITION 10. — For an open (resp. closed) set A in X to be 
integrable, it is necessary and sufficient that |p|*(A) < +00. 

Since ya is then lower (resp. upper) semi-continuous, the proposition 
follows from Prop. 5 of No. 4 and its Corollary 1. 


COROLLARY 1. — Every compact set is integrable; every relatively com- 
pact open set is integrable. 


COROLLARY 2. — For every positive measure 4 on X, At+ p*(A) is 
a capacity on X (cf. GT, IX, 86, No. 9, Example). 
Example. — For Lebesgue measure p on R, it follows from Prop. 10 that 
every bounded open interval ]a,6[ is integrable and has measure b—a (§1, No. 2, 
Prop. 9). Since every set reducing to a point is negligible for Lebesgue measure, 


it follows that all of the intervals with endpoints a and b have the same meas- 
ure b—a. 


PROPOSITION 11. — Let © be a set, directed for the relation C, of 
integrable open sets in X; for A= \ G to be integrable, it is necessary 


GEG 
and sufficient that uD luI(G) < +00, in which case p(A) = lime u(G) 
Ge 


and |y|(A) = 2 ICG). 
For, one ons that |y|*(A) = sup |u|(G) (§1, No. 2, Prop. 7); the 
GEG 


proposition therefore follows from Prop. 10. 


INT IV.44 EXTENSION OF A MEASURE. L? SPACES §4 


COROLLARY. — Let § be a set, directed for the relation D , of integrable 


closed sets in X; then the closed set B= () H is integrable, and one has 
Hed 


u(B) = limg w(H) and |p|(B) = inf |u|(H). 

For, let Ho be a set in ¥; since Ho is integrable, it is contained in an 
integrable open set U (§1, No. 4, Prop. 19); the open sets UNCH forma 
set directed for the relation C, are contained in U, and have union UNCB; 
we are thus reduced to Prop. 11. 


THEOREM 4. — For a set A to be integrable, it is necessary and suf- 
ficient that, for every ¢ > 0, there exist an integrable open set G and a 
compact set K, such that KC ACG and 


u|(G — K) = |u|(G) — [ul(K) <e. 


a) The condition is sufficient, because it means that yp < pa < Ya 
and {(p~a— x) d|u| <e€;since yq and yx are integrable, so is ya (§3, 
No. 4, Prop. 8). 

b) The condition is necessary. If A is integrable, there exists an open 
set GDA such that |y|*(G) is arbitrarily close to |u|*(A) = |u|(A) (81, 
No. 4, Prop. 19); thus, it all comes down to proving that for every « > 0, 
there exists a compact set K Cc A such that |u|(A) — |u|(K) < €. Since 
ya_ is integrable, there exists a function f > 0, upper semi-continuous and 
with compact support S, such that f < ya and f[(pa — f)dlp| < €/2 
(No. 4, Th. 3). Let 6 > 0 be an arbitrary number and let K be the set 
of points x € X such that f(x) > 6; K is closed and is contained in S, 
hence is compact, and since f < ya wehave KC A. Theset B= A—K 
is integrable, and f < yx + dyp, whence 


i fd\u| < \ul(K) +6 - |ul(B) < |ul(K) +6-|ul(A), 


and finally 


WA) < f Fdlul+ 5 < wll) +5-Ial(A) +5, 


which completes the proof, since 6 is arbitrary. 


COROLLARY 1. — For a set A to be integrable, it is necessary and 
sufficient that, for every ¢ > 0, there exist a compact set K C A such that 
u|*(A — K) <e. The measure |u|(A) is then the supremum of the set of 
measures |u|(K) of the compact sets KC A. 

The condition is necessary, because if G and K satisfy the conditions 
of Theorem 4, then |u|*(A — K) < |u|*(G — K) <e. 
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The condition is sufficient, because it says that, for the topology of 
convergence in mean, ya is in the closure of the set of integrable func- 
tions yx (K an arbitrary compact subset of A ). 


COROLLARY 2. — For every integrable set A, there exist: 


1° a set Ay DA, a countable intersection of integrable open sets, such 
that Ay — A is negligible; 

2° a set Ag C A, a countable union of pairwise disjoint compact sets, 
such that A — Ag is negligible. 


1° For every integer n, there exists an integrable open set G, D A 
such that ||(G,) —|u|(A) < 1/n; if A; is the intersection of the G, , then 
\u|(A1) = |u|(A) (No. 5, Cor. of Prop. 7), therefore A; — A is negligible. 


2° Let us define compact ae K,, inductively as oe K, CA and 
lul(A — Ki) <1; K, CA— U K; and (ANC U K,)NCK,) < 1/n 


=1 
for n > 1 (Th. 4); if Ag is the. union of the K,, then |u|(A2) = |u|(A) 
(No. 5, Prop. 8), therefore A — Ag is negligible. 


COROLLARY 3. — Every set of finite outer measure is contained in the 
union of a negligible set and a countable family of pairwise disjoint compact 
sets the sum of whose measures is finite. 


It suffices to apply Corollary 2 to an integrable open set containing the 
given set. 


COROLLARY 4. — For every open set U in X, |p|*(U) is the supre- 
mum of the measures |u|(K) of the compact sets K CU. 


If |u|*(U) < +00, this is immediate from Th. 4. The following argument 
covers also the case that |y|*(U) = +oo. Since X is locally compact and 
U is open, yy is the upper envelope of the set H of functions f € 44 
such that f < yy and Supp(f) CU (cf. the proof of §1, No. 1, Lemma), 
and, since H is directed for <, we have |u|*(U) = sup |u|(f) by §1, No. 1, 

feH 


Th. 1; the corollary is then immediate from the fact that if f € H and 
K = Supp(f), then f < yx < gu. 


Note that |yu|*(U) is also the supremum of the measures |y|(G) of the 
relatively compact open sets such that G C U. For, if K is a compact set contained 
in U then, forevery z € K, there exists a relatively compact open neighborhood V 
of x such that VC U. Oncovering K by a finite number of these neighborhoods, 
their union G is a relatively compact open set such that GC U and KCG, 
whence |u|(K) < |u|(G) < |u|*(U). 
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7. Characterization of bounded measures 


PROPOSITION 12. — For a measure fp on a locally compact space X 
to be bounded (Ch. III, §1, No. 8), it is necessary and sufficient that X be 
an integrable set with respect to uw (or, what comes to the same thing, that 
every finite constant function be integrable); in this case, 


wall = lal (X) = a dl. 


For, we have seen that |u|*(X) = ||u|| (§1, No. 2); the proposition 
therefore follows from Prop. 10 of No. 6. 


For every bounded measure pz, we again say that p(X) is the total 
mass of pL. 


It follows from Th. 4 of No. 6 that if w is a bounded measure then, for 
every € > 0, there exists a compact set K such that |y|(CK) <e. 


PROPOSITION 13. — Let yu be a bounded measure on X. Let B be a 
filter base on Lf having the following properties: 

1° there exists a set M € B such that the functions f € M are 
uniformly bounded on X; 

2° B converges uniformly on every compact subset of X to a func- 
tion fo. 

Under these conditions, fy belongs to £f and B converges in mean 
of order p to fy. 

We note first of all that if |f(z)| < a for every x € X and every 
function f € M, then also |fo(x)| <a for every x € X. This being so, for 
every € > 0 there exist a compact set K such that |u|(0K) <e? and aset 
N € 8% such that, for every function f EN, |f(x)—fo(x)| < e(|u|(K))~1/? 
for all x € K. Now, we may write 


f — fo = (f — fo)yx + (f — fo)een:; 


it follows from the foregoing that if f ¢ MON then N,((f — fo)yx) < € 
and N,((f—fo)ypx) < 2ae, whence N,(f — fo) < (2a+1)e, which proves 
the proposition. 


COROLLARY. — For a bounded measure 1 on X, every bounded con- 
tinuous mapping f of X into F belongs to each of the YF (1 < p< +00). 
For every compact subset K of X, let Mx be the set of mappings of X 
into F of the form Af, where A is a continuous mapping of X into [0,1] 
equal to 1 on K and with compact support. It is clear that the sets Mx 
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form a filter base 8 on ¥, that the functions belonging to Mx are uni- 
formly bounded, and that % converges uniformly to f on every compact 
subset of X, whence the corollary. 


In particular, the function f is integrable and its integral [fdy is the 
limit with respect to % of the integrals f hf dy. 


We will obtain anew the Cor. of Prop. 13 as a consequence of a general criterion 
for integrability in §5, No. 6. 


In the notations of Ch. III, §1, No. 2, |f| < ||f||-1 for every function 
f ¢ €°(X;F), whence, by the formulas (3) and (4) of No. 2, 
(19) Np(£) < [if] -Np(1) = [ell Wall”? . 


In particular, for p = 1, formula (5) of No. 2 yields 


(20) | / F dys 


consequently the mapping f+ ffdy is continuous on the Banach space 
@°(X;F); its restriction to the closure @°(X;F) of #(X;F) in @°(X;F), 
that is, to the space of continuous functions tending to 0 at the point at 
infinity (Ch. II, §1, No. 2, Prop. 3), is therefore the extension by continuity 
of the integral to @°(X;F). 


< [fll - Hell, 


8. Integration with respect to a measure with compact support 


Let be a measure on X whose support S = Supp(j) is compact; the 
open set X —S is negligible (§2, No. 2, Prop. 5). For every function f with 
values in a vector space F or in R, the functions f and fyg are therefore 
equivalent (§2, No. 4); for f to be y-integrable (when F is a Banach space), 
it is therefore necessary and sufficient that fyg be so, in which case (No. 1) 


(21) [tau= ftesau. 


If, moreover, f is bounded on S, it follows from (20) that 


(22) | / ean 


In particular, if f is continuous on X then f is p-integrable, since 
fh € #(X;F) for every function h € #(X;R) equal to 1 on S (Ch. II, 
§1, No. 2, Lemma 1). More precisely: 


< |||] - sup |f(z)|. 
xEs 
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PROPOSITION 14. — Let X be a locally compact space, F a Banach 
space not reduced to 0; equip the space @(X;F) of all continuous mappings 
of X into F with the topology of compact convergence. For a measure fu 
on X to be such that the linear mapping f+ [fdu of #(X;F) into F is 
extendible to a continuous linear mapping of @(X;F) into F, it is necessary 
and sufficient that Supp() be compact; such an extension is unique and 
coincides with the integral defined in No. 1. 


We have just seen that if 4 has compact support, then the integral 
Jd is defined for every function f € @(X;F) and that the mapping 
f+ f{fdu of @(X;F) into F is continuous for the topology of com- 
pact convergence. Conversely, suppose that f ++ [fdy is continuous 
in X(X;F) for the topology of compact convergence. Then, there is a com- 
pact set KC X and a number a> 0 such that |u(f)| <a-sup |f(x)| for 

xeK 


every function f € #(X;F); in particular, if the support of g € #(X;F) 
does not intersect K, then p(g) = 0. Taking g = ha, where a 4 0 
is a vector in F and h € #(X;C), we see that pu(h) = 0 for every 
function h € #(X;C) whose support does not intersect K , which proves 
that Supp(u) C K. Finally, the uniqueness of the extension follows from 
the fact that “(X;F) is dense in @(X;F) for the topology of compact 
convergence (Ch. III, §1, No. 2, Prop. 4). 


Prop. 14 permits identifying a measure on X with compact support 
with its continuous extension to @(X;C). The set of measures on X with 
compact support may therefore be identified with the dual @'(X;C) of 
the Hausdorff locally convex space @(X;C). Recall that @(X;C) is com- 
plete (GT, X, §1, No. 6, Cor. 3 of Th. 2), but it is not necessarily barreled 
(Exer. 17). However, if X is countable at infinity, hence is the union of an 


increasing sequence of compact sets K, such that K, C Kate then the 

topology of @(X;C) can be defined by the countable family of semi-norms 

Pn(f) = sup |f(x)|, therefore @(X;C) is a Fréchet space in this case. 
rEKn 


Consequently, for every covering G of @(X;C) by bounded sets, the space 
€'(X;C) is then quasi-complete for the G-topology (TVS, III, §4, No. 2, 
Cor. 4 of Th. 1). 

We shall consider above all on @'(X;C) the topology of compact con- 
vergence (the topology of uniform convergence on the compact subsets of 
@(X;C)). Recall that the relatively compact subsets H of @(X;C) are 
characterized by the following properties (GT, X, §2, No. 5, Cor. 3 of Th. 2): 

1° H is equicontinuous; 

2° for every « € X, the set H(x) of the f(x), where f runs over H, 
is bounded in C. 
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PROPOSITION 15. — Let X be a locally compact space and, for every 
x €X, let e, be the Dirac measure at the point x. The mapping x ey 
of X into @'(X;C) is continuous for the topology of compact convergence 
on 6'(X;C). 

Consider a neighborhood of ¢,, in @’(X;C) for this topology, which 
we can suppose to be defined by taking a number 6 > 0, a compact subset 
H of @(X;C), and considering the set of measures 4 on X with compact 
support such that |u(f) — é2,(f)| <6 for every function f € H. Since H 
is equicontinuous, there exists a neighborhood U of x9 in X such that the 
relation f € H implies [f(r) — f(xo)| <6 for all x € U, which may also 
be written |ez(f) — €z,(f)| <6 and proves the proposition.(*) 


PROPOSITION 16. — Let K be a compact subset of X, L the vector 
space of measures 4 on X with support contained in K. On L, the topolo- 
gies induced by the topology Z of compact convergence on 6'(X;C) and 
the topology 7’ of strictly compact convergence on (X;C) (Ch. III, §1, 
No. 10) coincide. 

It is clear that on L, the topology induced by 7 is finer than the topol- 
ogy induced by 7%’. Conversely, let H be a compact subset of @(X;C), 
h a function in #(X;C) equal to 1 on K. It is clear that the set H’ of 
functions fh, where f runs over H, is strictly compact in %(X;C), and, 
for every measure WEL, p(f) = uf h) for every function f € H, whence 
the conclusion. 


COROLLARY 1. — For every compact subset K of X and every number 
a > 0, the set B of measures 4 on X such that Supp(u) C K and 
|u|] < @ is an equicontinuous subset of @'(X;C) that is compact for the 
topology F of compact convergence. 

For, let H be a subset of @(X;C) consisting of functions that are 
uniformly bounded on K;; there exists a number c>0 such that |y(f)| < 
c- |u|] < ac for every function f € H and every measure pu € B, by 
virtue of (22); therefore B C acH® in the dual @'(X;C) of @(X;C), 
which proves the equicontinuity of B; the fact that B is compact for 7 
follows from the fact that, on B, Z and the vague topology induce the 
same topology (Prop. 16 and Ch. III, §1, No. 10, Prop. 17) and the fact that 
B is vaguely compact (Ch. III, §1, No. 9, Cor. 2 of Prop. 15 and §2, No. 2, 
Prop. 6). 


COROLLARY 2. — Every measure with compact support (resp. every 
positive measure with compact support) p is in the closure in @'(X;C), 
for the topology F of compact convergence, of the set of measures (resp. 


(*) In fact, the mapping z++ €z is a homeomorphism of X into @'(X;C) (Ch. VI, 
81, No. 6, Remark 1) 
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positive measures) whose support is finite and contained in Supp(y) and 
whose norm is equal to ||ul|. 

For, on the set B of measures v such that Supp(v) C Supp() and 
\\v\| < ||u||, the topology induced by the vague topology is identical to the 
topology induced by 7, and the corollary therefore follows from Ch. III, 
§2, No. 4, Cors. 2 and 3 of Th. 1. 


9. Clans and additive set functions 


DEFINITION 3. — A nonempty set ® of subsets of a set A is said to 
be a clan if there exists an algebra e& (over R.) consisting of real-valued 
functions defined on A, such that the relations ME ® and ym € # are 
equivalent. 


Example. — If uw is a measure on a locally compact space X then the linear 
combinations, with real coefficients, of the characteristic functions of integrable 
sets form an algebra a , because, for any two integrable sets M,N, the function 
YMYPN = YMaN_ is integrable (No. 5, Prop. 7); it then follows from Defs. 2 and 3 
that the set of integrable subsets of X is a clan. 


PROPOSITION 17. — In order that a nonempty set ® of subsets of a 
set A be a clan, it is necessary and sufficient that it satisfy the following 
condition: 

(CL) For every pair of sets M,N belonging to ®, the sets MUN and 
MNEN belong to ©.! 

The condition is necessary, by virtue of the relations 


QMUN = YM +YN- YMYN, YuALN = YM — YMYN - 


To show that it is sufficient, we first observe that it implies that, for any 
two sets M,N in ©, MON belongs to ® since MON =MnNC(MnNEN). 
Let &(®) be the set of linear combinations, with real coefficients, of the 
characteristic functions of the sets of @. Since ymyn = Yuan, 6(®) is 
an algebra. Everything comes down to showing that if M is a subset of A 
such that ym = >> ci~m,, where the M; belong to ©, then M € ©. This 


will result from the following lemma: 


Lemma. — Let ® be a nonempty set of subsets of A satisfying the 
axiom (CL). Given a finite family (Mi)i<ixn of sets in ®, there exists a 


TA clan ® of subsets of a set A is also known as a ring (or Boolean ring) of sets; 
if, moreover, A € ®, then © is called an algebra (or Boolean algebra) of sets (cf. GT, 
I, §6, Exer. 20 and I, §4, Exer. 12). A Boolean algebra closed under countable unions is 
called a tribe, or o-algebra (GT, IX, §6, No. 3, Def. 3). 
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finite family (Nj)i<j<m of pairwise disjoint sets in ® such that each M; 
is the union of a certain number of the N;. 
n 
For, consider the 2"—1 sets of the form {] P;, where P; = M; for 
i=1 
certain indices i, P; = €M, for the others, at least one of the P; being 
equal to M;. Let (Nj)i<j<m be the sequence of these sets arranged in 
some order; they are pairwise disjoint and belong to ®; on the other hand, 


n 
every set M; is the union of the sets N; = {| P; corresponding to the 
oe 


7 
families (P;) such that P, = M;, which proves the lemma. 


n 
The lemma established, every function of the form )> cpm, , where 
i=l 


m 
M; € ©, may be written in the form )}> djpn,, where the N; belong to ® 
jal 


m 
and are pairwise disjoint; if yy = > djyn, then necessarily d; = 0 or 
ar 


d; =1 for each index j, thus M is the union of a certain number of the N; , 
and therefore belongs to ®. 


Every clan ® of subsets of A contains the empty subset © of A; for, there 
exists at least one subset M € ©, therefore M—M = © belongs to ®. Note 
also that the set of subsets of A consisting of the single subset © is a clan. 


DEFINITION 4. — Given a clan ® of subsets of a set A, and a Banach 


space F, one calls step function? over the sets of ® (or &-step function), 
with values in F , every function of the form >> apm, , where the a; belong 


to F, and the M, to ®. : 


It is clear that the set &(®) of ®-step functions with values in F is 
a vector space over R or C. We have just seen in Prop. 17 that the set 
&(®) of real-valued &-step functions is an algebra over R;; it is also the 
linear subspace of R“ generated by the characteristic functions of the sets 
of ®. 

By the Lemma, every function in &(®) may be written f = }) cn, , 


j 
where the N; € @ are pairwise disjoint; from this it follows that 
lf] = Sc lejlyn, belongs to &(®). In particular, @() is a Riesz space, 


since the upper envelope of two functions in &(®) belongs to &(). 


Remark. — It is easily seen that Def. 4 is equivalent to the following: a 6-step 
function with values in F is a function f that takes on only a finite number of 


-1 
values and which is such that, forevery a #0 in F, the set f(a) belongs to ®. 


2 Fonction étagée, whence the notation &(®) in what follows. 
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DEFINITION 5. — A real-valued function defined on a clan ® of 
subsets of a set A is said to be additive if, for every pair M,N of disjoint 
sets belonging to ®, AMUN) = A(M)+ A(N). 


It follows in particular from this definition that \(@) =0. 


PROPOSITION 18. — Let X be an additive set function defined on a 
clan ®. There exists one and only one linear form (again denoted A) on 
the vector space &(®) of real-valued ®-step functions, such that A(ym) = 
A(M) for every set M € ©; if, moreover, (M) > 0 for every ME ®, then 
d is a positive linear form on &(®). 

The uniqueness of the linear form 2 is clear, since the characteris- 
tic functions of the sets in ® generate the vector space &(®). To prove 
the existence of X, it suffices to prove that the relation S“cpm, = 0, 


v 
where the M; are nonempty sets belonging to ©, implies )*c;A(M;) = 0. 


L 
Now, by the Lemma there exists a finite family (N;) of pairwise disjoint 
nonempty sets in ® such that, for every index 7, ym, = )laijpn, with 


j 
a,j = 0 or aj = 1. The relation 22 GPM, = 0, which may be writ- 


ten d (Seas )on, = = 0, therefore implies that 20 = 0 for every 
sae 7. By Def. 5, we then have 


> cA(Mi) = ~ (x ca) A(N;) = 0, 


which proves the existence of \. Finally, suppose that A(M) > 0 for every 
M € 9; for every function f € &(®), one can write f = S>cipm, , where 


the M; € ® are pairwise disjoint; if f > 0, it follows that c; > 0 for every 
index i such that M; is nonempty, whence A(f) = }>ciA(M;) > 0. 


10. Approximation of continuous functions by step functions 


PROPOSITION 19. —- Let X be a locally compact space, ® a clan of 
subsets of X, containing the set of compact subsets of X. For every con- 
tinuous mapping £ of X into a Banach space F (resp. every continuous, 
real-valued function f >0 on X) with compact support K , there exists a 
sequence (gn) of functions in &(®) with support contained in K (resp. 
a sequence (gn) of functions in &(®) such that 0<gn<f for every n) 
that converges uniformly to f (resp. f). 
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Since f is uniformly continuous on K, one can cover K by a finite 
number of compact sets M; (1 < i < m) such that the oscillation of f 
on each M; is < 1/n. Since the M; and K belong to ©, there exists a 
partition of K into sets N; € ® such that each of the sets M;NK is 
the union of a certain number of the N; (No. 9, Lemma). Let a; be an 
element of F such that |f(r)—a;|<1/n on N;. Setting gn = Slajpn, ; 

j 


we have |f — g,| < 1/n, whence the proposition in this case. One argues 
similarly for a continuous real-valued function f , on taking a; = inf f(z) 
wEN; 


and gn = 245 2N; : 
j 


COROLLARY 1. — Let ys be a measure on X; the space &p(®) is dense 
in each of the spaces LP (1 < p< +00). 

For, it follows from Prop. 19 and the criterion for convergence in mean 
for uniform limits of functions with compact support (§3, No. 3, Prop. 4) 
that &(®) is dense, for the topology of convergence in mean of order p, in 
the closure of the space -#p of continuous functions with compact support, 
whence the corollary. 


COROLLARY 2. — For every closed subset S of X, every function 
f € #(X,S;C) is the uniform limit of linear combinations >> A\;yxK, , where 


7 
the r; belong to C and the K; are compact subsets of S. 

The set & of such linear combinations is a C-algebra. Let © be 
the set of subsets M of X such that ym € #@; ® is thus a clan all of 
whose elements are subsets of S, containing the compact subsets of S, and 
éc(®) Cc &. It then suffices to apply Prop. 19 to the locally compact 
space S and the clan ®. 


COROLLARY 3. — Jf uw and v are two measures on X such that 
p(K) = v(K) for every compact subset K of X, then w=v. 

For, it follows from Cor. 2 and the definition of a measure that, for every 
compact subset S of X, w and v take on the same values in .#(X,S;C). 


11. Extension of a measure defined on a family of sets 


Let ® be a nonempty set of subsets of a locally compact space X. Given 
a real-valued function M +> a(M), defined and 20 on ®, we propose to seek 
conditions under which there exists a positive measure 4 on X such that the sets 
of ® are p-integrable and u(M) =a(M) for all M€ ®. We shall limit ourselves 
to considering the case that the set ® satisfies the following conditions: 
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(PCy) The union and intersection of two sets of ® belong to ®. 
(PCi1) For every pair consisting of a compact set K and an open set U in X 
such that K C U, there exists a set ME ® such that KC MCU. 


Note that the condition (PCyz) implies that @ € ®, by taking K=U=2@. 
However, the set © is not necessarily a clan; for example, the set of all compact 
subsets of X satisfies the conditions (PCy) and (PCy), but in general is not a clan, 
because if M and N are compact, the same is not in general true of MN ON. 


We shall assume in addition that the function a defined on ® satisfies the 
following conditions (obviously necessary for the problem to have a solution): 


(PM;) The relation MCN implies a(M) < a(N). 
(PMm) For any M and N in ®, a(MUN) <a(M)+a(N). 
(PMi1) The relation MON=@ implies a/MUN) =a(M) +a(N). 


On taking N = @ in the condition (PMy;1), one deduces that a(@) = 0; 
the condition (PMj) then shows that a(M)>0 forevery ME®. 


THEOREM 5. — Let ® be a set of subsets of a locally compact space X, 
satisfying (PC) and (PCy), and let a be a real-valued function, defined on ®, 
satisfying the conditions (PM;), (PMu) and (PM). In order that there 
exist a positive measure on X such that the sets of ® are p-integrable and 
pu(M) = a(M) for all M € , it is necessary and sufficient that a satisfy in 
addition the following condition: 


(PMiv) For every « > 0 and every M € 4, there exist a compact set 
K CM and an open set U > M such that, for every N € ® satisfying the 
relation KCNCU, one has |a(N) —a(M)| <e. 


Moreover, if the condition (PMrv) ts satisfied, then the measure p is unique; 


a : i * am 
for every compact set K, p(K) Ps a a(M); for every open set U, p*(U) 
sup a(M). 
Me®, MCU 
Note that the condition (PMjv) is equivalent to the conjunction of the fol- 
lowing two: 


(PM) For every € >0 and every M€ ®, there exists an open set UD M 
such that, for every N€@® contained in U, a(N)<a(M)+e. 

(PMii,) For every ¢ > 0 and every M € ®, there exists a compact set 
K CM such that, for every NE ® containing K, a(N) > a(M)—e. 

For, it is obvious that (PMj,,) and (PMj,) imply (PMjv). Conversely, let us 
show for example that (PMyyv) implies (PMi,): let K be a compact set and U 
an open set such that K C MCU and |a(P)~—a(M)| <« for every Pe & 
satisfying KC PCU. Then, if NE ® and NCU, MUN belongs to ® and 
K CMUNCU, whence a(MUN) <a(M)+e and a fortiori a(N) < a(M)+e. 


When the set ©, satisfying (PCy) and (PCy), consists of compact sets, then 
the condition (PM{,,) is trivially verified, and (PMry) is then equivalent to (PMj,,). 


The condition (PMrv) is necessary: this follows at once from Th. 4 of No. 6 
on the ‘approximation’ of an integrable set by a compact set and an open set. To 
prove the other assertions of the theorem, we proceed in several steps. 
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1° Definition of a topology on B(X). 

For every pair (K,U) consisting of a compact set K and an open set U 
in X, we denote by I(K,U) the set of subsets MCX such that KC MCU; 
in order that I(K,U) be nonempty, it is necessary and sufficient that K C U. 
If (K’,U’) isa second pair,.formed by a compact set K’ and an open set U’, we 
have 


I(K, U) N1(K’, U’) = (KUK’,UNU’). 


Let Z be the topology on $8(X) generated by the set of subsets I(K,U) as K 
runs over the set of compact subsets of X, and U over the set of open subsets 
of X; by the foregoing, the I(K,U) form a base for the topology 7 (GT, I, §1, 
No. 3). 

We observe that the definition of 7 implies that, in B(X) , the set of compact 
subsets of X is dense. The condition (PCr) expresses that ® is dense in B(X), 
and condition (PMrv) expresses that the function a@ is continuous on ® for the 
topology induced by 7. Finally, Th. 4 of No. 6 expresses that the function 
M+ pu(M) is continuous on the clan of y-integrable sets, for the topology induced 
by 7. 


2° Uniqueness of wu. 

We denote by © the set of subsets M C X such that a(N) tends toa 
finite limit as N tends to M (for the topology 7 ) while remaining in ®; we may 
then extend a in only one way to a continuous mapping @ of ® into R (GT, 
I, §8, No. 5, Th. 1). If there exists a measure meeting the requirements, the 
above remarks prove that the clan WV of p-integrable sets is contained in ® and 
that »(M) = @(M) for every M € W; this relation holds in particular for every 
compact subset M of X, which proves the uniqueness of 4 (No. 10, Cor. 3 of 
Prop. 19). 


3° Extension of a to the compact sets. 

Without assuming the existence of 2, we are now going to study the set ® 
and the extension @ of a to &. We first show that every compact set K belongs 
to @ andthat a@(K)=_ inf a(P).Set a= inf  a(P); for every «>0, 

Pe®, PDK Pe®, PDK 


there exists an M € © such that K C M and a(M) <a+e. By (PMwy), 
there exists an open set U2M such that, for every N €@® contained in U, we 
have a(N) < a(M) +e <a+2e; for every NE ® such that KCNC U, we 
therefore have a < a(N) < a+2e, which, by the definitions, shows that K € & 
and @(K) =a. 

This result proves at once that if Ki and Keg are two compact sets such 
that Ki C Ke, then @(Ki) < @(K2). If Ki and Ke are any two compact sets, 
we have @(Ki UKz2) < @(Ki) +@(Kz) by (PMm). We shall see, moreover, that 
if Ki and Kg are disjoint then @(Ki U Kz) = @(Ki) + @(K2). For, there then 
exist two disjoint open sets U,U2 such that Ki C U1, Ke C U2 (GT, II, 84, 
Prop. 4). Therefore, by (PCir), there also exist two sets Mi € ®, M2 € ® such 
that Ki C Mi C Ui and Kz C M2 C U2. Now let P be any set of ® containing 
K, UK; the union of the two sets PMMi and PMMg2 belongs to ® by (PC;), 
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and since these two sets are disjoint, application of (PMr) and (PMni) yields 
a(P) > a(PAMi) +.a(PAM2) > @(Ki) + @(Ka), 


which establishes our assertion. 


4° Extension of a to the open sets. 

We shall now see that, for an open set U to belong to ©, it is necessary and 
sufficient that, as K runs over the set of compact subsets of U, the supremum of 
the numbers @(K) is finite; moreover, @(U) is then equal to this supremum. 

For, let U be an open set belonging to ®; for every ¢ > 0 there exists a 
compact set K Cc U such that, for every set M€® satisfying KC MCU, one 
has [@(U)—a(M)| <e, whence [@(U)—@(K)| < €; on the other hand, if K’ is any 
compact set contained in U, then K C KUK’ C U, whence [a(U)—@(KUK’)| < ¢ 
and so @(U) > @(KUK’) —¢ 2 @(K’)—€; @(U) is therefore indeed equal to the 
supremum of the numbers @(K) as K runs over the set of compact subsets of U. 

Conversely, let U be an open set such that b = sup a@(K) < +oo (K run- 

KCU 


ning over the set of compact subsets of U), and let us show that U € ®. For 
every € > 0, there exists a compact set K C U such that b—« < @(K) <b; 
by (PMjy), for every set M€@® such that KC MCU, there exists a compact 
set K’ CM such that 

a(M) < a(K’)+e<bte; 


therefore b—¢ <a(M) <b+¢, which proves that Ue &. 

From this characterization of the open sets U € ©, and of a(U), it follows 
first of all that if U; and U2 are two open sets such that Ui C U2 and U2 € 6, 
then U; € ® and @(Ui) < G@(U2). On the other hand, if Ui and U2 are two 
open sets belonging to ©, then the same is true of U; UU2, and @(U; U U2) < 
a@(U1) + @(U2). For, let K be any compact set contained in U; U U2; for every 
point x € K, there exists a compact neighborhood of x contained in either U1 
or U2; one can therefore cover K by a finite number of these neighborhoods; 
if Ki (resp. Kz) is the union of those that are contained in U; (resp. U2), then 
K Cc Ki U Ka, whence 


a@(K) < a(Ky U Ka) < @(Ki) + a@(K2) < a(Ui) + a@(U2) , 


which establishes the asserted property. 


5° Properties of ® and @. 

The definition of & and @ can now be transformed as follows (taking into 
account (PCjz)): in order that M € ©, it is necessary and sufficient that, for 
every € > 0, there exist a compact set K and an open set U € ® such that 
KCMcCU and @(U) —a(K) < €; @(M) is, moreover, the infimum of the 
@(U) for the open sets U € © containing M, and the supremum of the a(K) 
for the compact sets K C M. 

From this, we shall first deduce that if M:, Mz and M;UMp belong to ©, 


then @(Mi U M2) < @(Mi) + @(M2). Indeed, if U1 and U2 are two open sets 
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of ® containing M; and Ma, respectively, and such that @(U1) < a(Mi) +e 


and @(U2) < @(M2) +e, then Ui U U2 belongs to ©, contains Mi U Mo, and 
consequently 


@(Mi U M2) < a(Ui U U2) < a(U1) + a(U2) < a@(Mi) + a(Ma) + 2e, 


whence our assertion. 

Next, let us show that if K is a compact set and U is an open set of ® 
such that K C U, then a(U — K) = a(U) — @(K). By the foregoing, we have 
a(U) < @(K)+a(U — K). On the other hand, for every compact set K’ CU — K, 


a(K UK’) = a(K) + a(K’) < a(U); 


since U — K is open and belongs to 6, @(U — K) is the supremum of the a@(K’), 
which shows that @(K) +@(U — K) < a(U). 

The definition of & may therefore now be expressed in the following way: 
in order that M € 9, it is necessary and sufficient that, for every ¢ > 0, there 
exist a compact set K and an open set U € ® such that KC MC U and 
a(U — K) <e. 

We are now in a position to prove that ® is a clan and @ an additive set 
function on ©. We first show that if M and N belong to ® then sodo MNCON 
and MUN. By hypothesis, for every <¢ > 0 there exist two compact sets K, K’ 
and two open sets U,U’ of ® such that 


KCMCU, K’CNCU’, a@U—K) <e, a(U'—K’) <e. 


The set K” =KNCU’ is compact, the set U” = UNCK’ is open and belongs 
to ®, and K” CMNC€NC U"; on the other hand, U” — K” is contained in the 
union of UNEK and U’NCK’, whence a(U” ~ K”) < 2e, which proves that 
MnCNeE®. Similarly, U; = UUU'’ is open and belongs to 6, Ki = KUK’ 
is compact, and Ki; CMUNC U;; on the other hand, Ui — Ki is contained in 
the union of U~— K and U’ — k’, whence again @(Ui — K1) < 2e, and MUN 
belongs to ®. Finally, if M and N are disjoint, then 


a@(Ki) = @(K) + a(K’) > a(M) + a(N) — 2e, 


consequently a@(MUN) 2 a(M) + @(N) — 2e; since € is arbitrary, we have 
a@(MUN) = a@(M) + a(N). 


6° Existence of the measure pL. 

By Prop. 18 of No. 9, there exists one and only one positive linear form 6 
on the vector space &() of ®-step functions, such that G(ym) = @(M) for all 
M€é ©. For every compact subset K of X, let us denote by ¥(K) the space of 
uniform limits of functions of @(®) whose support is contained in K. Since 6 
is positive, |G(f)| < @(K) - ||fl| for every function f € &(&) whose support is 
contained in K; the restriction of @ to the space of these functions is a continuous 
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linear form for the topology of uniform convergence; it may therefore be extended 
to a positive continuous linear form Be on Y(K). Moreover, if K and Kj are 
two compact sets such that K C Ki, then the restriction of Bx, to 9(K) is 
identical to Be , therefore there exists a positive linear form # on the union Y of 
the Y(K), that extends each of the forms Bx . 

Now, since every compact set belongs to ©, the space .% of continuous real- 
valued functions with compact support is a subspace of Y (No. 10, Prop. 19); 
the restriction to % of the positive linear form is therefore a positive meas- 
ure pw. Let us show that for every compact set K, w(K) = a(K). For every 
¢ > 0, there exists an open set U€ ©® such that K CU, u(U) <u(K)+e and 
a(U) < a@(K)+e. Let f bea continuous mapping of X into [0,1] whose support 
is contained in U and such that f(x) = 1 on K (Ch. III, §1, No. 2, Lemma 1). 
Then p(K) < u(f) < u(U) < w(K) +¢, and, on the other hand, 


a(K) = B(yK) < Af) < B(gu) = a(U) < a(K) +¢; 


since p(f) = B(f), we see that |u(K) — @(K)| < ¢, and since ¢ is arbitrary, 
H(K) = a(K). = 

The characterization of the open sets belonging to ®, combined with Cor. 4 
of Th. 4 of No. 6, then shows that the open sets belonging to ® are none other 
than the p-integrable open sets, and that, for such aset U, we have u(U) = a(U). 
Th. 4 of No. 6 and the characterization of the sets of ® given in 5° then show that 
the y-integrable sets are the sets of ® and that, for such aset M, p(M) = a@(M). 


Finally, the fact that w*(U) = sup  a(M) for every open set U follows at 
Me®, MCU 


once from (PCy) and Cor. 4 of Th. 4 of No. 6. 
Theorem 5 is thus completely proved. 


COROLLARY. — Let X be a locally compact space with a countable base, YW the 
set of Borel sets of X, B a mapping of V into [0,+00] satisfying the following 
conditions: 

(i) If (Bi, Be,...) is a sequence of pairwise disjoint Borel sets of X, then 
B(Bi UB2U...) = 3(Bi) + B(Ba)+.... 

(ii) If B is a compact subset of X, then B(B) < +oo. 

Then, there exists one and only one positive measure ~ on X_ such that 
B(B) = p*(B) forall BEW. 

Let ® be the set of compact subsets of X and let a be the restriction of G 
to ®. The conditions (PCr), (PCr), (PM), (PM), (PMnr) and (PM{y) are then 
satisfied. Let K be acompact subset of X, and ¢ > 0. Then K is the intersection 
of a decreasing sequence (U1, U2,...) of relatively compact open sets of X (GT, 
IX, §2, No. 5, Prop. 7). We have S> G(Un — Uny1) = B(U1 — K) < +00, 

n=1 


therefore 
lee) 


B(Un) — B(K) = B(Un — K) = > B(Up — Ups) 


p=n 
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tends to 0 as n tends to oo. This proves that the condition (PMjyv) is satisfied. 
By Th. 5, there exists a positive measure 4 on X such that w(K) = a(K) for 
every compact subset K of X. Since every open set U of X is the union of 
an increasing sequence of compact subsets, we have p*(U) = 6(U). Let L bea 
compact subset of X. By Prop. 7 of No. 5, the p-integrable subsets of L form a 
tribe of subsets of L. Therefore, if B is an element of YW contained in L, then 
B is p-integrable; for every ¢ > 0, there then exist a compact set K and an open 
set U in X such that KC BCU and p*(U)—p(K) <e (No. 6, Th. 4). Since 
B(U) = p*(U) and 6(K) = w(K), we see that |u*(B) — G(B)| < 2e. Therefore 
G(B) = p*(B). Finally, every Borel set C of X is the union of a sequence of 
pairwise disjoint, relatively compact Borel sets, whence ((C) = u*(C). The 
uniqueness of ys follows at once from Th. 5. 


85. MEASURABLE FUNCTIONS AND SETS 


1. Definition of measurable functions and sets 


DEFINITION 1. — Let X be a locally compact space, 4 a measure on X. 
A mapping f of X into a topological space F is said to be measurable for 
the measure s (or to be uu-measurable) if, for every compact subset K of X, 
there exist a u-negligible set NC K anda partition of K—N_ formed by a 
sequence (finite or infinite) (Kn) of compact sets, such that the restriction 
of f to each K, ts continuous. 


It is clear that every continuous mapping of X into F is measurable. 


Note that if 4 and v are two measures on X such that every p-negligible set 
is v-negligible, then every u-measurable function is also v-measurable (cf. Ch. V, 
§5, Nos. 5, 6). 


Definition 1 may be transformed into the following criterion: 


PROPOSITION 1. — For a mapping f of X into F to be measurable, 
it is necessary and sufficient that, for every compact set K C X and every 
number € > 0, there exist a compact set K, C K such that |u|(K — Ki) <e 
and the restriction of f to Ky is continuous. 

If this condition is fulfilled, we may define recursively a a sequence of pair- 


wise disjoint compact sets K, C K such that |u|(K — U K;) < 1/n and 
such that the restriction of f to each K, is continuous ‘64, No. 6, Th. 4); 


the complement with respect to K of the union of the K,, is then feglivible 
(§4, No. 5, Cor. of Prop. 7), thus f is measurable. Conversely, suppose 
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there exist a negligible set N C K and a partition (K,) of K —N formed 
of compact sets such that the restriction of f to each K, is continuous; 


for every € > 0 there exists an integer n such that, if H = U K;, then 


|w|(K — H) < © (84, No. 5, Cor. of Prop. 7); the set H is somnacte the K; 
(1 <i <n) form a finite partition of H into compact sets, and the restric- 
tion of f to each K; is continuous; therefore the restriction of f to H is 
continuous. 


PROPOSITION 2. — Let (F,) be a sequence of topological spaces and, for 
each n, let f, be a measurable mapping of X into F,. For every compact 
set KC X and every e >0, there exists a compact set Kg C K such that 
|u\(K — Ko) < € and the restriction to Ko of each of the functions f, is 
continuous. 

For each integer n > 1 there exists a compact set K, C K such that 
\u|(K — K,) < ¢/2” and the restriction of fn, to Ky is continuous. The set 

lee) 


Ko = {) Kn is compact, the restrictions to Ko of all of the functions fp 
n=l 
are continuous and, since K — Ko is contained in the union of the K — K,, , 


|uI(K — Ko) < mele =e. 


DEFINITION 2. — A subset A of X is said to be measurable if its 
characteristic function pa is measurable. 


In view of Def. 1, it comes to the same to say that a measurable set A is 
a set such that, for every compact set K , there exist a negligible set N Cc K 
and a partition (K,) of K — N formed by a sequence of compact sets each 
of which is contained either in KN A orin KNCA. 


This definition yields at once the following criterion: 


PROPOSITION 3. — For a set A to be measurable, it is necessary and 
sufficient that, for every compact set K, AMK_ be integrable. 


The condition is necessary, because the union of a sequence of integrable 
sets A, is integrable when 5° |y|(A,) is finite (§4, No. 5, Cor. of Prop. 8). 


n 
The condition is sufficient because, for every integrable set B, there exist a 
negligible set N CB anda partition of B—N into a sequence of compact 
sets (§4, No. 6, Cor. 2 of Th. 4). 
COROLLARY 1. — The open sets and the closed sets are measurable. 


In particular, the entire space X is measurable. 
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COROLLARY 2. — If X is metrizable, then every Souslin subset A of X 
(GT, IX, §6, No. 2) is u-measurable for every measure on X. 

By virtue of Prop. 3, it suffices to verify that every relatively compact 
Souslin set A is p-integrable. Now, such a set A is capacitable for |y|* 
(GT, IX, §6, No. 9, Th. 5). Therefore, for every ¢ > 0 there exists a compact 
subset K of A such that |y|*(A) < |u|*(K) +e = |u|(K) +e. Let U bea 
relatively compact open set in X containing A such that 


[HI(U) = |u|*(U) < [uI*(A) +. 


Then |u|*(U — K) = |u|(U) — |u|(K) < 2¢, therefore |u|*(A — K) < 2c, 
which proves that A is y-integrable (§4, No. 6, Cor. 1 of Th. 4). 


2. Principle of localization. Locally negligible sets 


PROPOSITION 4 (Principle of localization). — Let f be a mapping of X 
into a topological space F. Suppose that for every x € X, there exist an 
integrable neighborhood V, of x and a measurable mapping g, of X into F 
such that f(y) =gz(y) almost everywhere in Vz. Then f is measurable. 

Let K be a compact set; there exists a finite number of points 2; € K 
such that the V,, form a covering of K. It follows at once (84, No. 9, 
Lemma) that there exist a negligible set N Cc K and a finite partition 
of K—N formed of integrable sets M,; such that each of the sets KN Vz, 
is the union of a subset of N and a certain number of the M;, and such 
that on each of the M;, f is equal to one of the functions gz,. Now, for 
each M; there exist a negligible set N; C M; anda partition of M; — N; 
formed by a sequence of compact sets K,; (n € N); on the other hand, 
for each K,; there exist a negligible set P,; C Kn; and a partition of 
K,j — Pn; formed by a sequence of compact sets Kmnj (m € N) such that 
the restriction of f to each of the Kmnj is continuous. Since the union 
of N, the N; and the P,,; is negligible, f is measurable. 


The concept of measurable function is therefore a concept of local character. 


DEFINITION 3. — A set AC X is said to be locally negligible (for the 
measure pw) if, for every x € X, there exists a neighborhood V of x such 
that VOA is negligible. 


By the principle of localization, every locally negligible set is measurable. 
The properties of negligible sets (§2) show that every subset of a locally 
negligible set is locally negligible, and that every countable union of locally 
negligible sets is locally negligible. 
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PROPOSITION 5. — For a set A to be locally negligible, it is necessary 
and sufficient that, for every compact set K, ANK be negligible. 

The condition is obviously sufficient since every point of X has a com- 
pact neighborhood. It is necessary, because if, for every xz € K, there exists 
a neighborhood V, of x such that ANV, is negligible, then there exists 
a finite number of points x; € K such that the V,, form a covering of kK, 
and AMK is contained in the union of the negligible sets AM Vg, . 


COROLLARY 1. — For a set A to be negligible, it is necessary and 
sufficient that it be locally negligible and of finite outer measure. 

The condition is obviously necessary. Conversely, if it is satisfied then 
A is contained in an integrable open set G, which is the union of a negligible 
set N and a sequence (K,) of compact sets ($4, No. 6, Cor. 2 of Th. 4); 
since AMN and the sets AMK, are negligible, the same is true of their 
union A. 


COROLLARY 2. — Every locally negligible open set is negligible (and is 
therefore contained in the complement of the support of 1). 

For, the outer measure of an open set G is the supremum of the mea- 
sures |y|(K) of the compact sets K Cc G (§4, No. 6, Cor. 4 of Th. 4); if 
G is locally negligible then |u|(K) =0 for every compact set K contained 
in G, therefore |u|*(G) = 0. 


COROLLARY 3. — In a locally compact space X that is countable at 
infinity, every locally negligible set is negligible. 

Since X is the union of a sequence (K,,) of compact sets, every locally 
negligible set A is the union of the negligible sets ANK,, , hence is negligible. 


One can give examples of locally compact spaces that are not countable at 
infinity, and of measures on such a space X such that there exist sets in X that 
are locally negligible but not negligible (§1, Exer. 5). 

COROLLARY 4. — Let f be a mapping of X into a topological space F . 
If the set N of points of discontinuity of f is locally negligible, then f is 
measurable. 

For every compact set K C X, KMN is negligible (Prop. 5), therefore, 
for every € > 0, there exists a compact set Kj C K — (KMN) such that 
\u\(K — Ki) <e (84, No. 6, Th. 4), and by hypothesis the restriction of f 
to K, is continuous, whence the conclusion. 


If P}x} is a property, the property «( P{x{ locally almost everywhere 
(with respect to 4)» is by definition equivalent to the property «the set 
of x such that (x € X and not P{zx}) ts locally negligible (for the meas- 
ure 4)». If F is any set, the relation « f(x) = g(x) locally almost 
everywhere» is an equivalence relation in the set of mappings of X into F. 
In particular, if F is a vector space, a mapping f of X into F such that 
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f(x) =0 locally almost everywhere is said to be locally negligible. We leave 
to the reader the task of establishing for these concepts most of the proper- 
ties corresponding to those that have been enumerated in §2, Nos. 4, 5 and 6 
for functions equal almost everywhere. We shall limit ourselves to observing 
that if two continuous mappings f,g of X into a Hausdorff topological 
space F are equal locally almost everywhere, then they are equal almost 
everywhere by virtue of Cor. 2 of Prop. 5 (hence are equal at every point 
of the support of y (§2, No. 4, Prop. 9)); however, we state explicitly the 
following proposition, which is an immediate consequence of the principle of 
localization: 


PROPOSITION 6. — Let f be a measurable mapping of X into a topo- 
logical space F. Every mapping of X into F, equal to f locally almost 
everywhere, is measurable. 


3. Elementary properties of measurable functions 


THEOREM 1. — Let X be a locally compact space, 4 a measure on X, 
(Fn) @ sequence of topological spaces, F = [[F,, their product. For 


n 
each index n, let fy, be a measurable mapping of X into F,, and let 
f(z) = (fn(x)) € F; then, for every continuous mapping u of f(X) into a 
topological space G, the function r++ u(f(x)) is measurable. 

For every compact subset K of X and every number ¢« > 0, there 
exists a compact set K, C K such that |y|(K — Ki) < € and such that 
the restrictions to K, of all the functions f, are continuous (No. 1, Prop. 2); 
it is clear that wo f is continuous on K, , whence the theorem. 


Remarks. — 1) The theorem does not extend to an arbitrary product of 
topological spaces (Exer. 1). 

2) If f is a continuous mapping of X into itself, and g is a measurable 
mapping of X into F, then gof is not necessarily measurable (Exer. 2). 


COROLLARY 1. — The upper envelope and the lower envelope of a finite 
number of measurable numerical functions (finite or not) are measurable. 
For, sup(u,v) and inf(u,v) are continuous on R x R. 


COROLLARY 2. — For a numerical function f (finite or not) to be 
measurable, it is necessary and sufficient that f* and f~ be measurable. 

The condition is necessary by Cor. 1; it is sufficient because the image A 
of X in Rx R under the mapping z+ (f+(x), f-(x)) does not con- 
tain the points (+00,+00) and (—0oo,—oo), consequently the mapping 
(u,v) ++ u—v is continuous on A. 
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COROLLARY 3. — If f and g are two measurable mappings of X into 
a topological vector space F, then f +g and af are measurable (a any 
scalar). 


The set of measurable mappings of X into a topological vector space F 
is thus a vector space. 


COROLLARY 4. — Let F be a vector space of dimension n over R and 
n 
let (€k)ixk<n be a basis of F. In order that a function f = Y° exf, be 


k=1 
measurable, it is necessary and sufficient that each of the numerical func- 
tions f, be measurable. 


COROLLARY 5. — Let F,G,H_ be three topological vector spaces, and 
let (u,v) > [u-v| be a continuous bilinear mapping of F x G into H. 
If f is a measurable mapping of X into F, and g is a measurable mapping 
of X into G, then |f-g] is a measurable mapping of X into H. 


In particular, if f is a measurable mapping of X into a real (resp. 
complex) normed space F, and g is a measurable mapping of X into R 
(resp. C), then gf is measurable. If F is a normed algebra and f,g are 
two measurable mappings of X into F, then fg is measurable. 


COROLLARY 6. — If f is a measurable mapping of X into a normed 
space F, then the numerical function |f| is measurable. 


4. Limits of measurable functions 


THEOREM 2 (Egoroff). — Let X be a locally compact space, a mea- 
sure on X, A acountable set, § a filter on A having a countable base, and 
(fa)aca @ family of measurable mappings of X into a metrizable space F . 
Assume that limg fa(x) = f(x) exists in the complement of a locally negli- 
gible subset N of X. Under these conditions, 

1° the function f (extended to N in any manner whatsoever) is mea- 
surable; 

2° for every compact subset K of X and every ¢ > 0, there exists 
a compact set K, C K_ such that |u|(K — Ki) < € and such that the 
restrictions of the fa to Ky are continuous and converge uniformly to f 
on Ky. 

The first assertion obviously follows from the second, which we are going 
to prove. There exists acompact set Ko C K such that |u|(K — Ko) < €/2 
and such that the restrictions to Ko of all the functions f, are continuous 
(No. 1, Prop. 2). Let (A,) be a decreasing countable base for the filter ¥; 
let d be a metric on F compatible with the topology. For every pair of 
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integers n>0,r>0, let Bn, be the set of points z € Ko such that, for 
at least one pair of indices a,@ belonging to A,, d(fo(x), fa(x)) > 1/r; 
for fixed a and £, the set of x € Ko such that d(fo(zx), fa(x)) > 1/r 
is closed in Kg, hence is compact; consequently, Bn,, is a countable union 
of compact sets contained in Ko, hence is integrable (§4, No. 5, Props. 6 
and 8). If r is fixed, the intersection of the decreasing sequence of sets 
Bn, (n = 1,2,...) has measure zero, since f,(x) tends to f(x) almost 
everywhere in Ko with respect to the filter ¥; thus tim lu|(Brr) = 0 


(§4, No. 5, Cor. of Prop. 7), consequently there exists an integer n, such 
that |u|(Bn,.-) < ¢/2"*?. Let B be the union (for r = 1,2,...) of the 
sets Bn,r; B is integrable and 


foe) 
[4I(B) < So Hl(Bn,.r) < €/4 

r=1 
(§4, No. 5, Cor. of Prop. 8). Let C be the complement of B in Ko; by 
construction, f,(xz) converges uniformly to f(x) in C with respect to the 
filter §, and since the restrictions of the f, to C are continuous, so is the 
restriction of f to C. It then suffices to take a compact set K; C C such 
that |u|(C — Ki) < ¢/4 in order to satisfy the conditions of the statement, 
since |j|(K — Ky) = |u|(K — Ko) + |ul(B) + |ul(C — Ki) <e. 


The conclusions of Th. 2 do not necessarily hold if F is not metrizable 
(Exer. 1). If F is metrizable, and the set A is not countable but the filter ¥ 
has a countable base, then the first conclusion of Th. 2 is again valid; for, if (An) 
is a countable base for § and an is an element of A,, then f is the limit of 
the sequence (fa,,) locally almost everywhere, hence is measurable; however, the 
second conclusion of Th. 2 is no longer necessarily valid (cf. Exer. 4). 


COROLLARY 1. — Let (fn) be a sequence of numerical functions 
(finite or not). If the f, are measurable, then the functions sup f,, inf fr, 
n n 


limsup f, and lim: inf fn are measurable. 
n—-CoO 


For, the pes: real line R, being homeomorphic to a compact in- 
terval of R, is metrizable. The function sup f, is the pointwise limit of 


n 
the increasing sequence of functions g, = sup(fi, fo,..-, fn), which are 


measurable (No. 3, Cor. 1 of Th. 1); similarly, lim cup fn is the pointwise 
n—- 


limit of the decreasing sequence of functions hy, = a fn+p, each of which 


p20 
is measurable by the foregoing. Finally, since inf f, = —sup(—f,) and 
n n 
lim inf f, = —limsup(—f,), these functions are measurable. 
n—- 00 n—-0o 


COROLLARY 2. — The measurable sets in X form a tribe (GT, IX, §6, 
No. 3). 
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For, if M and N are measurable then the functions 


~mMuN = 9m +9n—-Y~mMyYN and YPyagn = ¥M — YMYPN 


are measurable by No. 3, Cors. 3 and 5 of Th. 1. If (M,) is a sequence of 
measurable sets and M is their union, then ym = sup, is measurable 
n 


by Cor. 1 of Th. 2, whence the corollary. 
In particular, since the open sets are measurable: 


COROLLARY 3. — The Borel sets in X (GT, IX, 86, No. 3, Def. 4) are 
pi-measurable for every measure 4 on X. 


5. Criteria for measurability 


When F is a topological vector space, every step function over the 
measurable sets (§4, No. 9, Def. 4), with values in F’, is obviously measurable 
(No. 3, Cor. 3 of Th. 1); such a function f takes on only a finite number 


-1 
of values, and for every y € F, f(y) is measurable. More generally, let F 
be any topological space, f a mapping of X into F taking on ony a finite 


number of distinct values a; (1 < i < m); if the sets A; = ay (a;) are 
measurable, then the function f is measurable. For, for every compact 
set K and for each of the sets A;NK, there exist a negligible set N; Cc A;NK 
and a partition of A; 7KNCN; formed by a sequence (Kin) of compact 
sets; since K is the union of the sets A;MK and the restriction of f to each 
of the K;, is constant, therefore continuous, f is measurable. By an abuse 
of language we shall say that a mapping f of X into F is a measurable step 
function it it takes on only a finite number of values and if, for every y € F, 


a 
f(y) is measurable. 


THEOREM 3.— Fora mapping f of X into a metrizable space F to be 
measurable, it is necessary and sufficient that, for every compact set K C X, 
there exist a sequence (gn) of measurable step functions, with values in F , 
such that g,(x) tends to f(x) for almost every x EK. 

The condition is sufficient by Egoroff’s theorem and the principle of 
localization. Let us show that it is necessary: by hypothesis, there exist a 
negligible set N CK anda partition (K,,) of K—N formed of compact 
sets such that the restriction of f to each K,, is continuous. To define the 
sequence (g,), it suffices to proceed in the following manner: let d be a 
metric compatible with the topology of F; for each K; with index i <n, 
there exists a finite partition of K; into integrable sets Ajj (1 <j < qi) 
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sufficiently small that the oscillation of f on each of the Aj; is < 1/n (84, 
No. 9, Lemma); take g, to be constant on each Aj; , equal to one of the 
values of f in this set (for 1 < i<¢ n,1< j <q), and equal to a fixed 
element a € F' for every point of X that does not belong to any of the Aj; . 
It is clear that the sequence (g,(x)) converges to f(z) at every point of K 
not belonging to N. 


COROLLARY 1. — Let f be a measurable mapping of X into a Ba- 
nach space F'; for every compact set K C X, there exists a sequence (gn) 
of measurable step functions, with supports contained in K, such that 
ISn(x)| < |f(x)| for all x € X and such that gy(x) tends to f(x) for 
almost every xEK. 

With notations as in the proof of Th. 3, and denoting by a;; one of 
the values of f in Aj;, it suffices to take, as the value of g, in A,;, the 
point 0 if |ajj|<1/n and the point ajj;(1—1/(nla;;|)) otherwise; finally, 
set gn(z) = 0 on the complement of the union of the Aj; (1 <i <n, 
1l<j<ui). 


COROLLARY 2. — Let X be a locally compact space that is countable 
at infinity. If f is a measurable mapping of X into a metrizable space F , 
then there exists a sequence (gn) of measurable step functions, with values 
in F, such that gn(x) tends to f(x) for almost every rE X. 

If X is the union of an increasing sequence (A,,) of compact sets, the 
sets A, — An_-1 that are nonempty form a partition of X into integrable 
sets; consequently, there exist a negligible set N C X anda partition of CN 
formed by a sequence (K,,) of compact sets such that the restriction of f to 
each K,, is continuous; the proof can then be concluded as in Th. 3 without 
modification. 


PROPOSITION 7. — Let f be a measurable mapping of X into a topo- 
logical space F ; the inverse image under f of every closed (resp. open) set 
in F is measurable. 


-1 

It suffices to carry out the proof for the inverse image f(A) of a closed 

set A in F. Let K be a compact subset of X; there exist a negligible 
set N C K and a partition (K,) of K—N formed of compact sets 
such that the restriction of f to each Ky, is continuous. The intersection 


= 
K, f (A) is thus the inverse image of the closed set A under the restriction 
of f to K,; it is therefore a closed set in K,,, hence is compact. The set 


=f al 
KN f(A) is therefore the union of the negligible set NM f(A) and the 
mF -1 
compact sets K,M f(A), which proves that f(A) is measurable. 
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THEOREM 4. — Let F be a metrizable space and let d be a metric 
on F compatible with the topology. For a mapping f of X into F to be 
measurable, it is necessary and sufficient that it satisfy the following two 
conditions: 

a) the inverse image under f of every closed ball of F is measurable; 

b) for every compact set K C X, there exists a countable subset H of F 
such that f(x) €H for almost every «EK. 

The condition a) is necessary by Prop. 7; on the other hand, in the 
notations of Th. 3, condition b) is satisfied by taking H to be the countable 
set formed by the values of all of the functions g, . 

Let us now show that the conditions a) and b) are sufficient. Let K be 
any compact subset of X; there exists a negligible subset N of K such that 
f(K —N) is contained in the closure of a countable set of points of F , which 
we arrange in asequence (a,). Let An,» be the set of z € K — N such that 
d( f (x), an) < 1/p. It follows from condition a) that An,» is measurable. 
For fixed p, define a sequence of sets By» C K —N recursively by setting 


Bip = cee and Bras _ Agaay a c( U Ano); 


k<n 


the sets B,, are measurable, and those that are nonempty form a par- 
tition of K—N. Let gm» be the function equal to a; on the set B;p 
for 1 <%< m and equal to a constant b € F on the complement of 
the union of these sets; gm,» is a measurable step function; as m tends to 
infinity, 9m,» converges pointwise to the function f, equal to a, on By» 
(n > 1) and to 6 on NUCK, therefore (Th. 2) f, is measurable. As p 
tends to infinity, f,(z) tends to f(x) for every x € K—N, and to b for 
« € NUCK;; the limit of the f, is therefore measurable, and the principle 
of localization proves that f itself is measurable. 


Remarks. — 1) Condition a) alone is not sufficient for f to be measurable 
(Exer. 7). 

2) If the topology of F has a countable base then condition b) of Th. 4 is 
automatically satisfied for every mapping of X into F. The proof shows, moreover, 
that it suffices to assume that the inverse images under f of the closed balls 
with rational radii, whose centers belong to a dense countable subset of F, are 
measurable sets. 

3) The hypothesis a) can be replaced by the condition that the inverse image 
under f of every open ball of F is measurable. 


The case of numerical functions (finite or not) deserves special mention: 


PROPOSITION 8. — Let D be a countable dense subset of R. In order 
that a numerical function f (finite or not) be measurable, it is sufficient (and 
necessary) that for every a € D, the set of x€X such that f(x) >a be 
measurable. 
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For, if this is so, for every b € R the set of x such that f(x) > 6 
is measurable, being the intersection of the sets (which form a countable 
family) of the x such that f(z) >a, as a runs over the set of points of D 
that are < b. The set of z such that f(x) < b is measurable, being the 
complement of a measurable set. Next, if b is finite then the set of x such 
that f(x) <b is measurable, being the intersection of the sets of the z such 


1 
that f(x) <b+1/n; and f(-—oo) is measurable, being the intersection 
of the sets of the z such that f(z) <n, as n runs over Z. Finally, the 
inverse image under f of every closed interval of R is measurable, being 
the intersection of two measurable sets, and Th. 4 may be applied. _ 


One could show similarly that it suffices that for every a € D, the set of x 
such that f(x) >a be measurable. 


COROLLARY. — Every lower (resp. upper) semi-continuous function is 
measurable. 

For, if f is lower semi-continuous, then the set of x € X such that 
f(x) <a is closed for every aE R. 


When F is metrizable and compact, Prop. 7 makes it possible to sharpen 
Th. 3 as follows: 


PROPOSITION 9. — If F is a metrizable compact space, then every 
measurable mapping f of X into F is the uniform limit (on all of X) of a 
sequence of measurable step functions. 

Let d bea metric compatible with the topology of F. For every positive 
integer n there exists a finite number of points a, € F such that the 
closed balls By, with center a, and radius 1/n form a covering of F; the 


sets Ay = f (Br) are therefore measurable (Prop. 7) and form a covering 
of X. Consequently (§4, No. 9, Lemma) there exists a partition (C,;) of X 
into a finite number of measurable sets such that each A, is the union of 
certain of the C;. Let c; be a point of C; and let g, be the measurable 
step function equal to f(c;) on C, (for each index i). It is clear that 
d(f(z),9n(x)) <2/n for all cE X. 


PROPOSITION 10. — Let F be a separable Banach space, F’ its dual, 
and (a/,) a weakly dense sequence in the unit ball of F’ (TVS, III, §8, No. 4, 
Cor. 2 of Prop. 6).1 For a mapping f of X into F to be measurable, it is 
necessary and sufficient that for every n the scalar function x ++ (f(x), a),) 
be measurable. 

The condition being obviously necessary (No. 3, Th. 1), let us prove 
that it is sufficient; it suffices to verify condition a) of Th. 4 and, to this end, 


1See the footnote at the end of §2, No. 4. 
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it will suffice by the principle of localization to prove that, for every compact 
subset K of X and every closed ball B CF, with center a and radius r, 


1 
the set A =KNM f(B) is measurable; now, for every z€ F, 


|z| = sup |(z, a,,)|/la),|; 
A is thus the intersection of K and the sets defined by 
(f(z), an) — (a,an)| <r lanl; 


as these sets are measurable by hypothesis, A is measurable. 


COROLLARY 1. — Let F be a Banach space. In order that a mapping f 
of X into F be measurable, it is necessary and sufficient that it satisfy the 
following two conditions: 

a) for every a’ € F’, the scalar function x +> (f(x),a’) is measurable; 

b) for every compact set K C X, there exists a countable subset H 
of F such that f(r) €H for almost every x €K. 

The necessity of the conditions follows from No. 3, Th. 1, and Th. 4. 
To prove that the conditions are sufficient, it again suffices to verify condi- 
tion a) of Th. 4. With notations as in the proof of Prop. 10, we may (on 
account of b)) suppose, after modifying f if necessary on a negligible set, 
that f(K) C H, where H is a countable subset of F. If V is the closed 
linear subspace of F generated by the set HU {a}, then V is a separable 
Banach space and every continuous linear form on V is the restriction of a 


-1 
form a’ € F’; the same reasoning as in Prop. 10 then shows that KN f (B) 
is measurable. 


COROLLARY 2. — Let F be a locally conver space that is metrizable 
and separable, and let F’ be its dual. For a mapping f of X into F to be 
measurable, it is necessary and sufficient that for every a’ € F’, the scalar 
function x (f(x),a’) be measurable. 

We may regard F as a subspace of a countable product [[E, of Ba- 


n 
nach spaces (TVS, II, §4, No. 3), and we can suppose that pr,,(F) is dense 
in E, , which is therefore separable. For every n, the mapping pr, of is 
then measurable by Prop. 10, therefore f is measurable by No. 3, Th. 1. 


PROPOSITION 11. — Let F be a locally convex space that is the direct 
limit of a sequence of separable metrizable locally convex spaces F,,, F being 
the union of the F,,. Let F’ be the dual of F , equipped with the weak topology 
o(F’,F). For a mapping f of X into F’ to be measurable, it is necessary 
and sufficient that, for every a € F, the scalar function x +> (a,f(z)) be 
measurable. 
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The condition is necessary by No. 3, Th. 1; let us prove that it is suf 
ficient. Suppose first that F is metrizable and separable, and let D be a 
countable dense set in F. Let (V,) be a decreasing fundamental sequence 


of balanced convex open neighborhoods of 0 in F; the polar sets V? are 
a 

equicontinuous and their union is all of F’. Let X, = f(V°); the se- 

quence (X,,) is increasing and X = |)X,; let us show that each Xy is 


p-measurable. Indeed, DNV, is denne in V,; for every y€ DNV, 
let Sy be the set of x € X such that |(y,f(z))| < 1; the hypothesis im- 
plies that each of the Sy is measurable, and X,, is the intersection of the 
countable family of Sy for y € DN V,. This being so, for every com- 
pact subset K of X and every ¢ > 0, there exists an integer n such that 
|u|(K — (KN X,)) < €/4, and then a compact subset Ki of KNX, such 
that |y|((KN Xn) — Ki) < ¢/4; finally, there exists a compact subset K2 
of K, such that |w|(Ki — Kg) < ¢/2 and such that the restrictions to K2 
of all of the functions (y,f), where y € D, are continuous (No. 1, Prop. 2). 
Since the set f(K2) C f(X,) C VP. is equicontinuous, the topology induced 
by o(F’,F) on f(Ke) is identical to the topology of pointwise convergence 
in D (GT, X, §2, No. 4, Th. 1); the restriction of f to Kg is therefore 
continuous, whence our assertion in this first case. 

Let us pass to the general case. If z’ is a continuous linear form on F, its 
restriction z/, to F,, is continuous; since F = UF, the dual F’ of F may 


be identified (algebraically) with a linear subspace of the product [[FY,, 
n 


and then pr,,(z’) = z/,. Moreover, since each finite subset of F is contained 
in one of the F,,, the topology o(F’,F) is none other than the topology 
induced by the product topology of the topologies o(F,,F,). This being 
so, if (a,f) is measurable for every a € F, then so is (an,pr, of) for 
every n and every a, € F,,, since (ap, pr, of) = (an, f); the first part of 
the proof then shows that pr,,of is measurable for every n, therefore so 
is f (No. 3, Th. 1). 


6. Criteria for integrability 


THEOREM 5. — In order that a mapping f of X into a Banach space F 
be p-th power integrable (1 < p < +00), it is necessary and sufficient that f 
be measurable and that N,(f) be finite. 

The condition is necessary: for, if f € YP then there exists a sequence 
(gn) of continuous functions with compact support that converges almost 
everywhere to f (§3, No. 4, Cor. 2 of Th. 3); by Th. 2 of No. 4, f is 
measurable. 
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To prove that the conditions are sufficient, we first establish a lemma: 


Lemma 1. — Let g be a function with values in F, such that 
N,(g) < +00 (in other words, a function in Ff). The set A of points 
x€X such that g(x) #0 is contained in the union of a negligible set and 
a sequence of compact sets. 

Let A, be the set of points z € X such that |g(z)| > 1/n; A is 
the union of the A,, and ya, < n|g|, whence |u|*(An) < (nN,(g))”; it 
follows that A, is contained in the union of a negligible set and a sequence 
of compact sets (§4, No. 6, Cor. 3 of Th. 4), therefore so is A. 

The lemma proved, consider first the case that f has compact sup- 
port K. By Cor. 1 of Th. 3 of No. 5, there exists a sequence (g,) of 
measurable step functions such that |g,(x)| < |f(xz)| at every point x € X 
and such that g,(x) tends to f(x) almost everywhere. Now, g, isa linear 
combination of characteristic functions of measurable sets contained in K; 
since these sets are integrable by Prop. 3 of No. 1, g, belongs to 4. Since 
N,(f) < +00, Lebesgue’s theorem (§3, No. 7, Th. 6) shows that f belongs 
to: Die 

In the general case, it follows from Lemma 1 that there exists an in- 
creasing sequence (K,,) of compact sets such that f(z) is zero almost 
everywhere in the complement of the union of the K,. Let f, be the 
function equal to f(z) on K, and to 0 elsewhere; f, is measurable by 
No. 3, Cor. 5 of Th. 1; since |f,| < |f|, £, belongs to Yf by the first 
part of the argument. Since f(x) is equal almost everywhere to the limit of 
the sequence f,,(x) , Lebesgue’s theorem again proves that f € Y, which 
completes the proof. 


One should take care to note that a function that is locally negligible but not 
negligible is not integrable; thus, a function equal locally almost everywhere to an 
integrable function is not necessarily integrable. 

COROLLARY 1. — For a set to be integrable, it is necessary and sufficient 
that it be measurable and have finite outer measure. 


COROLLARY 2. — Let (F,) be a sequence of topological spaces; 
for every index n, let fn be a measurable mapping of X into F, and 
let f(x) = (fr(z)) € F = [[ Fn; finally, let u be a continuous mapping 

n 


of f(X) into a Banach space G. For the function g(x) = u(f(zx)) to be 
integrable, it is necessary and sufficient that N(g) < +00. 
For, g is measurable (No. 3, Th. 1). 


COROLLARY 3. — For every integrable function f and every measurable 
set A, the function fya is integrable. 

For, it follows from Th. 5 and No. 3, Cor. 5 of Th. 1 that fy, is 
measurable, and N(fya) < N,(f). 
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We write [,fdu = [fpadu (or f, fu) for every integrable func- 
tion f and every measurable set A. We also write f[ i fdlu| (or f i: f ul) 


in place of f i fyad|u| for every numerical function (finite or not) f >0 
(on setting f(x)pya(x) =0 if f(z) =+00 and ya(z) =0). 


COROLLARY 4. — For every sequence (fn) of measurable func- 
tions >0 on X, 


(1) fl sb i] aul = [tod 


In view of §1, No. 3, Th. 3, we are reduced to proving that for any two 
measurable functions f >0,g 20 on X, 


(2) [rtoaui= [raui+ Pod. 


This is nothing more than the additivity of the integral when f and g are 
integrable. In the contrary case, if for example f is not integrable, then 
f* fdlu| =+00 by Th. 5; a fortiori, [*(f +9) d|u| = +00. 


COROLLARY 5. — For every sequence (An) of pairwise disjoint mea- 


surable sets, 
lu|* (U as] = >> lul*(An)- 
n n 


This follows from Cor. 4 applied to the ya, . 


7. Measure induced on a locally compact subspace 


Let X be a locally compact space, a measure on X, and Y a locally 
compact subspace of X. Since Y is the intersection of an open set and a 
closed set in X (GT, I, §9, No. 7, Prop. 12), it is u-measurable (No. 1, Cor. 
of Prop. 3). For every function g € #(Y;C) let g’ be the function, defined 
on all of X, equal to g on Y and to 0 on X — Y; let us show that g’ is 
p-integrable. We can restrict ourselves to the case that g is real and > 0 
(on writing g as a linear combination of such functions); since g’ is bounded 
and has compact support, it suffices to show that g’ is jz-measurable (No. 6, 
Th. 5); but this follows from the fact that g’ is upper semi-continuous on X 
(No. 5, Cor. of Prop. 8). We may therefore make the following definition: 
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DEFINITION 4. — Given a locally compact subspace Y of a locally com- 
pact space X, we call measure induced on Y by a measure fp on X, and 
denote by pry or ulY, the measure defined by the formula 


(1) [seu = [oe 


for every function g € #(Y;C), where g’ denotes the function equal to g 
on Y andto 0 on X—Y. 


Example. — Let » be Lebesgue measure on R, I any interval in R; I isa 
locally compact subspace of R_, and the measure induced by p on I is the linear 


form 
b 
gr / g(x) dx 
a 


on #(I;C), where a and 6 are the endpoints (finite or not) of I (cf. § 4, No. 4, 
Example), in other words, what we have called Lebesgue measure on I. 


When Y is an open subspace of X, Def. 4 coincides with the definition 
of the measure induced by yz on Y (or the restriction of «4 to Y) given in 
Ch. IT, §2, No. 1: indeed, for every function g € #(Y;C) the function g’ 
is then continuous on X. 

We shall study integration with respect to an induced measure in detail 
in Ch. V, §7, and until then we shall need only the following results: 


Lemma 2.— Let pw be a positive measure on X, and let K be a compact 
subset of X. 

(i) For every compact (resp. open) subset H of K, ux(H) = p(H). 

(ii) For a subset N of K to be px-negligible, it is necessary and sufficient 
that it be u-negligible. 

(iii) If S is the support of ux, then Supp(us) =S. 

(i) We can restrict ourselves to the case that H is compact. Denote by f 
the characteristic function of H in the space K; f is upper semi-continuous, 
hence is the lower envelope of a decreasing directed family (g.) of functions 
in #,(K); we have jx(H) = inf f go du (§4, No. 4, Cor. 2 of Prop. 5). If 
g,, is the function equal to g, on K and to 0 on X — K, then g/, is upper 
semi-continuous, and the lower envelope of the decreasing directed family 
(gy) is the characteristic function yy of H in the space X; therefore 


p(H) = inf ‘| Jo dp = inf if Ja dpi = pK (H) 


by (1). 
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(ii) If N is y-negligible then, for every € > 0, there exists a relatively 
compact open neighborhood U of N in X such that pu(U) < «; since 
K — (UNK) is compact, it follows from (i) that px(UNK) < u(U) <e, 
thus N is ux-negligible. Conversely, if N is ux-negligible then there exists 
an open neighborhood V of N in X such that ux(V NK) < «; by (i), we 
have u(VNK) = ux(VNK), therefore u(N) =0 since « is arbitrary. 

(iii) For every open set U in K that intersects S, by hypothesis 
ux(UNS) # 0, therefore u(UNS) #0 by (i), and since UNS is open 
in S, us(UNS) £0 by (i); since every nonempty open set in S is of the 
form UNS, where U is open in K, this proves that Supp(us) =S. 


Lemma 3.— Let Y be a locally compact subspace of X; for every meas- 
ure w on X, |wy|=|uly. 

Let f bea function in #4(Y) and ¢ any number > 0; by definition, 
there exists a function g € #(Y;C) such that |g| < f and |uy|(f) < 
luy(g)|+¢€. Denoting by f’ and g’ the functions obtained by extending f 
and g, respectively, to be 0 on X — Y, we have py(g) = u(g’) and, since 
Ig <f', 

le(9’)1 < |el(lg'l) < elf) = lely (A), 


whence |wy|(f) < |uly(f) +e and, since ¢ is arbitrary, 


IuyI(f) < uly (f). 


On the other hand, let K be the support of f and let U be a compact 
neighborhood of K in X such that |u|(U — K) < «; by Urysohn’s theorem, 
there exists a function f; € #4(X), extending f, with support contained 
in U and such that ||fi|| = ||f||. There exists a function h; € #(X;C) 
such that |hi| < fi and |ul(f1) < |u(hi)|+e. If A is the restriction of hy 
to Y, then h € #(Y;C), |h| < f and u(hi) — wy(h) = w(hiyu-x), 
therefore 
|u(hr) — wy (A)| < Ill -lH\(U — K) < elf; 


moreover, we have similarly 


Wl(fu) — ely (f) = lel(fivu-«) and |lul(fi:) - luly(f)| <e lf). 


From this we infer that 


ely (f) < ley (h)| + e(1 + QIN FI) < levi (f) + (1 + 2i/ fl) 


and since ¢ is arbitrary, |uly(f) < |uy|(f), which completes the proof. 
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8. p-dense families of compact sets 


PROPOSITION 12. — Let pp be a measure on a locally compact space X , 
A ayp-measurable subset of X, and R a set of compact subsets of A satis- 
fying the following conditions: 

(PL;) Every closed (hence compact) subset of a set of R belongs to R. 

(PLiz) Every finite union of sets of R belongs to K. 

The following four properties are then equivalent: 

a) For a subset B of A to be locally p-negligible, it is necessary and 
sufficient that |u|*(BNK)=0 forall KER. 

b) For every compact subset Ko of A and every €¢ > 0, there exists a 
set K ER, contained in Ko and such that |u|(Ko — K) <e. 

c) For every compact subset B of A, there exists a partition of B 
formed by a u-negligible set N anda sequence (H,) of compact sets belong- 
ing to RK. 

d) For every compact subset B of A, there exists an increasing sequence 
(K,) of compact sets belonging to R, contained in B and such that the set 
N=B— UK, is p-negligible. 


n 

It is immediate (No. 2, Prop. 5) that d) implies a); c) implies d) on 
taking K,, to be the union of the H, for p< n and citing (PLi). To prove 
that b) implies c), one defines recursively a sequence (H,) of sets of & such 
that Hn41 CB— LU Hp and |u\(B— LU H,) <1/n (84, No. 6, Th. 4). 

pen pgn 

It remains to prove that a) implies b). Let us argue by contradiction, and 
suppose that the supremum a of the numbers |y|(K), where K runs over 
the set of subsets of Ko belonging to R, is < |u|(Ko). By (PLiz), there 
exists an increasing sequence (L,) of compact subsets of Ko, belonging 
to & and such that sup |i\(Ln ae. Set B= Uln: B is integrable and 


\|(B) = a, therefore \ul(Ko — B) = |u|(Ko) —a@ > 0. On the other hand, 
we shall see that for every set K € A, |u|(KM (Ko — B)) = 0, which, by 
virtue of a), will imply a contradiction. Indeed, if there existed aset K € & 
such that |u|(K M (Ko — B)) > 0, then there would exist a compact sub- 
set H of KM(Ko — B) such that |y|(H) > 0. By (PL), we would have 
He 8, and, for n sufficiently large, 


|H|(ln UH) = |u|(Ln) + [u|(H) > a. 


But L, UH belongs to & by (PLy), and this contradicts the definition 
of a. 


DEFINITION 6. — Let A be a z-measurable subset of X. A set R of 


compact subsets of A is said to be p-dense in A if it satisfies the conditions 
(PLr), (PLi), a), b), c), d) of Prop. 12. 


No. 9 MEASURABLE FUNCTIONS AND SETS INT IV.77 


The set of all compact subsets of A is y-dense in A. 

When A = X, we shall say simply ‘p-dense set’ in place of 
‘set p-dense in X’. If X—A is locally p-negligible, then every set of 
compact subsets of A that is y-dense in A is also y-dense in X. 


Remark. — Suppose that A is the union of a sequence (Ln) of compact sets 
and a p-negligible (resp. locally u-negligible) set, and let R be a set of compact 
subsets that is u-dense in A. Applying to each Ly the property c) of the statement 
of Prop. 12, we see that A is the union a sequence of compact sets belonging to & 
and a p-negligible (resp. locally u-negligible) set. 


If K is a compact subset of X, it comes to the same to say that a set 
of compact subsets of K is u-dense in K or that it is ux-dense in K; this 
follows from Lemmas 2 and 3 of No. 7 and condition 6) of Prop. 12. 


PROPOSITION 13. — Let A be a p-measurable subset of X, R a set of 
compact subsets that is u-dense in A. Let § be a set of compact subsets 
of A satisfying (PL1) and (PLy) and such that, for every K € R, the set 
of HE % such that HC K is px-dense (or, what amounts to the same, 
pi-dense) in K. Then § is u-dense in A. 

For, let L be a compact subset of A. For every ¢€ > 0 there exists a 
K € & such that K CL and |u|(L—K) < ¢/2, and then an HE H 
such that HC K and |y|(K — H) < €/2; it follows that |u|(L — H) <e, 
whence the proposition. 


9. Locally countable partitions 


DEFINITION 7. — A set & of subsets of a topological space T is said to 
be locally countable if, for every t € T, there exists a neighborhood V of t 
such that the set of A € 2% that intersect V is countable. 


If the set & of subsets of T is locally countable then, for every compact 
subset K of T, the set of A € & that intersect K is countable, since K 
can be covered by a finite number of open neighborhoods of points of K, 
each of which intersects only a countable set of subsets belonging to 2. 

Def. 7 shows that the union of a locally countable set of u-measurable 
(resp. locally u-negligible) subsets of a locally compact space is pz-measurable 
(resp. locally p-negligible) (No. 1, Prop. 3 and No. 2, Prop. 5). 


PROPOSITION 14. — Let X be a locally compact space, ~ a measure 
on X, A ap-measurable subset of X, and R a set of compact subsets of A 
that is u-dense in A. There exists a locally countable set  C R, formed of 
pairwise disjoint sets, such that A— ( K is locally p-negligible and such 


Keds 
that, for every K € 9, the support of ux is all of K. 
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Consider sets £C & formed of pairwise disjoint sets such that, for 
every Le £, Supp(u_) = L. The sets £ form a subset # of B(R) that 
is nonempty (because it contains the element @) and which we shall order 
by the relation of inclusion in 8(). It is immediate that # is inductive; 
let § be a maximal element of #% (S, R, §6, No. 10). Let us first show 
that § is locally countable. Indeed, for every x € X, let V bea relatively 
compact open neighborhood of z; if (Ki)i<icn isa finite family of distinct 
sets of § that intersect V, then 


‘Ce 


Yale. ¥) = lal(V (YK) 


1 


i 


a 


because the K; are pairwise disjoint, whence > [u\(K; NV) < |p|(V). It 
follows that if Hy is the set of KE that te tel soak V, then 


S> |ul(KNV) < +00, 
KEe5v 


and since |u|(KMV) > 0 for every K € Hv, Hv is necessarily countable. 
Next, let us prove that N= A— Ul K is locally p-negligible. We saw 


Ke 

above that N is u-measurable. If N cee not locally negligible, it would 
contain a non-negligible compact set Lo, hence (No. 8, Prop. 12) a non- 
negligible compact set LC Lo belonging to R. Since |uzp|(L) = |u|(L) > 0 
(No. 7, Lemmas 2 and 3), the measure jy, induced on L by yp is nonzero; 
its support S is therefore a nonempty compact set belonging to R by (PLy), 
and Supp(ys) =S (No. 7, Lemma 2, (iii)). It follows that the set U {S} 
belongs to # , which contradicts the definition of 9; the set N is therefore 
locally negligible, which completes the proof. 


10. Measurable functions defined on a measurable subset 


PROPOSITION 15. — Let X be a locally compact space, a measure 
on X, A a pu-measurable subset of X, and f a mapping of A into a 
topological space F. The following conditions are equivalent: 

a) The set § of compact subsets K of A such that the restriction of f 
to K is continuous, is -dense in A. 

b) There exists a set R of compact subsets of A, u-dense in A, such 
that the restriction of f to every KER is ux-measurable. 

c) There exist a homeomorphism j of F onto a subspace of a topological 
space G and ap-measurable mapping g of X into G, such that g|A = jof. 
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d) Every extension of f to a mapping of X into F, constant on X — A, 
is -measurable. 

It is clear that a) implies b) and that d) implies c). The fact that c) 
implies a) follows from condition c) of Prop. 12 of No. 8. On the other hand, 
b) implies a): for, Def. 1 shows that, for each K € &, the set of subsets 
H € § contained in K is ux-dense in K (No. 8, Prop. 12, c)), and Prop. 13 
of No. 8 shows that % is yu-dense in A. It remains to see that a) implies d). 
Let g be an extension of f to X, constant on X — A. For every compact 
subset L of X, LNA and LN (X—A) are p-integrable; therefore, for 
every € > 0, there exist a compact subset P C LNA and acompact subset 
QcLn(X — A) such that 


(LNA) —P) <e/4 and |ul((LN(X—A)) - Q) <e/4. 


On the other hand, there exists a set H € § contained in P such that 
lu|(P — H) < e/2; the restriction of g to the compact set K = HUQ 
is then continuous (g being constant on Q) and |u|(L — K) < €, which 
completes the proof. 


DEFINITION 8. — Let X be a locally compact space, 4 a measure on X, 
and A au-measurable subset of X. A mapping f of A into a topological 
space F is said to be u-measurable if it satisfies the equivalent conditions of 
Prop. 15. 


If A is locally p-negligible, then every mapping of A into F is therefore 
p-measurable. 


COROLLARY 1. — Let X be a locally compact space, a measure on X, 
A ap-measurable subset of X, and f a p-measurable mapping of A into a 
topological space F. Let R be a set of compact subsets of X, u-dense in X. 
Then, there exists a partition of A formed by a locally negligible set N and 
a locally countable family (Ky),et of sets Ky, € R, such that f|Ky is 
continuous for every XE L. 

In view of No. 9, Prop. 14, it suffices to show that the set  C R of 
subsets K € & such that K CA and f|K is continuous, is -dense in A. 
Now, it follows at once from Prop. 1 of No. 1 and condition d) of Prop. 15 
that, for every compact subset Ko of A and every ¢ > 0, there exists a 
subset K C Kg belonging to & such that |u|(Ko — K) <e and f |K is 
continuous; the conclusion therefore follows from Prop. 12 of No. 8. 


COROLLARY 2. — Let K be a compact subspace of X; in order that a 
mapping f of K into a topological space F be p-measurable, it is necessary 
and sufficient that it be ux-measurable. 
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In view of Lemma 2 of No. 7, this follows at once from Prop. 1 of No. 1 
and condition a) of Prop. 15. 


PROPOSITION 16. — Let & be a locally countable set of 4-measurable 


subsets of X and let B= (LU A. Fora mapping f of B into a topological 
Aer 
space F to be p-measurable, it is necessary and sufficient that the restriction 


of f to every AEA be p-measurable. 

We have already observed (No. 9) that B is -measurable. The condi- 
tion being obviously necessary, let us prove that it is sufficient. Thus, let K 
be a compact subset of B. By hypothesis, there exists a sequence (A,) 
of sets belonging to 2% such that the KA, form a covering of K. Set 
Co =KN Ao and 


Ca = KN Ann (JC) 


<n 


for n > 0, s0 that the nonempty C, form a partition of K into p-integrable 
sets. Since the restriction of f to C, is u-measurable, there exists a parti- 
tion of C, formed by a p-negligible set N,, and a sequence (Linn)m>o 
of compact sets such that f sare is continuous. Since N = UN, is 


n 
p-negligible, we see that condition a) of Prop. 15 is satisfied, whence the 
proposition. 


Property d) of Prop. 15 makes it possible to immediately generalize the 
properties of measurable functions defined on all of X, observed in Nos. 2 
to 5, to measurable functions defined on a measurable subset A of X; these 
generalizations are left to the reader. We only point out explicitly that the 
principle of localization (No. 2, Prop. 4) remains valid when it is assumed 
that each of the functions g, is only defined in V, (or almost everywhere 
in V, ) and is measurable. 


11. Convergence in measure 


Let X be a locally compact space, 4 a measure on X, A a p-meas- 
urable subset of X, and F a uniform space; we shall denote by (A, ;F), 
or “%p(A,p) (or simply %p(u), or even %p, when A = X) the set of 
pi-measurable mappings of A into F (No. 10, Def. 8). For every entourage 
V of the uniform structure of F, every p-integrable set BC A and every 
number 6 > 0, we shall denote by W(V,B,64) the set of pairs (f,g) of 
functions in (A,u;F) having the following property: the set M of all 
x €B for which (f(x), g(x)) ¢ V is such that |y|*(M) <6. Let us show 
that the sets W(V,B,6) form a fundamental system of entourages for a 


No. 11 MEASURABLE FUNCTIONS AND SETS INT IV.81 


uniform structure on (A, y;F): it is clear that W(V,B,6) is symmetric 
if V is, and that if V’C V, B’>B and 6’ <6, then 


W(V',B’, 5") C W(V,B, 8); 


it therefore suffices to verify the axiom (U{,,) (GT, II, §1, No. 1). Now, if V’ 


2 
is an entourage such that V’ C V, then 
W(V',B, 5/2) 0 W(V’,B, 6/2) C W(V,B, 6). 


Note that as K runs over a p-dense set R of compact subsets of A, 
the sets W(V,K,6) also form a fundamental system of entourages for the 
preceding uniform structure: for, for every integrable set B C A, there 
exists a compact set K € & contained in B such that |y|(B—K) < 6, 
and therefore W(V,K,6) C W(V,B, 26). 


DEFINITION 9. — The uniform structure on (A,u;F) of which the 
W(V,B,6) form a fundamental system of entourages is called the uniform 
structure of convergence in measure in A. 


The corresponding topology is called the topology of convergence in mea- 
sure in A, and a filter (or a sequence) that converges for this topology is 
said to be convergent in measure in A; the mention of A is often suppressed 
when A=X. 

Suppose F is Hausdorff; then, for every p-integrable set B C A, the 
intersection of the entourages W(V,B,6), where V runs over a fundamental 
system of entourages of F and 6 runs over the set of numbers > 0, is the 
set of pairs (f,g) such that f(x) = g(x) almost everywhere in B (with 
respect to 44). For, the set M of z €B such that f(x) # g(x) is pin- 
tegrable, because it is the inverse image, under the y-measurable mapping 
z+ (f(x), g(z)), of the complement of the diagonal in F x F , which is open 
(No. 5, Prop. 7); if |u|(M) = a > 0, there exists a compact subset K C M 
such that |u|(M—K) < a/2 and such that the restrictions of f and g 
to K are continuous; therefore, there exists an entourage Vo of F such that 
(f(x), 9(z)) ¢ Vo for all x €K, consequently (f,g) ¢ W(Vo,B, a/2). 

From this it follows that if F is Hausdorff, then the intersection of all the 
entourages of .“(A,u;F) is the set of pairs (f,g) such that f(x) = 9(z) 
locally almost everywhere in A. The Hausdorff uniform space associated 
with .(A,;F), which we shall denote S(A,u;F) or Sp(A,p) (or even 
Sr(u) or Sp when A = X), therefore consists of the equivalence classes 
for the relation « f(z) = g(x) locally almost everywhere in A » in the set 
S(A, WSF). 
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PROPOSITION 17. — Let (Ay)yex be a locally countable family of 


p-measurable subsets of A, pairwise disjoint and such that A— LU Ay 
NEL 


is locally u-negligible. If, for every class fe S(A,u;F) and every XE L, 
fy denotes the class of the restriction to Ay of any of the functions in the 
class f, then the mapping w : f © (fr)xeL is an isomorphism of the 
uniform space S(A,p;F) onto the product uniform space U S(A), 5 F). 


It follows from No. 10, Prop. 16 that w is bijective. Constdte an en- 
tourage T of S(A,ju;F) that is the canonical image of a W(V,B, 6), where 
B is a compact subset of A; we know that ne set J of A € L such that 
BNA, #@ is countable (No. 9), and |y|(B = |u|(BM Ay); therefore, 


there exists a finite subset H of J such that 


a 


Yo ll(BOA) <5, 


ACI—-H 


The image of T under ~ x y is then contained in the canonical image of 
the product tt W(V,BN Aj), 4). On the other hand, if m is the number 


of elements of iL. then the image of T under 7x contains the canonical 
image of the eniiiaes I] W(V, Ay, 6/2m) , which proves the proposition. 
CH 

PROPOSITION 18. — If F is metrizable, and A is the union of a locally 
p-negligible set and a sequence (A,) of p-integrable sets, then the space 
S(A,u;F) is metrizable. 

Since each A, is the union of a negligible set and a sequence of com- 
pact sets, we can suppose that the A, are already compact and pairwise 
disjoint. Prop. 17 then allows us to suppose that A is compact. If (V,) 
is a countable fundamental system of entourages of F, it is clear that the 
W(V,,,A,1/n) form a fundamental system of entourages of .7(A,pu;F) as 
nm runs over N, whence the proposition. 


Lemma 4. — Let F be a metrizable uniform space, and let BC A 
be a countable union of u-integrable sets. Then, for every Cauchy sequence 
(fn) in SA(A,p;F), there exists a subsequence (fn,) of (fn) such that 
(fn,(z)) is a Cauchy sequence in F for almost every xe B. 

Suppose first that B is integrable, and denote by d a metric compat- 
ible with the uniform structure of F. We shall define recursively a double 
sequence (fmn) of functions in .A(A,y;F) such that fon = fp for ev- 
ery 2, (fmn)n>0 is a subsequence of (fm-—1,n)nz0 for every m > 0 and, 
finally, such that for every m > 0 the set Mmn of x € B for which 
d(fmn(2), fmnti(2)) > Lanne has measure |f|(Mmn) < Dy een Te 
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the possibility of such a definition follows from the fact that (f,) is a 


Cauchy sequence in Y(A,y;F). Set Mm = U Mmmn; then 
n2>0 


[Hl(Min) < 5 |H|(Mmn) < 1/2" 
n=0 


and, for every x€ B— My, we have d(fmn(x), fmn+p(Z)) <1/2™ for 

all n 20 and all p>0; the sequence (fmn())n>0 is therefore a Cauchy 
CO 

sequence in F. Now let N= (| My; N is negligible. Set gn = fan 


m=0 
for every n > 0; for every m, the sequence (9n)n>m_ is a subsequence of 


the sequence ( een ;if c€ B—N, there exists an index m such that 
tz ¢ Mm, which proves that the sequence (g,(x)) is a Cauchy sequence 
in F. 

If now B is the union of a sequence (B,,) of integrable sets, one can 
define recursively a double sequence (gmn) such that gon = fn, (9mn)n>0 
is a subsequence of (gm—i,n)n>0 for every m > 0, and such that the se- 
quence (9mn())n>0 is a Cauchy sequence in Bm — Pm, where Pm is 
negligible. Set hn = Qnn for every n > 0, so that, for every m, the se- 
quence (hn)n>m is a subsequence of (9mn)n>0 ; the sequence (hn(x))n>0 

CO 
is then a Cauchy sequence in F for every c€ B—P, where P= ) Pm 
m=0 


is negligible. 


PROPOSITION 19. — If the uniform space F is metrizable and complete, 
then the uniform space S(A,u;F) is complete. 

There exists a locally countable family (K)),e, of compact subsets 
of A such that the K) are pairwise disjoint and A — UK) is locally 


5 
negligible (No. 9, Prop. 14). By Prop. 17, S(A,yu;F) is isomorphic to the 
product [] S(K),y;F); we are thus reduced to proving the proposition 

AEL 


when A is integrable; S(A,y;F) is then metrizable (Prop. 18) and, by 
Lemma 4, for every Cauchy sequence (f,) in (A,u;F) there exists a 
subsequence (f,,) that is convergent in A —WN, where N is negligible; 
the limit f of (fn,) (extended in any way whatsoever to all of A) is then 
p-measurable, and it follows from the extension of Egoroff’s theorem men- 
tioned in No. 10 that the sequence (f,,) converges in measure to f in A. 

This implies that f is a cluster point of the sequence (f,) in “(A,y;F), 

and since the sequence (f,) is by hypothesis a Cauchy sequence, it con- 


verges to f. 
Q.E.D. 
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COROLLARY. — Let F be a metrizable uniform space. 

(i) Every sequence (fn) of elements of (A, pu;F) that converges lo- 
cally almost everywhere to a mapping f (necessarily u-measurable) of A 
into F , converges in measure to f in A. 

(ii) Let (fn) be a sequence of elements of S(A,u;F) that converges 
in measure to a mapping f of A into F. For every set B C A_ that 
is a countable union of integrable sets, there exists a subsequence (fn,) 
of (fn) such that the sequence (fn,(x)) converges in F to f(x) for almost 
every EB. 

(i) The assertion follows at once from the extension of Egoroff’s theorem 
mentioned in No. 10. 

(ii) By Lemma 4, there exists a subsequence (f,,) of (f,) such that 
(fn,(v)) is a Cauchy sequence in F for every x € B—N, where N is 
negligible; let f(z) € F be the limit of this sequence for r € B—N. 
It is clear that f’ is a y-measurable mapping of B—N _ into F, and the 
sequence (f,,) converges in measure to f’ in B—WN by (i); f’ is therefore 
equal to f almost everywhere in B. 


PROPOSITION 20. — Let F be a Banach space, equipped with the uni- 
form structure defined by its norm. 

(i) For every u-measurable subset A of X, the topology of convergence 
in measure is compatible with the vector space structure of (A, u;F). 

(ii) The space #(X;F) is dense in A(X, y;F). 

(iii) For every real number p > 1, the topology induced on the space 
LR(X, pu) by the topology of convergence in measure is coarser than the 
topology of convergence in mean of order p. 

(i) For every p-integrable subset B of A and every 6 > 0, denote by 
T(B,5) the set of f € .“(A,u;F) for which the set C of x € B such 
that |f(x)| > 6 satisfies the relation |j|(C) < 6; it is clear that if V5 is 
the entourage of F formed by the pairs (y,z) such that |y —z| <6, the 
entourage W(V;5,B,6) is the set of pairs (f,g) of measurable mappings 
of A into F such that f—g € T(B,6). It is clear that the sets T(B, 6) 
are symmetric, and that 7T(B,d) + T(B,4) C T(B,26) and T(B,|a|d) c 
aT(B,6) for every nonzero scalar a such that |a| < 1; it therefore suffices 
to verify that the sets T(B,6) are absorbent (TVS, I, §1, No. 5, Prop. 4). 
Now, if f is a measurable mapping of A into F, the numerical function 
|f| is also u-measurable (No. 3, Cor. 6 of Th. 1). Let Cy, be the set of zc €B 
such that |f(x)| >n; the C, form a decreasing sequence of integrable sets 
whose intersection is empty; therefore there exists an integer n such that 
u\(Cr) < 6 (84, No. 5, Cor. of Prop. 7); we can moreover suppose that 
n is taken sufficiently large that 1/n < 6; then f/n? € T(B,6), which 
completes the proof of assertion (i). 
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(iii) The relation f |f|Pd|u| < 6+! implies that if C is the set of 
x €X such that |f(x)| >6, then 


Plul*(C) < / LEP dlp) < 6+, 


whence |u|*(C) < 6, which proves (iii). 

(ii) In view of (iii), it suffices to show for example that &} is dense 
in %-, since by definition (X;F) is dense in 4} for the topology of 
convergence in mean. Now, let f be any element of .%; and let T(B, 6) 
be a neighborhood of 0 in this space; we see as in (i) that there exists an 
integrable subset C of B such that |y|(C) <6 and such that f is bounded 
on B—C; denoting then by g the function equal to f on B—C and 
to 0 on X— (B—C), it follows from No. 6, Th. 5 that g is integrable, 
and obviously f —g € T(B,6). 


Remarks. — 1) The topological vector space .(X,y;F) is not necessarily 
locally convex (Exer. 24). 

2) The topology induced on the set of f such that Np(f) <1 by the topology 
of convergence in measure may be strictly coarser than the topology induced on 
this set by the topology of convergence in mean of order p (Exer. 22). However, 
see Prop. 21 below. 


DEFINITION 10. — Let X be a locally compact space, 4 a measure 
on X, F a Banach space, and p € [1,+00[. A subset H of Yf(X, yn) 
is said to be equi-integrable of order p (for yu) if it satisfies the following 
conditions: 

(i) For every € >0 there exists a 6>0 such that, for every integrable 
set A of measure |u|(A) <6 and every f EH, 


/ If ya dlul <e. 


(ii) For every ¢ > 0 there exists a compact subset K of X such that, 
for every f£EH, f |f/Pyx—Kxd|u| <e. 


When p = 1 we say ‘equi-integrable’ instead of ‘equi-integrable of 
order 1’. 


Remark. — Suppose pw is bounded. For every a > 0, the set of mea- 
surable mappings of X into F such that |f(x)| <a almost everywhere is 
equi-integrable of order p, and this is true for any p € [1,+0o[. 


PROPOSITION 21. — Let H_ be a subset of LE(X,u) that is equi- 
integrable of order p. On H, the uniform structure of convergence in mea- 
sure is equal to the uniform structure induced by that of ZF(X,p). 
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Let ¢ > 0. There exist 6 and K with the properties (i) and (ii) of 
Def. 10. Let f,g in H be such that 


1/p 
El) - g()| < (a5) 


for « € K, except on aset M of measure < 6. Then 
1/p 1/p 1/p 
({_if-erau) <(f raw) +(f era) 
X—K X-K X-K 


and similarly 


therefore 


fe-srau=f  it-ePdui+ f e-eraui+f -eraw 
X—-K M K-M 


E 
< Pe 4 Pe + ——— |y|(K — M) < (2?t! + Le. 
TCS aa a 


Thus, the uniform structure of convergence in measure on H is finer than 
the uniform structure induced by that of “f(X, 4). It then suffices to apply 
Prop. 20. 


12. A property of vague convergence 


Lemma 5. — Let X be a locally compact space, a bounded positive 
measure on X, F a Banach space, and f a bounded function on X with 
values in F. The following conditions are equivalent: 

(i) The set of points of discontinuity of f is p-negligible. 


(ii) For every € > 0, there exist elements aj,...,a, of F, functions 
J1;-+-59n belonging to #(X), and a bounded continuous function h > 0 
on X such that |f—gai—-::—gnan| <h < 2sup|f| on X, and f[hdu<e. 


Denote by N the set of points of discontinuity of f , and let M = sup |f|. 
(i) = (ii). Suppose that condition (i) is satisfied. Let « > 0. The 
function f is p-integrable (No. 2, Cor. 4 of Prop. 5, and No. 6, Th. 5), 
therefore there exist a),...,a, in F and gi,...,g, in #(X) such that, 
on setting k = |f — gia; —---— gnan|, we have fkdu < </2 (§3, No. 5, 
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Prop. 10). Multiplying gi,...,9n by a suitable same element of .#(X), 
we can suppose in addition that 


|g1a1 +--+ + gnan| < M = sup|f| 


on X, whence k < 2M. The set N’ of points of discontinuity of k is con- 
tained in N, hence is negligible. For every x € X, set I(x) = limsupk(y). 
ye 


Then 2M >12>k on X, and 1=k on X—N’, that is, almost everywhere 
for ps, therefore [ldu < ¢/2. On the other hand, | is bounded and upper 
semi-continuous, hence is the lower envelope of the set of bounded contin- 
uous functions > 1. Therefore there exists a bounded continuous function 
h >1 on X such that h < 2M and fhdu < fldu+e/2 (§4, No. 4, 
Cor. 2 of Prop. 5). Then fhdu<e and |f — gia; —---—gnan| <h. 

(ii) > (i). Suppose that condition (ii) is satisfied. For every xz € X let 
w(x) be the oscillation of f at x (GT, IX, §2, No. 3). Let « > 0. There exist 
A1,--+,An, 91,-++)9n, h with the properties of (ii). For every z € X, w(x) is 
the oscillation of f—gja1—-+-—gnan at x, therefore w(x) < 2h(x). Thus 
fwdp < 2. Consequently, the set A, of x € X such that w(z) > Ve 
satisfies u(A-) < 2/e. This proves that u(N) < 2,/e, whence p(N) =0. 


PROPOSITION 22. — Let F be a Banach space, X a locally compact 
space, & the set of bounded positive measures on X, pp an element of @, 
and & a filter base on &. Assume that 8 converges vaguely to w and that 
||v|| tends to ||u|| with respect to B. Let f be a mapping of X into F 
satisfying the following conditions: 

(i) f ts bounded, and is integrable for w and for every measure that 
belongs to some element of B; 

(ii) the set of points of discontinuity of f is u-negligible. 

Then [fdv tends to [fd with respect to B. 

Let ¢ > 0. There exist elements aj,...,a, in F, functions gj,...,9n 

in #(X), and a bounded continuous function h > 0 on X, such that 


[f — gia1 — +++ — Gnan| <A < 2sup|f| 


on X and fhdu<e (Lemma5). Let M=sup|f|. There exist a compact 
subset K of X such that p*(X — K) < « (84, No. 7, Prop. 12 and No. 6, 
Th. 4), a compact neighborhood K’ of K in X, and a continuous map- 
ping h’ of X into [0,2M] such that h’=h on K, h’=2M on X—K’; 
replacing h’ by sup(h,h’), we can suppose in addition that h’ >h. Then 
f(h’ — h) dp < 2Mp*(X — K) < 2Me. On the other hand, h’ = h; + 2M, 
where hy € #(X). Taking into account §4, No. 7, Prop. 12, the number 
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fh'dv = f hy dv+2Ml|v|| tends to f hy du+2M||y|| = fh’ dw with respect 
to B. There then exists an A € ® such that, for every v € A, 


| [tora ts gnan) de f(qias +--+ ane) da <eé, 


ras [riiv< [rdutes [hdu+2Me+e< 20M + Ye. 


These inequalities imply 


| [tav— [edn] < 


[rdet| (gars tava) dy — [arte gute) da] +f hdy 
< 2(M+ 2)e, 


which proves the proposition. 


Remark. — The conditions (i) and (ii) of Proposition 22 are satisfied 
if f is continuous and bounded. 


Example. — Let us take for X the compact space U of complex 
numbers of absolute value 1. On setting pu(f) = i f(e7™") dt for ev- 
ery f € #(U), one defines a positive measure of mass 1 on U. On the 
other hand, let @ be a real number; for every integer n > 0, let v, be the 
unit mass placed at the point e""® of U, and let 


Ln (Yo+++* +n), 


n+l 
so that fn is a positive measure of mass 1 on U. Then, if @ is irrational, 
ln tends vaguely to w. For, since the linear combinations of the functions 
zt z’ (k € Z) are dense in #(U) (GT, X, 84, No. 4, Prop. 8), it suffices 
to prove that pin(z*) tends to p(z*) for k € Z. Now, for k=0, un(z*) = 
He ya 14 for FSO, 


1 : : : 
[Un (2*) = os a a3 e2itkd 4 efitkd hth a eon) : 


Since e7'™*® 41 (because 6 is irrational), we infer that 


1 e2ink(n+1)6 =) 1 9 


BN o eee Ae sere ge eee ene reer 
| bn (z )| n+1 e2inkd _ | oR n+l je2imkO _ |? 
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therefore in(z*) tends to 0 = p(z*). Under these conditions, Proposi- 
tion 22 can be applied, and we see in particular that if A is a subset of U 
with negligible boundary with respect to w, then fimn(A) tends to p(A). 
In other words, if p, denotes the number of integers k € [0,n] such that 
ek? € A then n='p, tends to u(A) as n tends to +00. 


86. CONVEXITY INEQUALITIES 


1. The convexity theorem 


THEOREM 1. — Let X be a locally compact space, 4 a positive measure 
on X, F a real Banach space, D a closed conver set in F, and f a function 
on X such that f(X) C D. For every non-negligible integrable numerical 
J fg du 
S gdp 

For, let F’ be the dual of F and let (z,a’) <a (a’€F’,a€R) bea 
relation defining a closed half-space containing D. Since fg is integrable, 
so is the numerical function (fg,a’) = (f,a’)g, and 


/ (fg, a’) du = ( / fg du, a’) 


(§4, No. 2, Cor. 1 of Th. 1); but, by hypothesis, (£(r),a’) <a forall ce X, 
therefore (f(x)g(zx), a’) < ag(zx); on integrating, we have 


( | t901,2') <a f ody. 


f fgdu 
J gdp 
taining D; but, by the Hahn—Banach theorem, D is the intersection of 
the closed half-spaces containing it (TVS, II, §5, No. 3, Cor. 1 of Prop. 4), 
whence the theorem. 


function g >0 such that fg is integrable, the point belongs to D. 


This proves that the point belongs to every closed half-space con- 


COROLLARY. — If the positive measure yu has total mass equal to 1 
and if f is integrable, then [fd belongs to the closed convex envelope of 
{(X) nF. 

It suffices to take for g the constant function 1. 
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2. Inequality of the mean 


We are going to sharpen Th. 1 for numerical measurable functions (finite 
or not). 


DEFINITION 1. — Let X be a locally compact space, 1 a measure on X. 
Given a numerical function f (finite or not), defined locally almost every- 
where in X, we call maximum in measure, or 4-mazimum (resp. minimum 
in measure, or u-minimum) of the function f , and denote by M.(f) (resp. 
Moo(f)), the infimum (resp. supremum) of the set of numbers a such that 
f(z) <a (resp. f(x) > a) locally almost everywhere (for ). 


It follows at once from the definition that mao(f) = —Mo(—f), thus 
from every property of the maximum in measure one deduces a corresponding 
property of the minimum in measure. 

For every a > M,(f), the set of « € X such that f(x) >a is 
locally negligible; now, the set of x € X such that f(r) > M.(f) is the 
union of the sets where f(z) >, , with r, running over the set of rational 
numbers > M.(f); therefore f(r) < Mxo(f) locally almost everywhere 
(§5, No. 2). Similarly f(x) > m.(f) locally almost everywhere; it follows 
that mo(f) <Mo(f) if the measure jz is nonzero; moreover, the relation 
Moo(f) =Moo(f) is equivalent to saying that f is equal to a constant locally 
almost everywhere. It is clear that if the measure y is nonzero, then 


inf f(z) < Moo(f) < Moo(f) < sup f(z). 
x rEX 


If two functions f,g are equal locally almost everywhere, then 
Moo(f) = Moo(g) and Moo(f) = Moo(9) - 

Finally, if f and g are two functions such that f+g_ is defined locally 
almost everywhere, then 


(1) Moo(f +9) < Moo(f) + Moo(g) 


provided the second member is defined, as follows at once from Def. 1; sim- 
ilarly, if f and g are both >O and are such that fg is defined locally 
almost everywhere, then 


(2) Moo(fg) < Moo(f) Moo(9) 


provided the second member is defined. 

If Mao(f) < +00, then f(x) < +00 locally almost everywhere, but 
not necessarily almost everywhere. A numerical function f is said to be 
bounded in measure (for the measure i.) if it is defined and finite almost 
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everywhere and if, moreover, the numbers m(f) and M(f) are both 
finite (the latter condition amounts to saying that M,(|f|) < +00). 


PROPOSITION 1 (Inequality of the mean). — Let f be a measurable nu- 
merical function that is bounded in measure. For every integrable numerical 
function g > 0, the function fg (defined almost everywhere) is integrable 
and 


(3) Moo (f) af gd\u| < / fo dul <Moo(f) / ad|ul. 


Moreover, two of the three members of the inequality (3) cannot be equal 
unless, in the set of x € X such that g(x) #0, f is equal to Mx(f) 
almost everywhere or equal to Moo(f) almost everywhere. 

Indeed, fg is measurable (§5, No. 3, Cor. 5 of Th. 1); moreover, the 
inequality moo(f)g9(z) < f(z)g9(z) < Moo(f)g(x) holds, not only locally 
almost everywhere, but even almost everywhere, because the set of points 
xz € X where g(x) # 0 is a countable union of integrable sets (§5, No. 6, 
Lemma 1). It follows that fg is integrable (§5, No. 6, Th. 5) and the 
inequality (3) holds. On the other hand, the function M.(f)g — fg is 
almost everywhere defined and equal to (Ma(f) — f)g; it is therefore > 0 
almost everywhere in X; since the relation M.o(f) f gdlu| = f fgdlu| is 
equivalent to {(Moo(f) — f)gd|u| = 0, it can hold only if the function 
(M.(f) — f)g is negligible, which completes the proof. 


Setting aside the trivial case that f gd|p| = 0, the inequality (3) may be 
deduced from Th. 1 of No. 1 applied to the interval D = [moo(f),Moo(f)]. One 
can bring to Th. 1 of No. 1 the complements analogous to those of Prop. 1, that 
specify the case in which the point ( f fg du)/( f gdu) belongs to the boundary 
of D (Exer. 2). 


3. The spaces Lp 


DEFINITION 2. — For every mapping f of X into a Banach space F, 
one sets No(f) = Moo(|fl); f is said to be bounded in measure (for the 
measure 1) if Noo(f) is finite. The set of mappings of X into F that are 
measurable and bounded in measure is denoted §°(X, pu) (or -GS(u), or 
simply f°). 

A function f in 2g° may thus be characterized by the fact that there 
exists a bounded measurable function equal locally almost everywhere to f. 

It follows immediately from (1) that 


Noo(f + 8) < Noo(f) + Noo(g) ; 
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on the other hand, N(af) = |a|No(f) for every scalar a. The set “f° 
is therefore a linear subspace of the space of all mappings of X into F, and 
N.o(f) is a semi-norm on this vector space. Let (f,) be a sequence of 
functions in “&° that converges to f € “§° for the topology defined by 
the semi-norm N.(f); for every integer m, there exist a locally negligible 
set H,, and an integer no such that |f(2)—f,(x)| <1/m for every integer 
n >No and every x ¢ H,, (every countable union of locally negligible sets 
being locally negligible); the union H of the H,, is locally negligible, and 
one sees that f,(2) tends uniformly to f(x) on the complement of the 
locally negligible set H; the converse is immediate. 

It is clear that every function equal locally almost everywhere to a func- 
tion in Yg° belongs to “f°. In particular, the locally negligible functions 
defined on X with values in F form a linear subspace .V,° of 28° , charac- 
terized by the relation N..(f) = 0 (the closure of 0 for the topology defined 
by N.o(f)). The Hausdorff space associated with 2°, that is, the quotient 
space G2 /.%,°, is denoted LE (X,) (or L(y) or LR); its topology 
is defined by the norm deduced from N. by passage to the quotient; the 
norm of a class f € L& is denoted N.o(f), or also |||]... When F = R 
(resp. C), we write “© and L™ in place of 4° and LP (resp. 2° 
and L@ ) if this can cause no confusion. 


PROPOSITION 2. — The space -2g° is complete; the space LR is a 
Banach space. 

For, let (f,) bea Cauchy sequence in “f° ; for every integer n, there 
exists an integer k, such that N.(f,—-fs) <1/n for r>kp, and s > ky; 
thus, there exists a locally negligible set A,, such that |f,(a)—f,(x)| < 1/n 
for all x ¢ A,, . If A, is the union of the sets A,, (for r >k, ands > ky, ), 
then A,, is locally negligible and, for every « ¢ A, |f,(x) — f,(x)| < 1/n 
for all indices r > ky, s > ky. Let A be the locally negligible set formed 
by the union of the A,, and set g,(z) =f,(x) for «¢ A, gr(x) =0 for 
x€A; then g, belongs to “f° and, by the definition of A, the sequence 
(Gn) converges uniformly on X to afunction g. It follows that the function 
g is measurable (§5, No. 4, Th. 2); moreover, g is bounded on the set of 
x €X where |gz,(xr)| < Noo(ge,) and, since the complement of this set is 
locally negligible, g belongs to 4°. It is clear that in 2°, the sequence 
(gn) has limit g, and the same is therefore true of the sequence (f,,) , since 
Noo(fn — Zn) = 0 for all n. The second part of the proposition may be 
deduced immediately from this. 


Remarks. — 1) Every bounded continuous function f on X with values in F 
belongs to °° , and 


Noo(f) < |lfl| = sup |f(x)|. 
LEX 
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In order that Noo(f) = ||f|| for every bounded continuous function f , it is neces- 
sary and sufficient that the support of the measure py be equal to X. For, if there 
exists a continuous function f with negligible compact support and not identically 
zero, then Noo(f) = 0 and ||f|| > 0. Conversely, if the support of p is equal 
to X then, for every bounded continuous function f and every number a << ||f||, 
the set of x € X such that |f(x)| > a is open and nonempty, hence has outer 
measure > 0, which shows that Noo(f) = ||f|l . 

When the support of uz is equal to X, we may therefore identify the normed 
space €(X;F), of bounded continuous functions on X with values in F, with a 
subspace of the space “f°. Since -8° is not in general Hausdorff, the subspace 


¢°(X;F) is not in general closed in 25° , but its canonical image in LP? is a 
closed subspace of L&° (which can moreover be identified with €°(X;F) in the 


case contemplated). In general, @°(X;F) is distinct from Lp , that is, for an arbi- 
trary bounded measurable function f , there does not in general exist a continuous 
function g equal to f locally almost everywhere (§5, Exer. 12). This implies that 
the space “(X;F) of mappings of X into F,, continuous with compact support, 
is in general not dense in L? , whereas it is dense in each of the spaces LE for 
1< p< _+too (§3, No. 4. Def. 2). 

2) It is immediate that the topology defined by the semi-norm No is finer 
than the topology induced on 2° by the topology of convergence in measure (§5, 
No. 11). 


4. Holder’s inequality 


In this No., p and q will denote two real numbers such that 
1<¢p< +o, 1 <q < +c, bound by the relation 1/p+1/q = 1; 
thus q = p/(p—1) if 1<p<+o, q=+0 if p=1,and q=1 if 
p= +00; p and q will be called conjugate exponents. Note that the relation 
1<¢p<2 is equivalent to 2 <q < +00; p=q only when p and q are 
equal to 2. 


THEOREM 2 (Holder’s inequality). — Let f and g be two numerical 
functions that are finite almost everywhere and are such that f is equal 
almost everywhere to a function in £? and g to a function in £4. Then, 
the function fg (defined almost everywhere) is integrable, and 


(4) Ni(fg) < Np(f) Na(y)- 


Let fi (resp. g; ) bea function in Y? (resp. £4) to which f (resp. g) 
is equal almost everywhere; fg is equal almost everywhere to the func- 
tion f191, which is everywhere defined and finite, and which is measurable, 
being the product of two measurable functions (§5, No. 3, Cor. 5 of Th. 1). 
If 1 < p < +00, Holder’s inequality for the upper integral (Ch. I, No. 3, 
Prop. 4) yields the inequality (4), and the relation Ni(fg) < +oo then 
shows that fg is integrable (§5, No. 6, Th. 5). If p=1, q¢ = +00, the ine 
quality (4) and the fact that fg is integrable are immediate consequences 
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of the inequality of the mean (No. 2, Prop. 1); thus the theorem is proved 
in all cases. 


COROLLARY 1. — Let F,G,H_ be three Banach spaces, and let 
(u,v) + ®(u,v) be a continuous bilinear mapping of F x G into H such 
that |®(u,v)| < |ul-|v|. Jf f © ZP and g € YG, then the function 
O(f,g) is integrable and 


(5) [eteranl < fete edlail < NyCt) Note): 


For, ®(f,g) is measurable (§5, No. 3, Cor. 5 of Th. 1); since |®(f,g)| < 
|f|-|g|, the corollary follows from Th. 2 and the integrability criterion of §5, 
No. 6, Th. 5. 


Two special cases of Cor. 1 are important in applications: 


COROLLARY 2. — Let F be a real (resp. complex) Banach space, F’ its 
strong dual (TVS, II, §3, No. 1), and let (z,z’) + (z,z’) be the canonical 
bilinear form on Fx F’. If f € YP and g € Y, then the real (resp. 
complex) function (f,g) is integrable and 


(6) [eed au) < f \tsedl al < NN). 


For, |(z, 2’)| < [el fa! 


When F is a real or complex Hilbert space, one knows that it can be 
canonically identified with its dual F’ (TVS, V, §1, No. 7). Since the space 
L2 is complete, we have the following result: 


COROLLARY 3. — Let ps be a positive measure on X, F a real (resp. 
complex) Hilbert space. On the space L?., the symmetric (resp. Hermitian) 
form 


Ga) [(te)au 


defines a Hilbert space structure, for which the norm is equal to Ilfllo. 


CoroLiary 4. — Let F be a Banach space, f a function in YF, and 
g anumerical function belonging to £4; then, the function fg is integrable 
and 


(7 | [tadu) < fill < nytt) Nelo). 
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COROLLARY 5. — Let fi, fo,...,fn be n positive integrable functions, 
n 
and let Q1,Q2,...,Qm be n numbers > 0 such that >> a; = 1; under these 
i=l 
conditions, the function fy" fs?--- fo" is integrable and 


/ fo fo? +f 2" dlul < 
(8) 


(f teal)” (f feaut) (f teaut) 


For, the product ff" f>*---fO" is measurable, being the product of 
measurable functions (§5, No. 3, Th. 1 and its Cor. 5); since the inequal- 
ity (8) is true for upper integrals (Ch. I, No. 2, Cor. of Prop. 2), the function 
fi fs? ++. fan is integrable (§5, No. 6, Th. 5), whence the corollary. 


Cor. 2 of Th. 2 is sharpened by the following proposition: 


PROPOSITION 3. — Let pw be a positive measure on X, F a real or 
complex Banach space, F’ its strong dual, and (z,z') ++ (z,z') the canonical 
bilinear form on F x F’. 

1° For every function f € YP (1 < p< _+oo), 


[es ay 


as g runs over the set of functions in YZ, such that Nq(g) <1. 
2° For every function g € Gf, (1 <q< +o), 


[ee i 


as f runs over the set of functions in YP such that N,(f) <1. 
Let us first prove the relation (9); we distinguish between two cases. 
(i) 1 < p< +oo. The relation (9) being trivial when N,(f) = 0 (be- 
cause f and (f,g) are then negligible), we can always suppose, on multiply- 
ing f by ascalar, that N,(f) = 1. Suppose first that f is an integrable step 


(9) N,(f) = sup 


(10) N,(g) = sup 


n 
function, f = >> axpa,, where the A, are pairwise disjoint (§4, No. 9, 
k=1 


n 
Lemma). Thus )> |ax|?u(A,) = 1 by hypothesis. For every « > 0, 
k=1 


there exists (for every index k) a vector aj, € F’ such that |a,|% = |a,|? if 
p> 1 (resp. ja,|=1 if p=1) and (ag,aj,) > (1 —€)|ak|- |a,| (TVS, IV, 
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n n 
81, No. 3, Prop. 8). Setting g= > a,ya,, wehave SY |a,|?u(Ax) =1 if 
k=1 k=1 
p>1 (resp. sup ja,|=1 if p=1), thus N,(g) =1; on the other hand, 
1gk<n 


, (fg) du = S“(ax,ai)u(Ak) > (1) > Jal - lal (An) 


k=1 k=1 


and, since |a’,| = |a,|?/7 = |ag|?~! if p> 1 (resp. |a,|=1 if p=1), we 
have 


[ee du > (1—e)}- lagu(Ax) = (1—€)Np(f) =1-e, 


k=1 


which proves the relation (9) in this case. 

Let us pass to the case that f is any element of % such that 
N,(f) = 1. For every « > 0, there exists a step function f, € “$f such 
that N,(f — f,) < € (§4, No. 10, Cor. 1 of Prop. 19). By what we have just 
seen, there exists a function g € %$, such that N,(g) =1 and 


[ive) du > Np(hi) —2> 1-28, 


Now, 
[ierau= [ve)dn+ [(t-f,8) du 
and, by (6), 
| [ffi da) < Nyt) NaCB), 
whence 


>1-—3e, 


| i (f, 8) du 
which proves (9). 


(ii) p = +oo. We may again restrict ourselves to the case that 
Noo(f) > 0. Let a be any number such that 0 < a < N,(f); by hy- 
pothesis, the set of « € X such that |f(x)| > a@ is measurable and is not 
locally negligible, therefore it contains a compact set K of measure > 0. 
Since f is measurable, there exists a compact set K, C K of measure > 0, 
such that the restriction of f to K, is continuous. It follows that, for every 
€ > 0, there exists a partition of K, into a finite number of integrable sets, 
in each of which the oscillation of f is < €; at least one of these sets A 
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has measure > 0. Let a be one of the values of f in A; then |al >a 
and |f(z)—a|<e for all ce € A. There exists a vector a’ € F’ such that 
|a’| =1 and |(a,a’)| > |al|—e; the function g = ya-a’/u(A) is integrable 
and Nj(g) = 1; on the other hand, 


’ 
[e8)an= se [eaendu. 


Now, one can write 


[it a’) pa du = (a,a’)u(A) + fe —a,a’)ya dp, 


and since 
\(f —a,a’)yal Seva, 


we see that 
[te a SS (dine Salas 


since € is arbitrary and a is any number < N,,(f), the relation (9) is also 
verified in this case. 

One argues in exactly the same manner to prove the relation (10), on 
considering separately the case 1 < gq < +00 and the case q = +00, and 
using the fact that for every z’ € F’, |z’| = sup |(z,z’)| by the definition 


z{<1 


of the norm in F’. 


Remarks. — 1) Let € be a dense linear subspace of Li ; then the formula (9) 
holds when g runs over the intersection of & with the set B of functions in 2%, 


° 
such that Ng(g) <1. For, it suffices to observe that the interior B of B is dense 


fo) fe) 

in B and that BN @ is dense in B, since B is open. This remark applies in 
particular to the set € = “(X;F’) of continuous functions with compact support 
(with values in F’) when 1 < g < +00, that is, 1 <p < +00. But in this case, 
the formula (9) is true as g runs over BN.#(X;F’), even for p= 1. For, we may, 
as above, restrict ourselves to the case that f is a step function. We saw then that 
if Ni(f) = 1, then for every ¢ > 0 there exists a step function g € 2? such 
that |g(x)| <1 for all «© € X and | f (f,8) du| > 1—e. There exists a finite 
number of pairwise disjoint compact sets K; such that g has a constant value aj 
on each K; and such that, if K is the union of the K;, then f lflvex duce. 
Let U; be a neighborhood of K; such that the sets U; are pairwise disjoint, and 
let h; be a continuous mapping of X into [0,1] with support contained in U; 
and equal to 1 on K;. Setting h = Soajhy , we have h(x) = g(z) on K and 
|h(x)| <1 on X, therefore 


[uw h)lgex du <e 
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and consequently | f (f,h) du| > 1 — 3e, which proves our assertion. Analogous 


remarks can be made for the formula (10). 

2) Let ys be a positive measure on X, f a measurable function > 0 (finite or 
not) whose support is contained in a countable union of compact sets Kn. Then, 
for every p such that 1<p<-+oo, 


(11) Na(f) =sup lfgldu, 


as g runs over the set of functions in .#(X;R) such that Ng(g) < 1. For, the 
formula (11) is a special case of (9) when Np(f) < +00, since f is then equivalent 
to a function in Y? (§5, No. 6, Th. 5). If Np(f) = +00, for every integer n > 0 
set fn = inf(n, fyx,,). Then 


* * 
Np(fn) -sw | Vuald <p | lfgldu, 


whence, on passing to the limit (assuming, as we may, that the sequence (Kn) is 
increasing), we have sup So lfaldu = +00 (§1, No. 3, Th. 3). 


COROLLARY. — Let ys be a positive measure on X, F a Banach space, 
F’ its strong dual, and g any function in Yf,. Then, the linear form 
on LP, deduced from the linear form f+ [(f,g)du on 2 by passage to 
the quotient, is continuous and has norm N,(g). 


5. Application: relations between the spaces Lf (1 < p < +00) 


PROPOSITION 4. — Let f be a measurable function with values in a 
Banach space F; the set I of numbers p, such that 1 < p < +co and 
N,(f£) is finite, is either empty or is an interval of R. If I is nonempty, the 
restriction to 1 of the mapping pt>N,(f) is continuous; moreover, if f is 
not negligible, logN,(f) is a convex function of 1/p on 1. 

We already know (Ch. I, No. 3, Prop. 5) that the set J of finite numbers 
p > 1 such that N,(f) < +00 is either empty or is an interval, and that 
log N,(f) is a convex function of 1/p on J (when f is not negligible); this 
of course implies the continuity of pt» N,(f) on J. 

If J is empty then either I= @ or I= {+00}, and the proposition is 
obvious in this case; assume henceforth that J is nonempty. The proposition 
is also obvious if f is negligible; assume henceforth that f is not negligible. 
If s € J then, for every finite number p > s, |f|? = |f|*|f|?~°, and the 
inequality of the mean shows that 


(12) Np(£) < (No(E))°”? (Noo(#))?-?”?, 
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Letting p tend to +00, it follows that 


(13) lim sup N,(f) < Noo(f). 


p—+00 


This proves that if +oo € I then J contains arbitrarily large numbers; 
thus I is indeed an interval of R, and I = J. The proposition will be 
proved if we show that p++ N,(f) is continuous on J, and it suffices to 
establish continuity at the end-points of J. We can suppose, moreover, that 
J does not reduce to a point. Let r and s be the left and right end-points 
of J (r <s < +00). Let A be the (measurable) set of x € X such that 
|f(x)| > 1; then 


fitPavl=fiePendul+ f itPees del. 


As p € J tends to r, |f/P’y, tends to |f|"ya while decreasing, and 
If/P~p, tends to |f\"yp, while increasing. Thus J lfP ee, dul tends to 
S* ll’ vga alu| (81, No. 3, Th. 3). On the other hand, |f\ya_ is integrable 
for p€ J, and f|f|’yad|u| tends to f|f|"~a dlu| (§4, No. 3, Prop. 4). 
Therefore f |f|?d|u| tends to f “lf |" d|u|, which proves the continuity of 
prN,(f) at r. 

The same reasoning may be applied at the point s if s < +oo. Finally, 
suppose that s = +00. In view of (13), it suffices to prove that 

lim inf N,(f) > No(f) . 
Now, let a be a number such that 0 < a < N,.(f). Since, by hypothesis, 
there exist finite values of p such that N,(f) < +oo, the set A of rE X 
such that |f(x)| >a, which is measurable and non-negligible, is integrable 
by virtue of the inequality ya < (|f|/a)?; moreover, we infer from this 
inequality that N,(f) >a- (|u|(A)) 7 *- letting p tend to +00, it follows 
that lim inf N,(f) > a, which completes the proof. 
p—+oo 


COROLLARY. — If r,s,p are three numbers such that 
ler<p<s<cto, 


then the intersection ZF L{ is contained in YP. 


Note that in general the topologies induced on the intersection 2£9.23 by 
the topologies of the we (r <p<s) are distinct. If no further hypothesis is made 
on pL, the topologies induced on -4.2% by those of “fF and -Y§ are in general 
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not comparable (in other words, the ratio N,(f)/Ns(f) can take arbitrarily large 
values and arbitrarily small values in 2f 9 2; cf. Exer. 8). 


Prop. 4 may be sharpened when yz is a bounded measure: 


PROPOSITION 5. — Let pp be a bounded measure, and let f be a 
p-measurable function with values in a Banach space F. The set 1 of num- 
bers p such that 1<p<-+oo and N,(f) is finite, is either empty or is 
an interval with left end-point p= 1 and containing this point; moreover, 
(\ul(X))/? ND (E) is an increasing function of p on I. 

This is an immediate consequence of Prop. 4 above and of the Cor. of 
Prop. 4 of Ch. I, No. 3. 


COROLLARY. — If the measure 4 is bounded, the relation r <s implies 
Le C LE; moreover, the topology of convergence in mean of order s is finer 
than the topology of convergence in mean of order r (on Zf). 


One can show that in general the topology of convergence in mean of order s 
is strictly finer than the topology of convergence in mean of order r (Exer. 8). 


PROPOSITION 6. — Let X be a discrete space, yp the measure on X 
defined by placing a mass +1 at each point of X. If f is a mapping of X 
into the Banach space F, the set I of numbers p such that 1< p< _+0co 
and N,(f) is finite, is either empty or is an interval with right end-point 
+oo and containing this point; moreover, N,(f) is a decreasing function 
of p on I. 

For, u*(\f|) = >> |f(x)| for every function f (§1, No. 1, Example), 

LEX 


and N..(f) = ||f|| = sup |f(z)|; if there exists a number a > 0 such that 
xEX 


|€(x)| > a for infinitely many values of x € X, then N,(f) = +00 for 
every finite p; in the contrary case, there exists an 2%) € X_ such that 
|f(xo)| = ||f|| , whence 


Noo(f) = |f(x0)| < Np(f) 


for every finite p. Since the function logN,(f) is convex with respect 
to 1/p and takes its smallest value at the point +00, it is necessarily a 
decreasing function of p on I (FRV, I, 84, No. 3, Prop. 5), which completes 
the proof. 


COROLLARY. — If X is discrete and the measure y is defined by a 
mass +1 at each point of X, then the relation r<s implies ZC LZR; 
moreover, the topology of convergence in mean of order r is finer than the 
topology of convergence in mean of order s (on Zf ). 


No. 1 BARYCENTERS INT IV.101 


§7. BARYCENTERS 


1. Definition of barycenters 


Let E be a Hausdorff locally convex space over R, E’ its dual, and 
E’* the algebraic dual of E’, E being canonically identified with a linear 
subspace of E’*. Let K be a compact subset of E; the canonical injection 
of K into E being continuous with compact support, for every measure js 
on K the integral f xd(x) is therefore defined and is an element of E/* 
(Ch. III, §3, No. 1). Moreover, on K, the topology induced by the weak 
topology o(E’*,E’) is identical with the original topology. Finally, if C 
is the closed convex envelope of K in E’* equipped with o(B’*,E’), then 
CNE is the closed convex envelope of K in E for the original topology (or 
for the weakened topology o(E,E’)). 


DEFINITION 1. — Let K be a compact subset of a Hausdorff locally 
conver space EK. For every positive measure 1 on K of total mass equal 
to 1, the vector by, = f xdu(x) (belonging to E’*) is called the barycenter 
of p. 

Example. — Let pp be a discrete measure on K, positive and of total 


n 
mass 1; it is thus of the form pw = >> X\x€x,, where x; € K, and the 
i=l 


A; are real numbers such that A; > 0 for all ¢ and 5A; = 1. Since 
i=1 

J xdey(x) =y (Ch. III, §3, No. 1, Example 3), by, = fxdu(x) = > AGX. 

In particular, for every x € K, x is the barycenter of the measure aa 


PROPOSITION 1. — Let E be a Hausdorff locally convex space, K a com- 
pact subset of E, and C the closed convex envelope of K in E. The set C 
then consists of the points of E that are barycenters of at least one positive 
measure of mass 1 on K. 

This is nothing more than Prop. 5 of Ch. III, §3, No. 2 applied to the 
canonical injection of K into E. 


COROLLARY. — If the closed convex envelope C of K in E is compact, 
then the barycenter of every positive measure of total mass 1 on K belongs 
to BE. 

For, C is then also the closed convex envelope of K in E’* equipped 
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with the weak topology o(E’*, E’), and it suffices to apply, to the canonical 
injection of K into E, Prop. 4 of Ch. III, §3, No. 2. 


Remark. — The Cor. of Prop. 1 is applicable in particular when K is 
convex or when FE is quasi-complete. 


PROPOSITION 2. — Let K be a compact conver subset of a Hausdorff 
locally convex space E, ys a positive measure of total mass 1 on K, b, its 
barycenter. For every conver numerical function f >0 that is lower semi- 


continuous on K, 
* 
(b,) < f fap. 


It is known (TVS, II, §5, No. 4, Prop. 5) that f is the upper enve- 
lope of a family of restrictions to K of continuous affine linear functions 
ha | XH Co + (x, 24). Then 


Re Sinal Siche 


for every a; now, I ha(x) du(x) = ca + {(x,2,) du(x) since pw has total 
mass 1; but f[(x,z, a 4 u(x) = (by,z,) by ‘e definition of barycenter. 
Thecetore sup f he (x)d p(x) = sup ra (b,,) = f(b,) , whence the conclusion. 


When up is a discrete aie measure on K of total mass 1, Prop. 2 yields 
anew the inequality that defines the convex functions on K. 


COROLLARY. — For every convet numerical function function g on K 


that is bounded and lower semi-continuous, g(b,) < f gd. 
It suffices to note that inf g(x) =a is finite: apply Prop. 2 to g—a. 
xe 


2. Extremal points and barycenters 


PROPOSITION 3. — Let K be a compact convex subset of a Hausdorff 
locally convez space E, x a point of K. Every measure on K, positive, 
of total mass 1, and admitting x as barycenter, is in the vague closure of the 
set of discrete positive measures of total mass 1 that admit x as barycenter. 

Let U bea neighborhood of yw for the vague topology; we can suppose 
that U consists of the measures v on K such that 


(1) lM(fi) — (Fi) <6 


for a finite number of functions f; ¢ @(K;C) (1 <i < p) and a num- 
ber 6 > 0. For every point a € K, there exists a closed convex neighbor- 
hood V, of 0 in E such that 


(2) Ifily) — fila)| < 6/2 
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for 1<i<p and forevery y€ Wa = KN (a+ Va). Since K is compact, 
there exists a finite number of points a; (1 < j <r) of K such that the Wa, 
form a covering of K (1 <j <r). Consider a continuous partition of unity 
(9;)1<j<r on K, subordinate to the covering (Wa,), and set aj; = (gj) 
for all 7; if aj 40 set pj = a5 19; -p, and if aj =0 set uj = €a,. Each 
of the measures 4; is positive, of total mass 1, and its support is contained 
in the compact convex set Wa, ; moreover, by definition, 


(3) w= dl asn; 
j=l 
since g;-w=0 if u(g;) =0; the a; are >0 and 


S55 = >> w(g;) = u( Y45) = p(1) =1. 
j=1 j=l j=l 


Let x; be the barycenter of 4; , which belongs to Wa, (No. 1, Prop. 1), 
Tr 


and consider the discrete measure v = )> QjEx,; ; it is positive and of total 
jal 


Tr 
mass 1, and its barycenter is > a,;x,;, which is also the barycenter of py 
hart 


by virtue of (3), thus is equal to x. Moreover, by (2), |fi(y) — fi(a;)| < 
6/2 for all y € Wa, and for all i, whence, since Supp(u;) C Wa, , 
|u3(fa) — fi(az)| < 6/2 for 1 <i<p. On the other hand, since x; € Wa,, 


one also has 
lex; (fi) — filay)| < 6/2 


for 1 <i<p, whence |y;(fi)—€x;(fi)| <4 for all i and 7. Since the a; 
are > 0 and have sum 1, it follows from (3) and the definition of v that v 


satisfies the inequality (1). 
Q.E.D. 


COROLLARY. — Let K’ be a compact subset of K such that K is the 
closed convex envelope of K’. In order that x € K' be an extremal point 
of K, tt is necessary and sufficient that ex be the only positive measure 
on K’, of total mass 1, having x as barycenter. 

Suppose x is an extremal point of K; to prove that ¢, is the only 
positive measure on K’, of total mass 1, having x as barycenter, it suffices, 
by Prop. 3, to see that the set of discrete measures v on K’ that are 
positive, of total mass 1, and have x as barycenter, reduces to €x. But 


r 
such a measure v is of the form )> X\yéx, with A4,>0 for l<icr 
i=l 
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Tr 
and > \; = 1, and the hypothesis that x is the barycenter of y may be 
i=l 


Tr 

written x = )> ;x;. Since x is extremal, this implies that x; = x for 
all i, ice oe ees 

Conversely, let us assume that ¢x is the only positive measure on K’, 
of total mass 1, having x as barycenter, and let us show that x is extremal. 
In the contrary case, there would exist two distinct points x’,x” of K and 
areal number A such that 0<A<1 and x = Ax’+(1—A)x”. By Prop. 1, 
x’ (resp. x”) is the barycenter of a positive measure yu’ (resp. py”) on K’ 
of total mass 1. Then x is the barycenter of Ay’ + (1 — A)”. Therefore 
Aw’ +(1—A)py" = ey. Therefore ys’ and pv” are proportional to ¢, , whence 
x’! = x” =x, which is absurd. 


THEOREM 1 (Choquet). — Let E be a Hausdorff locally conver space 
over R, K a metrizable compact convex subset of E, and M the set of 
extremal points of K. The set M is the intersection of a countable family 
of open sets in K, and every point of K is the barycenter of a measure pu 
on K such that w(K — M) =0. 

To prove the first assertion, denote by I the interval [0,1] of R; since 
K is compact and metrizable, so is K x K x1; the subset U of Kx K xI 
formed by the triples (x,y,A) such that x #y and 0<A<1 is open 
in K x K x1, therefore there exists a sequence (F,,) of closed sets in 
K x K xI whose union is U (GT, IX, §2, No. 5, Prop. 7). The mapping 
q:KxKxI—K defined by q(x, y,\) = Ax+(1—A)y is continuous and, 
by the definition of extremal point, K — M = q(U) = Uq(Fn); but Fy, is 


compact since it is closed in K x K x1, therefore g(F,) is compact and 
therefore closed in K; the set Un, = K—q(F,) is therefore open in K, 
and we have M=()U,,. 


nm 
In the continuation of the proof, we shall denote by u a continuous and 
convex numerical function on K, by GC ExR the graph of u, and by S$ 
the closed convex envelope of G in Ex R. 


Lemma 1. — Let tu be the lower envelope of the continuous affine lin- 
ear functions on E that are > u on K. Then S is the set of points 
(a,b) € ExR such that ace K and ula) <b< Ua). 

By the Hahn-Banach theorem, for (a,b) to belong to S, it is necessary 
and sufficient that h(a,b) >0 for every continuous affine linear function h 
on EXR such that h(x,u(x)) >0 for x €K. Setting h(x,t) = f(x)—At, 
where f is a continuous affine linear function on E, we see that the relation 
(a,b) € Sis equivalent to the following property: the relation 


(4) f(x) = Au(x) forall x EK 
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implies 
(5) f(a) > Ab. 


First set 4 = 0; the fact that (4) implies (5) for every continuous 
affine linear function f on E is equivalent to the relation a € K by the 
Hahn-Banach theorem. Next, set A = —1 and replace f by —f; then 
the relation f(x) < u(x) in K must imply f(a) < 6. But since wu is 
convex and continuous on K, u(a) is equal to the supremum of the f(a) 
for the continuous affine linear functions f on E such that f(x) < u(x) 
on K (TVS, II, §5, No. 4, Prop. 5); we thus obtain the relation b > u(a). 
Finally, set A = 1; to say that (4) implies (5) then means, by definition, 
that b < u(a). This proves the lemma, since the relation (4) (resp. (5)) is 
equivalent to the one obtained by multiplying both sides by a scalar > 0. 


Lemma 2. — If u is strictly conver on K, then u(x) < u(x) for every 
non-extremal point x of K. 

For, there then exist two distinct points y,z of K_ such that 
x = (y+z)/2, whence u(x) < (u(y) + u(z))/2 since wu is strictly con- 
vex. If f is an affine linear function on E, then f(x) = (f(y) + f(z))/2; 
applying this relation to the continuous affine linear functions f that 
are >u on K, we obtain 


U(x) > (u(y) + U(z))/2 > (uly) + u(z))/2 > u(x). 


These lemmas established, we therefore (Lemma 1) have (a,u(a)) € S 
for all a€ K. Since G is compact, being the image of K under the contin- 
uous mapping x ++ (x,u(x)), there exists, by Prop. 1 of No. 1, a positive 
measure v on G, of total mass 1, having (a,%(a)) as barycenter. Since the 
restriction of the projection pr, to G is a homeomorphism of G onto K, 
the measure v may be transported by means of this homeomorphism, which 
yields a measure on K (positive and of total mass 1) such that 


(6) Ae i Sauce! and Hes = / udu’. 


The first of the relations (6) means that a is the barycenter of . The func- 
tion WU is upper semi-continuous and bounded on K, hence is p-integrable 
(§4, No. 4, Cor. 1 of Prop. 5); moreover, since the function —w is by defi- 
nition convex, we have, by the Cor. of Prop. 2 of No. 1, 


(7) ula) > f w(x) du(x), 
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whence, on comparing with the second of the formulas (6), 


(8) J we0duce) > | te) u(x). 


But since u(x) < U(x) on K, the relation (8) implies that u(x) = U(x) 
almost everywhere for . Taking into account Lemma 2, one sees that 
Theorem 1 will be proved once the following lemma has been established: 


Lemma 3. — Let E be a Hausdorff locally convex space over R, and 
K a metrizable compact conver subset of E. Then, there exists a strictly 
conver numerical function on K. 

For, the Banach space @(K;R) is separable (GT, X, §3, No. 3, Th. 1), 
therefore so is the subspace & of @(K;R) formed by the restrictions 
to K of the continuous affine linear functions on E. Thus let (hn) bea 
sequence dense in &, and let a, > sup |hn(x)|. Then each of the functions 

xe€K 


h2 /n?a2 is convex in K (TVS, II, §2, No. 8, Examples), and the series 
with general term h?/n?a? is normally convergent, therefore its sum w is 
continuous and convex in K . It remains to see that wu is strictly convex, and 
for this it suffices to prove that for any two distinct points x,x’ of K, there 
is an integer n such that the restriction of h2, to the segment with endpoints 
x,x’ is strictly convex; but for this it suffices that h(x) # hy(x’) (loc. 
cit.). Now, there exists a function h € & such that h(x) # h(x’) (TVS, 
II, §4, No. 1, Cor. 1 of Prop. 2) and since the sequence (hn) is dense in @, 
there exists an n such that hy(x) 4 hy(x’). 

Q.E.D. 


COROLLARY. — Let E be a Hausdorff locally conver space over R, 
C a proper convex cone in E with vertex 0, that is complete and metrizable 
for the uniform structure induced by the weakened uniform structure of E. 
Let M be the union of the extremal generators of C. For every x € C 
there exist a compact convex subset K of C and a measure \>0 on K 
of total mass 1, such that K — (MMK) is A-negligible and the barycenter 
of X is equal to x. 

For, x belongs to a cap K of C (TVS, II, §7, No. 2, Prop. 5), and 
MNK contains the set of extremal points of K (loc. cit., Cor. 1 of Prop. 4). 
It then suffices to apply Th. 1. 


3. Applications: I. Vector spaces of continuous real functions 


Let X be a nonempty compact space, # a linear subspace of the 
Banach space @(X;R) that contains the constants and separates the points 
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of X (GT, X, §4, No. 1, Def. 1). We equip # with the normed space 
topology induced by that of @(X;R), and denote by #’ the dual of this 
normed space. For every x € X, the mapping f + f(z) is a continuous 
linear form on # (the restriction to # of the Dirac measure ¢, ), thus is 
an element of #' that will be denoted i,(z), so that 


(9) (f,te(2)) = f(z) 


for every function f € # and every rE X. 

The mapping ty of X into #’ is injective and continuous when # 
is equipped with the weak topology o(.#’, #); the second assertion follows 
at once from the definitions and (9); as for the first, note that if z,z’ are 
two distinct points of X, by hypothesis there exists a function h € #% such 
that h(x) # h(z’), therefore, by (9), (h,is¢(z)) # (h, ize¢(a’)) and a fortiori 
ige(x) # ige(x’). The image iy(X) is therefore a compact subset of # 
(for the weak topology), and iy is a homeomorphism of X onto iy(X). 


PROPOSITION 4. — (i) The closed convex envelope C of ize(X) in 3 
(for the weak topology o(.3’, #)) is compact. 

(ii) For a point izg(x) to be an extremal point of C, it is necessary 
and sufficient that the only positive measure X on X such that 


(10) h(x) = / hd 


for every function h € # (which implies in particular that \ has total 
mass 1, since 1 € #) be the Dirac measure ez. 

It follows that, for each h € #, the function 2’ + (h,z’) on C 
attains its supremum at at least one extremal point of C (TVS, II, §7, No. 1, 
Prop. 1), and this point belongs to izg(X) (loc. cit., Cor. of Prop. 2). 

(i) By (9), |ltze(x)|| < 1 in the normed space #’, in other words 
t(X) is bounded, and the assertion follows from the fact that 4’, equipped 
with the weak topology o(#’, #), is quasi-complete (TVS, III, §4, No. 2, 
Cor. 5 of Th. 1). 

(ii) Every positive measure ys of mass 1 on iy(X) arises, by transport 
of structure by means of the homeomorphism iw , from a positive measure 
X of mass 1 on X, the Dirac measure ¢; yee) arising from €,. To say that 
p. admits t,(x) as barycenter means, by definition, that 


[ (hy ige(2)) Xz) = (hy ige(2)} 


for every function h € #. Taking (9) into account, the assertion (ii) is just 
the translation of the criterion of No. 2, Cor. of Prop. 3 for ize(x) to be 
an extremal point of C. 
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We shall say that a point x € X satisfying condition (ii) of Prop. 4 
is #-extremal; we denote by Chy(X) (or simply Ch(X) ) the set of these 
points, and by S,v(X) (or simply S(X)) the closure of Chyy(X) in X. 


PROPOSITION 5. — Every function h € # attains its supremum at 
at least one #/-extremal point. 

Let « bea point of X, h a function in #. The relation h(z) < h(x) 
for all z € X may be written (h,ige(z)) < (h,ige(x)) for all z € X, and 
therefore means that the weakly closed hyperplane of #' with equation 
(h,t') = (h,ige(z)) is a support hyperplane of iye(X). It is known (TVS, 
II, §7, No. 1, Cor. of Prop. 1) that such a hyperplane contains at least 
one extremal point of the closed convex envelope of ijg(X), and such a 
point iy(y) is the image of an #-extremal point y by definition; h(y) is 
therefore equal to the supremum of A in X. 


PROPOSITION 6. — For every point x € X, the following properties are 
equivalent: 

a) x is #-extremal. 

b) For every open neighborhood U of x in X and every € > 0, there 
exists a function h>0 in # such that h(x) <e and h(y) >1 for every 
yEx—U. 

Let z be any point of X, f a function in @(X;R); it is known (TVS, 
II, §3, No. 1, Prop. 1) that the infimum of the numbers A(f), for all the 
positive measures on X such that A(h) = h(x) for every function he #, 
is equal to the supremum of the numbers h(x), where h runs over the set 
of functions h € # such that h < f. Suppose that x is #-extremal; it 
then follows from Prop. 4, (ii) that for every function f € @(X;R), 


(11) f(e)= sup. A(z), 
hEHE, hf 

To show that a) implies b), we take for f a continuous mapping of X into 
[0,1], with support contained in U, such that f(x) = 1; then, by (11), 
there exists a function h’ € # such that Ah’ < f and h’(z) > l-—e. 
Since 1 € #, the function h=1-—h’ meets the conditions of }). 

Conversely, suppose that the condition 6) is verified; this condition im- 
plies that 1—h < yu; for every positive measure A on X satisfying the 
condition (10), we therefore have 


A(U) = A(yu) 2 AVL - A) = 1—-A(z) el —e. 


Since, by hypothesis, this relation holds for every ¢ > 0 and every open 
neighborhood U of z, it follows that 


A({z}) = inf \(U zl-e 
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for every € > 0, therefore A({x}) = 1. Since X is positive and of total 
mass 1, necessarily A = €z , which proves that z is #-extremal, by virtue 
of Prop. 4, (ii). 


_ PROPOSITION 7. — Let F be a closed subset of X. The following 
properties are equivalent: 

a) F contains Syv(X). 

b) For every function h € #, the set F intersects the set of points 
of X where h attains its supremum. 

c) For every point x € X, there exists a positive measure p of total 
mass 1 on X, such that Supp(u) CF and h(x) = f hdy for every func- 
tion he #. 

Let G=iy(F). The condition a) signifies that G contains the set of 
extremal points of C. The condition 6) signifies that G meets the inter- 
section of ize(X) with each of the closed support hyperplanes of iy(X). 
Finally, the condition c) signifies that every point of iye(X) is the barycen- 
ter of a measure with support contained in G; by No. 1, Prop. 1, this is also 
equivalent to saying that the closed convex envelope of iy(X) is equal to 
the closed convex envelope of G. The equivalence of the conditions a), b) 
and c) therefore follows from TVS, II, §7, No. 1, Cor. of Prop. 2. 


PROPOSITION 8. — Suppose X is metrizable. Then the set Chyy(X) 
of #-extremal points of X is the intersection of a countable family of open 
sets in X, and for every x € X, there exists a positive measure ys of total 
mass 1 on X such that 


n= ChyOOV=EO: land i nae He) 


for everyhe #. 
This is the translation of Th. 1 of No. 2, by transport of structure by 
means of the homeomorphism z +> izg(z), as in Prop. 5. 


A certain number of results of this No. may be extended when #& is re- 
placed by a set # of functions defined on X, with values in RU {+00}, that are 
lower semi-continuous, # being assumed to contain the constants and to satisfy 
P+tAcCPF (Exer. 2). 

*Example. — Take X to be the unit ball |/x|| <1 in R3, and let # be 
a vector space of continuous functions on X, containing the restrictions to X of 
the affine linear functions on R® and satisfying the ‘marimum principle’, that is, 
for every non-constant function h € #, the set of points of X where A attains 
its supremum is contained in the sphere S2. It then follows easily from Props. 5 
and 7 that Chy(X) = Sje(X) = Sg. An important example of a vector space 
3 satisfying the preceding conditions is the set of functions continuous on X and 
harmonic in the open ball ||x|| < 1. For these functions, one proves that the 


positive measure ys of mass 1 such that Supp(u) C So and “h(x) = i hdp for 
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all h € & is given, if ||x|| < 1, by Poisson’s formula 


1 = |lz\l? 


ilz — x|| 


du(z) = 


do(z), 


where o is the measure on S2 invariant under the orthogonal group and such that 
o(S2) = 1 (Ch. VII, §3, Exer. 8)., 


4. Applications: II. Vector spaces of continuous complex functions 


Let X be a nonempty compact space, # a linear subspace of the 
complex Banach space @(X;C) that contains the constants and separates 
the points of X. The set of real parts &(f) of the functions fe # is 
a linear subspace #%. of the real vector space @(X;R); for every fE #, 
the set #%. also contains %(f) = &(-if); it follows that #4 separates 
the points of X, because the relation h(x) = h(y) for all h € HG implies 
that B(f(z)) =A(fly)) and (f(z) = F(f(y)) and so f(z) = fly) 
for all f € #. The #7-extremal points in X are again called #-extremal, 
the set of them is denoted Chy(X), and the closure of the latter set is 
denoted S y(X). The analogues of Props. 5 and 7 are the following: 


PROPOSITION 9. — For every function f € 4, Chye(X) intersects 
the set of points where |f| attains its supremum. 

We may limit ourselves to the case that f is not the constant 0. Let a 
be a point of X where |f| attains its supremum, and set g = f/f(a); then 
g(a) =1 and |g(x)| <1 for all x € X, whence 


A&(g(a))=1 and &(g(x)) <1 forall rex. 


By Prop. 5 of No. 3 applied to #%, there exists b € Chy(X) where 
&((g(x)) attains its supremum 1, whence |g(b)| = 1 since |g(b)| < 1; it 
follows that |f(b)| = |(f(a)| > |f(x)| for all re X. 


PROPOSITION 10. — Let F be a closed subset of X. The following 
properties are equivalent: 

a) F contains S(X). 

b) For every function f € #, F intersects the set of points of X where 
|f| attains its supremum. 

c) For every point x € X, there exists a positive measure ys of total 
mass 1 on X such that Supplies ) CF and f(x) =f fdw for every func- 
tion fE#. 

Let us prove the equivalence of the ae a) and c): let f = 
fitifo with fi, fo in 4%; the relation f(x) = f fdy is equivalent to 
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the two relations f(z) = f fidw and f2(x) = f fod; it thus suffices to 
apply to #% the ee of the sae a) and c) of Prop. 7 of No. 3. 
The fact that a) implies b) follows from Prop. 9. Let us show that b) im- 
plies a); this is a matter of seeing that if b) is verified, then, for every 
he #,, F intersects the set of points where fh attains its infimum in X. 
The condition b) implies that F is nonempty; since F is compact, there 
exists a € F such that h(a) < h(y) for all ye F. Let f € # be such 
that h = &(f); for every ¢ > 0, the function g = f — h(a) +e belongs 


to #, and 
R(gly)) = h(y) — h(a) +e Be 


for all y € F. Let c be the supremum of |g| in X, and set b = c?/2e; for 
every yEF, 


[a(y) — b]? = |g(y)? — 22B((g(y)) +0? < c? — Qbe +B? = 0’, 


in other words, the supremum in F of the function |g —6| is < 6. Since 
g—b€ #, the hypothesis on F implies that |g —b| < 6, whence 


b? > |g — b|? = |g? — 2bA(g) + 0? 


and so £&(g) > |g|?/2b > 0; since &(g) = h— h(a) +e, and € > 0 is 
arbitrary, we have h > h(a), and h(a) is the infimum of A in X, which 
completes the proof. 


Remark. — If f is a continuous real function, a point where |f| at- 
tains its supremum is a point where one of the functions f,—f attains its 
supremum. For a vector space # of continuous real functions satisfying 
the hypotheses of No. 3, the Props. 9 and 10 are thus trivial corollaries of 
Props. 5 and 7, respectively. 


5. Applications: III. Algebras of continuous functions 

Lemma 4. — Let X be a compact space, # a closed linear subspace 
of the Banach space @(X;C) (resp. @(X;R)). Let a be a point of X 
admitting a countable fundamental system of neighborhoods; assume that, 


for any numbers c and d such that 0<c<d<1 and any open neighbor- 
hood U of a, there exists an f € # such that 


(2) Ifl<1, If@I24, [f@)|<e forall ceX—U. 


Then there exists a function u€ # such that |u(z)| < |u(a)| for alla fa. 


INT IV.112 EXTENSION OF A MEASURE. L? SPACES 87 


Let (Vn) (n > 1) be a fundamental system of neighborhoods of a, 
and let A, {,€ be numbers such that 


O<A<1, l<p<ptexlty. 


Thus 0 < A/u < 1/p <1. We are going to define, by induction on n 
(n > 1), a decreasing sequence (U,,) of open neighborhoods of a such that 
Un C Vn for all n, and a sequence (h,) of functions in # satisfying the 
relations 


(1355 i (z)| < ‘ for all x € X 
(14m) An (a) = 
(15, ) [An (x)| < for all re X— U, 
n+1 
(16,) ywh, (y)|< 5°? for all ye X. 
j=l j=l 


Assume h,,, and U,, defined for 1 < m < n, satisfying the four pre- 
ceding conditions (with n replaced by ay on the other hand, set Up = X. 


n-1 | 
The function 5° \’h,; (equal to 0 if n = 1) is continuous and takes the 
j=l 
1 oe 
value 5> ’ at the point a; therefore there exists an open neighborhood 


j=l 
U,, of a, contained in U,~1MV,,, such that 


n-1 n-1 
(17) = Mh;(y)| < > M+ed" for all ye Un. 
= co 


By hypothesis there exists a function f € # such that 


\f(z)| <1 forall ceX, |f(a)| >1/p, 
lf(z)|} <A/m for rE X—U,. 


Set h, = f/f(a); the relations (13,), (14,) and (15,) then hold; set 


n n-1 
9 = >> Mhy = So Nj + "hn 
j=l j=l 


By (17) and (13,,), for y € Un we have 


n-1 n+l 
Yi < SoM +er™ +r" < SOM, 
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since e+ < 1+; for c€X— Un, we have |hyp(x)| <A forl<p<n 


whence also 
n+1 nt+1 


a) <r < OM, 
j=2 j=l 


which completes the proof of (16,). 
CO 
This being so, the series }> \”h, is normally convergent in X since 


n=1 
A <1 and |hp(x)| < pw for all n and all x € X; let u be its sum, 
which belongs to # since # is closed. By the relation (14,), we have 


CO. 
u(a) = >> X"; on the other hand if z # a, there exists an integer n such 


n=1 
that « ¢ Uni1; therefore |hn4”(x)| < A for all k > 1 by the relation (15,); 
it follows, using (16,,), that 


+1 
|u(x)| < S d hy ( 215 hy ( <P +a Y ey 
j=l j=ntl j=ntl 
oe . 
=) = Iu(a)| 
j=l 


THEOREM 2 (E. Bishop). — Let X be a compact space, & a closed 
subalgebra of the compler Banach algebra @(X;C). Assume that & con- 
tains the constants and separates the points of X. Let a be a point of X; 
the following conditions are equivalent: 

a) There exists a function f € WM such that |f(x)| < |f(a)| for 
all x fa. 

b) The point a is &-extremal and admits a countable fundamental sys- 
tem of neighborhoods. 

a) => b): Let f € M be such that |f(a)| > |f(x)| for x 4 a; by 
Prop. 9 of No. 4, a is an &-extremal point. On the other hand, if U, is 
the set of x € X such that |f(x)| > |f(a)|-—1/n, then U, is an open 
neighborhood of a, and the intersection of the U, reduces to a; since X is 
compact, the U, form a fundamental system of neighborhoods of a (GT, 
I, §9, No. 1, Th. 1). 

b) > a): It suffices to verify that b) implies the hypotheses of Lemma 4. 
With the notations of that lemma, set ¢ = logd/logc; thus 0<e< 1. 
Since a is an &,-extremal point, there exists a function g € &@ such that 


Rg) >0, A(g(a))<e, RA(g(x)) 21 force X—U 
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(No. 3, Prop. 6, 6)). Set f = c%; since f is the sum of the normally 
: ee) 
convergent series )> (logc)"g”"/n!, we have f € & and 


n=0 
If|<1, If@|>e&=d, |f(a)|<e for ceX-U. 


QED. 


COROLLARY. — Suppose in addition that X is metrizable. Then the 
following properties are equivalent: 

a) a is an &-extremal point of X. 

b) There exists u€ M such that |u(z)| < |u(a)| for all c 4a. 

c) Let IM be the set of subsets M of X such that for every function 
f € &, |f| attains its supremum in X at at least one point of M. Then 
a_ belongs to all of the sets ME M. 

d) Let MN be the set of subsets N of X such that, for every function 
f € @, Af) attains its supremum in X at at least one point of N. 
Then a_ belongs to all of the sets NEN. 

In other words, 


(18) Chy(X)= () M=([)N. 


Mem Nem 


Since, in a metrizable space, every point admits a countable funda- 
mental system of neighborhoods, the equivalence of a) and 6) follows from 
Th. 2. Let us show that b) implies c): indeed, a is the unique point where 
|u| attains its supremum; on the other hand, c) implies a) because, for every 
f €@, Chy(X) intersects the set of points where |f| attains its supremum 
(No. 4, Prop. 9). The same reasoning, using Prop. 5 of No. 3, shows that 
d) implies a). Finally, to see that 6) implies d), we can restrict ourselves to 
the case that X does not reduce to the single point a, therefore u(a) 4 0; 
the function v = u/u(a) then belongs to &, and we have v(a) = 1 and 
|u(z)| <1 for  #a, whence A(v(a)) =1 and A(v(x)) <1 for x Fa. 
Since the function &(v) attains its supremum only at the point a, we have 
indeed a€N for every NE MN. 


*Ezamples. — Let X, be the set of points (z1,z2) € C? such that 
|z1|? + |ze|? < 1 (the unit ball in R*) and let ot; be the set of restrictions 
to X1 of the holomorphic functions, with values in C, defined in a neighborhood 
of X; in C? (the neighborhood depending on the function considered); let 
be the closure of #&/ in @(X1;C), which is obviously a closed complex subalge- 
bra of @(X1;C) and separates the points of X;. Application of the ‘maximum 
principle’ for holomorphic functions shows that Ch,(X1) is the sphere S3. 

In the preceding definition, let us replace X; by the ‘polydisk’ X2 defined 
by the relations |z1| <1 and |z2| <1, which yields subalgebras a and (the 
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closure of “J ) of @(X2;C). Here, the maximum principle shows that Ch (X2) 
is the ‘torus’ defined by the relations |z1|=1 and |ze|=1. 

From these results, one deduces that there does not exist an analytic isomor- 
phism of an open neighborhood of X; onto an open neighborhood of X2 that 
transforms X; into X2; for, if v were the restriction to X; of such a mapping, 
one would have 2 = va&v~1 and so v would transform $3 into a space homeo- 
morphic to T? , which is absurd since S3 is simply connected but T? is not. One 
will observe, however, that the spaces X; and X2 are homeomorphic, both being 
bounded convex sets in R* with nonempty interior.,. 


6. Uniqueness of integral representations 


Let E be a Hausdorff weak locally convex space (TVS, I, §6, No. 2), 
C a proper pointed convex cone in E. One knows that C is the set of 
elements > 0 of E for an order relation compatible with the vector space 
structure of E. When C is said to be lattice-ordered, it is of course the 
order induced on C by that of E that is understood. 


Lemma 5. — Assume that C is weakly complete. Let & be the set of 
restrictions to C of the continuous linear forms on E. Let (fx)xea be a 
finite family of elements of @, and f =sup(f,). For every x € C, define 


f(x) = sup (f(x1) + f(v2) +--+ f(2n)), 


the supremum. being taken over the set S, of sequences (x1,%2,...,%n) of 
elements of C such that x1 +22+-:-+2n = 2. Let Card A = p. Then 
there exists (y1,-.-,Yp) € Sz such that f(x) = f(y.) +---+f(¥p)- 

Denote by fi, f2,-.-,fp the elements of the family (f,). For 
k=1,2,...,p, let Cy be the set of y € C such that 


fily) < fly), foly) < fly), --- 5 fraily) < fly), fely) = fly)- 


The Cy, are disjoint convex cones with union C. Let 2 ,22,...,2, in C 
be such that 2} +29+---+2, = 2. Let yy, be the sum of the z; that 
belong to Cx. Then yi + yo2+-:-+¥Yp = x. Since f is affine on Cy, 
f(r) +--+ + fp) = F(a1) + +++ + f(@n)- Therefore 


(19) f(x) = sup (f(y1) +--+ + f(yp)), 


where (y1,Yy2,---,Yp) runs over the set of sequences of p points of C such 
that yi tyot---t+yp =z. Set D=CN(r-—C). Since D is compact 
(TVS, II, §6, No. 8, Cor. 2 of Prop. 11), so is the set of elements (y1,...,¥p) 
of D? such that y; +---+ yp =<, thus the supremum (19) is attained. 
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Lemma 6. — We maintain the hypotheses and notations of Lemma 5, 
and assume the fy to be positive. The function f is positively homogeneous, 
concave and upper semi-continuous in C. It is affine if C is lattice-ordered. 

It is clear that f is positively homogeneous. Let 2,y belong to C. If 
L1,0++,Lm;,Y1,-+-)Yn in C aresuch that z14+---+%m, = 2, yit---+yn =Yy, 
then zp +-+;+@mtyrt-::+4n =2+y, therefore 


f(ti) +++ + f(@m) + Fy) +++ Fn) < Fle +9); 


it follows that f(x) + f(y) < f(at+y), therefore f is concave. Let L 
(resp. Ly) be the set of (¢,z) € Rx E such that x € C and 
0<t< f(z) (resp. 0 < t < fy(x)). Each of the Ly is closed in the 


weakly complete proper convex cone R, x C, therefore the sum > Ly 
AEA 
is closed (TVS, II, 86, No. 8, Cor. 2 of Prop. 11). By Lemma 5, this sum 


is equal to L. Therefore L is closed, which proves that f is upper semi- 
continuous. Finally, assume C is lattice-ordered, and let us prove that f 
is convex. Let x,y belong to C and let ¢ > 0. There exist 21, zo,..., Zn 
in C such that f(z:)+---+f(zn) > f(aty)—e€ and z4+---+z, =a2+y. 
The vector space C —C is lattice-ordered for the order induced by that 
of E (A, VI, §1, No. 9, Prop. 8). By the decomposition theorem (loc. cit., 
No. 10, Th. 1), there exist 21,...,2n,Yi,---,;Yn in C such that 


Ly t Yt = 215 +++ In FYn = 2m, Lit + Mp HL, Yr t+ Yr =y- 


Then, since f is positively homogeneous and convex, 


f(e+y) Set fla)+---+ fle) 


< 
<et+f(ai)+ f(y.) +--+: + flan) + f(yn) 
<et f(x) + fly). 


Since ¢ is an arbitrary number > 0, we have proved that f is indeed convex. 


THEOREM 3 (Choquet). —— Let E be a Hausdorff weak locally convex 
space, C a weakly complete proper convex cone with verter 0 in E, G the 
union of the extremal generators of C, K a compact conver subset of C, 
A and X’ positive measures of mass 1 on K, admitting the same barycenter, 
such that A*(K — (KNG)) = ’*(K — (KNG)) = 0. Assume that C is 
lattice-ordered. Then, for every lower semi-continuous, positively homoge- 
neous conver function f >0 on C, A*(f|K) = N*(f|K). 

Let @ (resp. &’) be the set of restrictions to C of the continuous 
linear forms (resp. affine functions) on E. We know (TVS, II, §5, No. 4, 
Remark 2) that f is the upper envelope of the set of elements of & that 
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are < f. The set of functions of the form sup(f1,..., fp), where fi,..., fp 
belong to #, f; >0,..., fp > 0, is an increasing directed set and has f 
as its upper envelope. Taking into account §1, No. 1, Th. 1, it suffices to 
verify the equality A(f |K) SAX Uf |K) when f is of the preceding form. 

Define f as in Lemma 5. It is clear that f(y) = f(y) if yeG. Since 
\*(K — (KNG)) = 0, we have A(f|K) = A(f|K). By Lemma 6, f is 
affine and upper semi-continuous. Therefore f|K is the lower envelope of 
a decreasing directed set of restrictions of elements of &’ to K (TVS, II, 
85, No. 4, Prop. 6). Let z € K be the barycenter of \. If g € & then 
X(g|K) = g(x). Therefore \(F|K) = f(x) (§4, No. 4, Cor. 2 of Prop. 5). 
Thus (f|K) = f(z), and one sees similarly that 2’(f IK). = flay 


COROLLARY. — Let E be a Hausdorff locally conver space, C a proper 
convex cone with vertex 0 in E, admitting a compact sole M, and let G 
be the union of the extremal generators of C. Let x EM. If C is lattice- 
ordered, then there exists at most one positive measure of mass 1 on M, 
such that \*(M — (GNM)) =0, and admitting x as barycenter. 

Replacing the topology of E by the weakened topology (which does 
not change the topology of M), one can suppose E to be a weak space. 
Let and ’ be two measures on M having the stated properties, and 
let h be a continuous linear form on E such that M is the intersection 
of C and the hyperplane with equation h(x) = 1. Let YY be the subset 
of @(M) consisting of the restrictions to M of the positively homogeneous 
and continuous convex functions > 0 on C. The cone C is weakly complete 
(TVS, II, §7, No. 3). By Th. 3, A(f) = ’(f) for every f ES. 

If fi, fo, fs, f4 belong to ., then 


sup(fi — fo, fs — fa) = sup(fit fa, fa + fo) — (fot fa) EX - SF 
inf(f, — fo, fs — fa) = —sup(fe — fi, fa — fs) € %- FS. 


Since h|M € SY, #— fF contains the constant functions. If x and y are 
two distinct points of M, there exists a continuous linear form on E that 
separates z and y, and this form is the difference of two continuous linear 
forms that are positive on C (TVS, II, §6, No. 8, Lemma 1). It follows 
from the foregoing that for a,(@ real, there exists f € “ —./ such that 
f(x) =a, f(y) =. Then XY —.F# is dense in @(M) for the topology of 
uniform convergence (GT, X, §4, No. 1, Cor. of Prop. 2). Since \ and 4’ 
coincide on .Y — %, we have X= 2’. 


Exercises 


§1 


1) Show that if f and g are two numerical functions > 0 defined on X, and yp is 
a positive measure on X, then 


u*(sup(f,g)) + u*(inf(f,9)) < w*(f) + u*(9)- 
From this, deduce that if A and B are any subsets of X, then 
w*(AUB) + u*(ANB) < p*(A) + u*(B) 


(cf. §4, Exer. 8 d)). 


2) For every x € X, show that for every numerical function f > 0 defined on X, 
ex(f) = f(a). 


3) Give an example, in R, of an open set that is not relatively compact, whose outer 
measure (for Lebesgue measure) is finite. 


4) Let X be a locally compact space, a a finite numerical function > 0 on X such 

that, for every compact subset K of X, Ss a(x) is finite; let «4 be the positive measure 
zek 

on X defined by the masses a(x) (Ch. II, §1, No. 3, Example I). 

a) Show that for every function f > 0, lower semi-continuous on X, one has 
w*(f) = aa a(x)f(x), with the convention that a(x)f(xz) = 0 when a(x) = 0 and 

rEX 

fle) = +00. 

b) Let f 20 be any numerical function defined on X. Show that if u*(f) < +00, 
then p*(f) = > a(x) f(x), with the same convention as in a). (Cf. Exer. 5.) 

LEX 
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{ 5) Let X be the subset of the plane R? formed by the union of the line D = 
{0} x Rand the set of points (1/n,k/n?), where n runs over the set. of integers > 0, 
and k over the set Z of rational integers. 

a) For every point (0,y) of D and every integer n > 0, let Tn(y) be the set 
of points (u,v) in X such that u < 1/n and |v — y| < u. Show that if one takes 
as fundamental system of neighborhoods of each point (0,y) in D the set of Tn(y) 
(n > 0), and as fundamental system of neighborhoods of each of the other points of X 
the unique set reduced to that point, one defines on X a topology ZY for which X isa 
locally compact space that is not paracompact. 

b) Let a be the numerical function on X that is equal to 0 on D and to 1/n3 at 
each of the points (1/n,k/n?). Show that, for every compact subset K of X, ss a(x) 

zeK 
is finite; let ys be the positive measure on X defined by the masses a(x). Show that 
p*(D) = +00 even though a(x) =0 on D. (If an open set U for Z contains D, show 
that there exist an interval a < y <b on D not reduced to a point, a set B dense in this 
interval (for the usual topology of R.), and an integer n > 0 such that, for every y€B, 
one has Tn(y) C U; for this, one may make use of Baire’s theorem.) 


6) Let f be a numerical function > 0 defined on X. 


a) Show that, for the mapping p++ u*(f) of @4(X) into R to be continuous 
for the vague topology, it is necessary (and sufficient) that f be continuous with compact 
support (make use of Exer. 2). For ++ w*(f) to be lower semi-continuous for the vague 
topology, it is necessary (and sufficient, cf. Prop. 4) that f be lower semi-continuous. 


b) Show that, for the mapping p++ u*(f) of 4(X) into R to be continuous for 
the quasi-strong topology (Ch. III, §1, Exer. 8), it is necessary and sufficient that f be 
bounded and have compact support (method analogous to that of a)). From this, deduce 
that for every function f 20 that is zero on the complement of a countable union of 
compact sets, the mapping pp ++ pu*(f) is lower semi-continuous for the quasi-strong 
topology (make use of Th. 3) (cf. Exer. 7 6)). 


c) Show that, for the mapping p +> u*(f) of @(X)N.#1(X) into R to be 
continuous for the ultrastrong topology (Ch. III, §1, Exer. 15), it is necessary and sufficient 
that f be bounded; for every function f >0 defined on X, +> u*(f) is lower semi- 
continuous for the ultrastrong topology. 

d) Show that, for the mapping p + p*(f) of @1(X)M.@1(X) into R to be 
continuous for the weak topology (Ch. III, §1, Exer. 15), it is necessary and sufficient 
that f be continuous on X and tend to 0 at the point at infinity; for urs u*(f) to 
be lower semi-continuous for the weak topology, it is necessary and sufficient that f be 
lower semi-continuous. 


7) a) Let (un) be an increasing sequence of measures > 0 on a locally compact 
space X; assume that the sequence is bounded above in .@4(X) and denote by yp its 
supremum. Let f be a function 20 defined on X and zero on the complement of a 
countable union of compact sets. Show that p*(f) = sup u*(f) (cf. Exer. 6 6)). 

n 


b) Let X and yp be the locally compact space and the measure defined in Exer. 5. 
Let an be the numerical function equal to a (in the notation of Exer. 5) for every 
point (1/m,k/m?) such that m <n, and equal to 0 at the other points of X; let un 
be the measure defined by the masses an(r). Show that yu is the supremum of the 
sequence (fn) in .@4(X) and that yw*(D) =0 for all n, but u*(D) = +00. 


8) a) Let (un) be a decreasing sequence of measures > 0 on a locally compact 
space X, and let y be the infimum of the sequence in .@4(X). Show that if f is a 
function > 0 such that ux(f) < +00 from some index onward, then u*(f) = inf ux (f) 

n 


(when g is lower semi-continuous, positive, and satisfies u*(g) < +oo, note that there 
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exists a sequence (hm) of continuous functions 20 with compact support, such that 


foe} co 
Yo Am <g and pr(g) = S> ua(hm) for every index m). 
m=1 m=1 

b) On the discrete space X = N, let fn be the measure defined by placing mass +1 
at each point m > n. Show that the infimum of the decreasing sequence (un) in &4(X) 
is 0, but that w*(X) = +00 forall n. 


§3 


1) Let ps be Lebesgue measure on the interval X = [0,1[ of R. For every integer 
n=2°4k (h >0,0< k < 2") let fp be the function equal to 1 on the interval 
[k/2”,(k+1)/2"[ and to 0 elsewhere in X. Show that the sequence (fn) converges in 
mean of order p to 0 for every p > 0, but that the sequence (fn(x)) does not converge 
for any point z € X. 


2) Show that every numerical function f belonging to £?(X;R) is equal almost 
everywhere to the difference gi — g2 of two lower semi-continuous positive functions 
belonging to ¥?(X;R) (note that f(x) is equal almost everywhere to the sum of an 

co 


absolutely convergent series yy fn(z), where the fp, are continuous with compact sup- 
n=1 


port). 


3) Let X be a locally compact space, a a finite numerical function > 0 defined 
on X such that, for every compact subset K of X, [S a(x) < +oo. Let pw be the 
zeEK 
measure on X defined by the masses a(x). Show that, for this measure, #2 =“? for 
every finite p21 and every Banach space F. 


§4 


1) Let H be a set, directed for the relation <, of integrable functions > 0 such that 
sup Ni(f) < +oo. Let g be the upper envelope of H; in order that g be integrable and 
feH 
that, in L!, the class g of g be the limit of the filter of sections of the directed set of 
classes of the functions f € H, it is necessary and sufficient that, for every « > 0, there 
exist a function f; € H, a set B, directed for <, of lower semi-continuous integrable 
functions, and a mapping f + f* of the set Hi of functions f € H that are < f) into 
the set B, such that f < f* and Ni(f*—f) <e for every function f € H; (make use 
of Th. 3 of No. 4). 


2) Let ys be Lebesgue measure on R and let 2 be the topological space obtained 
by equipping the space 71! with the topology of pointwise convergence in R.. Show that 
the mapping f > i fdp of Q into R is not continuous at any point of 9. 


3) Let I be an interval in R, f a mapping of X xI into a Banach space F’, such 
that: 1° for every a € I, the mapping t+ f(t,a) of X into F is integrable; 2° for 
every t € X, the mapping a+ f(t,a) has a derivative f/(t,a) in I; 3° there exists 
an integrable function g > 0 such that |f)(t,a)| < g(t) for all t€ X and all ael. 
Under these conditions, show that the function u(a) = f f(t,a)du(t) is differentiable 
in I and that 


u’(a@) = [eeooraun. 
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q 4) Let py be Lebesgue measure on the interval X = [0,1]. 
a) Define in X a nowhere dense perfect set A whose measure is an arbitrary num- 
ber a such that 0 <a <1 (use the method of construction of Cantor’s triadic set). 
b) Define in X a sequence (An) of pairwise disjoint nowhere dense integrable sets, 
n 


such that p(An) = 27” and such that every interval contiguous to Bn = U Ak 
k=1 
contains a subset of An+1 of measure >0. If A= U An, show that A is a meager set 
n 
of measure 1, and CA a negligible non-meager set. 
co 


c) Let H= U Aon+1; Show that, for every open interval I C X, the intersections 
n=0 
of I with H and with CH have measure > 0. Let f be a function equal almost 
everywhere to the characteristic function yy ; show that there does not exist any sequence 
(fn) of continuous functions on X, convergent at every point of X , whose limit is equal 
to f (note that f is necessarily discontinuous at every point of X, and make use of 
Exer. 22 of GT, IX, §5). 


5) Let yu be a positive measure on a locally compact space X. For every numerical 
function f (finite or not), of whatever sign, defined on X, we denote by y*(f) (and call 
upper integral of f) the infimum of the numbers p(h) for the functions h > f that 
are integrable and lower semi-continuous, when such functions exist, and by +oo in the 
contrary case; this definition coincides with that of §1, No. 3 when f > 0. We denote 
by p,(f), and call lower integral of f , the number —pu*(—f). 

a) Show that if f; and f2 are two numerical functions such that fi(z) < fe(zx) 
almost everywhere, then p*(f1) < u*(fo). 

b) Let fi and f2 be two numerical functions such that u*(f1)+u*(fe) is defined 
and < +00; show that f1(x) + fo(x) is defined almost everywhere and p*(f; + fe) < 
u*(fi) +u*(f2) (reduce to the case that f1(x) < too and f2(x) < +00 at every point, 
with the help of a)). 

c) If (fn) is an increasing sequence of numerical functions such that p*(fn) > —oo 
from some index onward, show that u*(sup fn) = supu*(fn). 

n n 


4 6) a) Let f be a numerical function such that p*(f) (Exer. 5) is finite. Show 
that there exists an integrable function f; > f such that pu(fi) = u*(f); if fo isa 
second integrable function such that fo 2 f and p(f2) = u*(f), then fi and fo are 
equivalent. 

b) For a numerical function f to be integrable, it is necessary and sufficient that 
u*(f) and p,(f) be finite and equal. 

c) Let f be a numerical function such that u*(f) and y,(f) are both finite; 
let g and h be two integrable functions such that g < f < h and pw(g) = py, (Sf), 
p(h) = w*(f). Show that 


My (Ff - 9) = y(h-f)=0 and w*(f—g) = u*(h— f) = w(f) — We (f)- 


d) Let fi, fa be two numerical functions such that the numbers p*(f1), u*(fe), 
by (fi) and yp, (f2) are all finite; show that 


My (fi + fa) < My (fi) + U* (fa) < w*(fi + fe) 
(if g2 is an integrable function such that f2 < g2 and p*(f2) = p(g2), note that, for 


every integrable function h such that h < fi; + fe, one has h— go < fi). From this, 
deduce that if fi is integrable then 


u*(fi + fo) = u(fi) + o* (fo), wy (fi + fo) = whi) + Hy (fe), 
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and p*(fi + fo) = w*(sup(fi, fo)) + u*(inf(fi, f2)) (for the latter relation, make use of 
Exer. 1 of §1). 

e) Let f be an integrable function. In order that a function g, such that *(g) is 
finite, be integrable, it is necessary and sufficient that pu(f) = u*(g)+u*(f—g) (if gi is 
an integrable function such that g < gi and u*(g) = u(gi), note that f—gi < f—g). 


{ 7) Let pu be a positive measure on X. For every subset A C X, the lower 
integral (Exer. 5) of the characteristic function ya is called the inner measure of A and 
is denoted pu, (A). 

a) Show that y,,(A) is the supremum of the measures of the compact sets contained 
in A (argue as in Th. 4). 

b) For every subset A of X of finite outer measure, show that there exist two 
integrable sets A1,A2 such that A; C AC Ag and p,(A) = u(A1), w*(A) = u(A2). 
For A to be integrable, it is necessary and sufficient that w*(A) and y,,(A) be finite 
and equal. With the same notations, show that 


Py (AN CA1) = py (A2 CA) =0 


and 
w*(AN CAz) = w*(Ao NCA) = p*(A) — p, (A). 


c) Let A be an integrable set; show that for every set B C A, one has p(A) = 
u*(B) + 14 (AM CB). 

d) Let A and B be two sets of finite outer measure that are disjoint. Show that if 
C = AUB, then 


Hy (A) + by (B) < a (C) S oa (A) + H*(B) < w*(C) < WA) + #*(B) 


and that 
By (C) ~ Hy (A) — Hy (B) < w*(A) + w*(B) — p*(C) 


(for the latter inequality, reduce to the case that u,(A) = u,(B) = 0 with the help 
of b); if Ap and Bg are integrable sets such that A C Az, B C Ba, w*(A) = w(Aa), 
u*(B) = (Be), show that py, (C) < u(A2M Ba) ). 


q 8) If the torus T = R/Z is canonically identified with the interval [0,1[ of R, 
the Lebesgue measure p on this interval is a measure on T; for every set A C T and 
every 2€T, w*(At+z) = p*(A). 

a) Show that there exists a subgroup Ho of T such that the sets Hn =rn+ Ho, 
where rn runs over the set of rational numbers contained in [0,1[, form a partition 
of T (regarding R as a vector space over Q, note that in R the subspace Q admits a 
supplement). 

b) Let H be a set that is the union of any finite number of sets Hn ; show that H is 
not integrable and that py, (H) = 0 (note that every subgroup of the additive group Q/Z 
generated by a finite number of elements has infinite index in Q/Z; from this, deduce 
that there exists a partition of T into a countable infinity of sets Py, , each of which 
contains a set of the form z +H). 

c) Deduce from 6) an example of a decreasing sequence (An) of subsets of T, 
whose intersection is empty, and is such that p*(An) =1 for all n. 

d) Let A be an integrable set such that Ho C A and p(A) = u*(Ho) > 0; show 
that, for every integrable set B C A, the sets B1 = BN Ho and Bo = BN CHo form 
a partition of B such that p*(Bi) = u*(B2) = w(B) and pw, (Bi) = u,(B2) =0 (make 
use of Exer. 7 6)). 


4 9) a) Let uw bea positive measure on a locally compact space X. In the Banach 
space #! of equivalence classes of functions in #1, let G be a closed linear subspace 
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containing the subspace L1; let Y be the closed linear subspace of #! formed by the 
functions whose class belongs to G. Show that one can extend to ¥ the linear form p(f) 
in such a way that the inequality |u(f)| <Ni(f) is again verified (make use of the Hahn— 
Banach theorem). Show that for the integral so extended, Th. 3 of §3 is again valid. 

b) Assume that G is the direct sum of L} and a subspace H of finite dimension. 
Show that, in ¥, Lebesgue’s theorem (Th. 2) is again valid. (Let (fn) be a sequence of 
functions in ¥ , tending almost everywhere to f and such that |fn| <g, where g > 0 


m 
and Ni(g) < too. Let (ur)i<ecm be a basis of H, and let f, = > Onktr thn, 
k=1 
where hy, € “1. Using the fact that G is the topological direct sum of L! and H, show 
that the Q@,,% are uniformly bounded; on passing, if necessary, to a subsequence of (fn), 
reduce to the case that each of the sequences (Onk)n> 1 has a limit; from this, deduce 


that hn(x) then tends to a limit almost everywhere, and apply Lebesgue’s theorem to 


the sequence (hn); note finally that two subsequences of (Fn) cannot tend to different 
limits in G.) 


q 10) a) Let € be a Riesz space, w a positive linear form on & such that the 
relation p(|z|) = 0 implies c = 0; p(|z|) is then a norm on @, and let us assume 
that &, equipped with this norm, is complete. It then follows that @ is fully lattice- 
ordered (Ch. II, §2, Exer. 8 e)). Consequently (Ch. II, §1, Exers. 12 and 13) there exists a 
locally compact space X, the sum of a family (Ke) of compact Stone spaces, such that 
€ is isomorphic to a space of continuous numerical functions (finite or not) on X that 
contains the space %(X). Identifying & with this space, the restriction of u to #(X) is 
then a positive measure on X. Show that @ is canonically isomorphic to the space L(y); 
more precisely, for every pi-integrable function g defined on X, there exists one and only 
one function f € & that is equivalent to g for the measure y (note that every element 
>0 of @ is the supremum of an increasing sequence of elements of #(X), and that 
H(X) is dense in ¥1(p) ). 

b) Deduce from a) that, for every compact space K, there exist a locally compact 
space S, the topological sum of a family of compact Stone spaces, and a positive measure 
vy on S, with support equal to S, such that the fully lattice-ordered space .@(K) of 
measures on K, equipped with the norm ||y||, is isomorphic to @1(v) (consider the 
linear form pr w(K) on (K)). 


11) a) Let T° be any set of subsets of a set A. Let V the set of subsets of A of the 
form 
XiNXegN-::AXmN CXm41N---NOXm4p, 


where the X; are sets in I’, m is any integer >1, and p is any integer > 0. Show that 
the smallest clan ® containing [ is the set of finite unions of sets in U. 

b) Let A be the set of finite intersections of sets in [.. Show that, for every 
vector space F, the set of linear combinations (with coefficients in F ) of characteristic 
functions of sets of the clan generated by I is identical to the set of linear combinations 
of characteristic functions of sets in A. 

c) Let X be a topological space, I’ the set of compact subsets of X. Show that the 
clan generated by I" is identical to the set of finite unions of subsets of X of the form 
AN CB, where A and B are compact sets. 


12) Let X be a Hausdorff topological space. For every pair (K,U) formed by a 
compact set K and an open set U in X, let I(K,U) be the set of subsets M CX such 
that K CM CU, and let J be the topology on $(X) generated by the set of subsets 
I(K,U) of $(X). 

a) Show that each of the sets I(K,U) is both open and closed in B(X) ; from this, 
deduce that $8(X), equipped with the topology 7, is a completely regular and totally 
disconnected space. 
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b) For the mapping M ++ CM of $8(X) onto itself to be continuous (for the 
topology 7 ), it is necessary and sufficient that X be compact. 

c) Take X to be the interval [0,1] of R. Show that the mappings (M,N) ++ MUN 
and (M,N)++> MON of $(X)x#(X) into $B(X) are not continuous for the topology 7 . 

d) Assume X to be locally compact. Show that the topology induced by 7 on the 
set of compact subsets of X is finer than the topology deduced from a uniform structure 
on X by the procedure of Exer. 5 of GT, II, §1; these two topologies cannot be identical 
unless X is a discrete space. 


4 13) a) Let X be a locally compact space, and let T. be a base for the topology 
of X consisting of relatively compact sets. Let @ be a uniform structure compatible with 
the topology of X, and let G be a fundamental system of entourages for this structure. 
Let M+>+ .A(M) bea finite numerical function > 0 defined on I’. For every compact set 
K CX and every entourage V € G, let ay(K) be the infimum of the numbers Ss A(U;) 


a 

for all finite coverings (U;) of K formed by sets in I’ that are small of order V ; suppose 
that as V runs over G, the supremum a(K) of the numbers ay(K) is finite. Show 
that there exists a measure » on X (and only one) such that p(K) = a(K) for every 
compact set K (make use of Th. 5). 

b) Let © be the set of Borel subsets of X, a@ a mapping of WY into [0, +00] 
satisfying the following conditions: 

(i) If Bi, Bg are two disjoint Borel subsets of X, then a(B,;UBz2) = a(Bi)+a(Ba). 

(ii) If B is a compact subset of X then a(B) < +oo. 

(iii) If B is a Borel subset of X then a(B) = infa(U), where U runs over the set 
of open subsets of X containing B. 

Then, there exists one and only one positive measure 4 on X such that a(B) = 
p*(B) for every Borel subset B of X that can be covered by a sequence of compact sets. 

c) For every BE ®, set a(B) =0 if B can be covered by a sequence of compact 
sets, and a(B) = +00 in the contrary case. Then, the conditions (i), (ii), (iii) of 6) are 
satisfied. One has » = 0, therefore a(B) 4 u*(B) if B cannot be covered by a sequence 
of compact sets. 


14) Let (An) be a sequence of integrable sets such that s (An) < +00. For 


n 
every integer k, let G, be the set of x € X such that x € An for at least k values 
of n; show that Gx is integrable and that k-u(Gr) < y> u(An) ; 
n 


15) Let y be a bounded positive measure on a locally compact space X, and let 
(An) be a sequence of integrable sets in X such that inf u(An) = m > 0. Show that 
n 


the set B of points of X that belong to infinitely many of the sets An is integrable, and 
that u(B) >m. 


q{ 16) Let X be a completely regular space, and let @(X) (resp. @°(X)) be the 
Riesz space of continuous (resp. continuous and bounded) numerical functions on X. 

a) Show that if a linear form A on @(X) is continuous for the topology of compact 
convergence, it is relatively bounded. 

b) Let X be a positive linear form on @(X). Show that if is zero on @°(X), then 
it is zero on @(X) (let w~ be the canonical mapping of @(X) onto the quotient Riesz 
space @(X)/°(X) (Ch. II, §1, Exer. 4); show that if h is a continuous function > 0 
and is not bounded on X, then ny(h) < y(h?) for every integern > 0). 

c) Let BX be the Stone-Cech compactification of X, the compact space obtained 
by equipping X with the coarsest uniform structure for which the functions in @(X) 
are uniformly continuous and by completing the uniform space so obtained; ¢ every function 


f € @(X) may then be extended by continuity to a continuous function f on GX, with 
possibly infinite values (consider f/(1 + |f|)). If A is a positive linear form on @(X), 


84 EXERCISES INT IV.125 


then the restriction of \ to @°(X) is of the form f uf), where yu is a positive 
measure on $X; show that for every function f € @(X), f is integrable for and 


X(f) = u(f) (make use of b), noting that every function 20 belonging to @(X) is the 
upper envelope of a sequence of functions in @°(X)). 

d) Show that every point zo of the support of yz that does not belong to X has 
the following property: for every decreasing sequence (Vn) of neighborhoods of z9 , the 
intersection of the Vn contains at least one point of X. Converse. 

e) Deduce from d) that if X is locally compact and countable at infinity, then the 
support of y is contained in X (compare with h)). 

f) If X is discrete, show that the support of y is finite (in the contrary case, form 
a function f 20 defined on X such that f is not p-integrable). 

g) Show that if a linear form on @(X) is positive and continuous for the topology 
of compact convergence, then the support of uw is contained in X (cf. Ch. III, §2, No. 3, 
Prop. 11). 

h) Let Xo be the compact space obtained by adjoining a point at infinity w to the 
locally compact space X defined in GT, I, §9, Exer. 11, let Y be the subspace of R formed 
by the integers > 0 and +00, and let Z be the locally compact space complementary to 
the point (w, +00) in the product space Xo x Y. Show that every continuous numerical 
function on Z is bounded and that f(z) tends to a limit as z tends to the point at 
infinity (w,+oo) of Z. From this, deduce that if u is the measure on Z defined by the 
mass 1/2” placed at the point (w,n) for every n 2 0, then every continuous function 
on Z is p-integrable, but the support of yz is not compact. 


4 17) Let X be the locally compact space defined in GT, I, §9, Exer. 11. 


a) Let H be a compact subset of the locally convex space @(X;C) equipped with 
the topology of compact convergence; show that the functions f € H are uniformly 
bounded on X and that there exists c € X such that, for every x 2 c, all of the 
functions of H are constant. (Argue by contradiction; if the functions of H were not 
uniformly bounded on X, there would be an increasing sequence (xn) of points of X 
such that sup(|H(zn)|) 2, where |H(rn)| denotes the set of |f(an)| for f € H; 
observe that the sequence (%n) is convergent in X. Similarly, for every x € X, let 6(x) 
be the supremum of the oscillations of all the functions f € H in the interval [x,— [; 
6(x) is finite and decreasing, therefore there exists d € X such that 6(x) is constant for 
a >d. To see that this constant @ is zero, argue by contradiction as before, on forming 
two increasing sequences (sn),(tn) of points of X such that sn < tn < sn41 < tn41 
and a sequence (fn) of functions in H such that |fn(sn) — fn(tn)| > B/2.) 

In particular, @(X;C) is the direct sum of %(X;C) and C-1. 

b) Show that on X, every measure has compact support (for every x € X let fz 
be the characteristic function of the interval ]—, 2] , which is continuous and has compact 
support; consider on X the increasing function |y|(fz) ). 

c) Deduce from a) and 6) that in .@(X;C) = .@1(X;C) = @'(X;C), the bounded 
sets for the topology 7 of uniform convergence on the compact subsets of @(X;C) are 
the bounded sets for the ultrastrong topology (Ch. III, §1, Exer. 15). Show that @’(X; C) 
is not quasi-complete for the topology Z (consider the measures €z for x € X); from 
this, deduce that for the topology of compact convergence, @(X;C) is neither barreled 
nor bornological (cf. TVS, III, §4, No. 2, Cor. 4 of Th. 1 and Exer. 18 below). 

d) Show that on #(X;C) the topology % (the direct limit of the topologies of 
the Banach spaces .#(X, K;C) ) is identical to the topology of uniform convergence, and 
that, equipped with this topology, #(X;C) is complete. (Let V be a neighborhood of 0 
for %; for every x € X, let rz be the largest number > 0 such that V contains all of the 
continuous functions f with support contained in ]<-,z] and such that ||f|] < rz. Show 
that the infimum of rz in X is > 0, by proving that there cannot exist an increasing 


sequence (%n) of points of X such that lim rz, = 0.) 
n—-Co 
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18) Let X be a paracompact locally compact space. 

a) Show that the space @(X;C) is isomorphic to a product of Fréchet spaces, hence 
is barreled. 

b) For a subset H of #’(X;C) to be bounded for the topology of compact conver- 
gence, it is necessary and sufficient that there exist a compact subset K of X such that 
Supp(#) C K for all ~% € H and such that H is bounded for the ultrastrong topology 
(compare with Exer. 17 c)). The topology induced on H by the topology of compact 
convergence is then identical to the vague topology. 

c) Show that on the set .@4(X)9@’(X;C) the topology induced by the topology 
of compact convergence on @/(X;C) is identical to the vague topology. Is the same true 
when X is not paracompact (Exer. 17)? 


19) Equip @(X;C) with the topology of compact convergence, and @’(X;C) with 
the topology of uniform convergence on the compact subsets of #(X;C). Let G be the 
set of compact subsets of @(X;C); show that the bilinear mapping (g,) > g-p of 
€(X;C) x €'(X;C) into @/(X;C) is G-hypocontinuous. Let Z be the set of bounded 
subsets of @'(X;C); show that if X is paracompact, the preceding bilinear mapping is 
also Z-hypocontinuous; is the latter property again true when X is no longer assumed 
to be paracompact (Exer. 17)? 


{ 20) Let X,Y be two paracompact locally compact spaces. Equip the spaces 
@'(X;C) and @’(Y;C) with the topology of compact convergence. 

a) Show that when @/(X x Y;C) is equipped with the topology of compact conver- 
gence, the mapping (u,v) +> u@v is (G,)-hypocontinuous, where G denotes the set 
of bounded subsets of @’(X;C) and & the set of bounded subsets of @/(Y;C) (make 
use of Exer. 18 6)). 

b) Show that when X and Y are countable at infinity and @'(X x Y;C) is equipped 
with the topology of compact convergence, the mapping (u,v) > w~@v is continuous. 
(Inspired by the proof of Exer. 3 of Ch. III, §4 and introducing in X (resp. Y ) a continuous 
partition of unity subordinate to a locally finite open covering, argue as in TVS, II, §4, 
Exer. 9 a).) 

c) If X is discrete, the space @’(X;C) may be identified with the direct sum 
space C(*) , equipped with the finest locally convex topology. From this, deduce an 
example where X and Y are discrete, with X uncountable, and where the mapping 
(u,v) +4 p®v is not continuous when ¢’(X x Y;C) is equipped with the vague topology 
(cf. TVS, II, §4, Exer. 9 6)). 


21) Let X be a locally compact space, f a numerical function > 0 defined on X. 


In order that the mapping p> u*(f) of @,(X)N¢'(X;C) into R be continuous for 
the topology of compact convergence, it is necessary and sufficient that f be continuous 
on X. 


22) Let X,Y be two locally compact spaces, 4 a bounded measure on X, v a 
bounded measure on Y, so that  @v is a bounded measure on X x Y. Show that 
for every function f € €°(X x Y;C), the function 2 f f(y) dv(y) belongs to 


@°(X;C) and 


i f(x,y) du(z) dv(y) = f dp(z) / f(x,y) dv(y). 


{ 23) On the space R”, let ys be Lebesgue measure, |x| a norm such that the 
unit ball for this norm has measure equal to 1, and (Xk)g>1 an infinite sequence of 
distinct points of a bounded integrable set B such that y(B) = 1. For every integer m, 
denote by dm the infimum of the numbers |x; — x;| for 1 <i<j<m. Show that 
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lim inf mdf, < an : , where 
m—-Cco 


1 _ n 
9 itt 


(Argue by contradiction, assuming that for some € > 0 there exists an mo such that 
md” > hn for m 2 mo, with hn = az! +e. For 1 <i <™m, let B; be the ball 
with center x; and radius £Anm—1/ "and for m<i< 2m let B, be the ball with 
center x; and radius hn (2i-4/ "_m-—1/"), Show that the 2"m balls B, are pairwise 
disjoint, and evaluate the measure of their union, making use of the Euler—Maclaurin 


formula.) 


85 


q{ 1) Let I be a semi-open interval Ja,b] in R, and let F = R! be the space of all 
mappings of I into R, equipped with the topology of pointwise convergence; for every 
xz €1, denote by f(x) the mapping t+ |2 —t| of I into R, which is an element of F; 
the mapping f of I into F is continuous. Show that f is left-differentiable at every point 
of I, but the left-derivative ff is a function (with values in F) that is not measurable 
for Lebesgue measure, even though it is the pointwise limit of a sequence of continuous 
functions and, for each t € I, the function pr; o f/ is a measurable numerical function 
(note that f/ is not right-continuous at any point of I, and make use of Exer. 1 of GT, 
IV, §2). 


2) Let v be Lebesgue measure on R, g a continuous mapping of R into [0,1] 
with support contained in ]—1,2[ and equal to 1 on [0,1], and let yw be the measure 
g:v on R. The set Ho C [0,1] defined in Exer. 8 of §4 is not y-measurable, but the 
set H = Ho — 2 is p-negligible. 

a) Ifonesets f(x) =x—2, then f is continuous and yy is uy-measurable, but the 
composed function yy of is not u-measurable. 

b) If one sets h(x) =x+2, the image h(H) of the y-measurable set H under the 
continuous function h is not p-measurable. 


3) Let f be a measurable mapping of X into a topological space F, and g a lower 
semi-continuous numerical function on F; show that go/f is measurable. 


4) Let be Lebesgue measure on X = [0,1[, and let (Hn) bea partition of X into 
an infinite sequence of sets having the power of the continuum none of which is measurable, 
and which are such that for every union H of a finite number of sets Hn, p,(H) = 0 
(§4, Exer. 8). Let on be a bijection of the interval ]1/(n+1),1/n] onto Hn. For every 
number y such that 0 < y <1, let n be the integer such that 1/(n+1)<y<1/n. 
Define fy to be the characteristic function of the set reduced to the point on(y); for 
every z€X, fy(x) tends to 0 as y tends to 0. Show that there does not exist any 
compact set K C X of measure > 0 such that fy tends uniformly to 0 on K. 


5) Let (fmn) be a double sequence of measurable mappings of X into a metrizable 
space F. Assume that for every m, the sequence (fmn),> 1 converges locally almost 
everywhere to a function gm, and that the sequence (gm) converges locally almost 
everywhere to a function h. Show that for every compact subset K of X, there exist 
two strictly increasing sequences (mx),(n%) of integers > 0, such that the sequence of 
functions fm,,n, converges to h almost everywhere in K. (Note that for every ¢ > 0, 
there exists a compact set K,; C K such that »(K — Ki) <e and such that in K; the 
sequence (gm) and each of the sequences (fmn)n>1 are uniformly convergent.) 
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{ 6) For every integer n >1, let fn(x) = [2"2] — 2[2"~12]. In the compact space 
of mappings of R. into {0,1} (equipped with the topology of pointwise convergence), 
let f be a cluster point of the sequence (fn). Show that, for every dyadic number r, 
f(r+a) = f(x) forall e€R and f(r—x) =1—f(x) forevery x €R different from a 
dyadic number. From this, deduce that for the Lebesgue measure 1, f is not measurable. 
(Argue by contradiction; let A be the set of x € [0,1] such that f(x) = 1, and suppose 
that A is measurable and that (A) = a > 0; show that there exists a set I, the finite 
union of open intervals contained in ]0,1[, such that wINCA)<a/4 and p(ANCI) < 
a./4; on considering the intervals contained in I and of the form ]k/2",(k+1)/2"[, show 
that one obtains a contradiction with the relation f(r—a2)=1-— f(x) for r dyadic and 
x non-dyadic.) 


7) Let X be the interval [0,1] in R, and F the Hilbert space having an orthonor- 
mal basis (et)o<¢<1 equipotent to X. 

a) Show that the mapping f of X into F, such that f(t) =e: for O<t<1, 
is not measurable for Lebesgue measure, but that the inverse image under f of every 
closed ball in F is measurable and, for every continuous linear form a’ on F, (f,a’) is 
negligible. 

b) Let H be a non-measurable set in X (§4, Exer. 8); show that if g = fyy 
then the function (g,a’) is negligible for every continuous linear form a’ on F,, but the 
numerical function |g| is not measurable. 


8) Let F be a metrizable locally convex space, f a mapping of X into F satisfying 
the conditions a) and 6) of No. 5, Cor. 1 of Prop. 10; show that f is measurable. 


9) Let ys be Lebesgue measure on X = [0,1]; denote by F the vector space over R 
of p-measurable finite numerical functions on X , equipped with the topology of pointwise 
convergence, which makes it a Hausdorff locally convex space. 

a) Show that there exists in F a countable dense subset (consider a dense sequence 
in the Banach space @(X;R) of continuous numerical functions on X ). 

b) For every x € X, let f(x) be the element of the dual F’ of F defined by 
(z,f(x)) = 2(z) for all z € F. Show that when F’ is equipped with the weak topology 
o(F’,F), f is not y-measurable but (a,f) is u-measurable for every ac F. 


4 10) Let F be a Banach space, f a measurable mapping of X into F,, such that 
the set A of « € X where f(x) #40 is a countable union of integrable sets. Show that 
there exists a sequence (f,,) of continuous functions with compact support, with values 
in F, such that the sequence (fn(x)) converges to f(x) almost everywhere in X (note 
on the one hand that A is the union of a negligible set N and a sequence of pairwise 
disjoint compact sets Kn such that the restriction of f to each Kn is continuous; and on 
the other hand, that there exists a decreasing sequence (Un) of open sets containing A 
such that (Un MCA) tends to 0 as n tends to infinity). 


11) Let f be a measurable mapping of X into a Banach space F. For every 
rational integer n (positive or negative) let An be the set of x € X_ such that 
2” > |f(x)| > 2"-1. For f to be integrable, it is necessary and sufficient that the 
series with general term 2”(An) (n € Z) be convergent. : 


4 12) Let ~ bea measure >0 on X. Let (fn) be asequence of integrable functions 
on X that converges pointwise on X to a function f. 
a) Show that if f is integrable and if 


[tue lim [tose 
n—-co 
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then for every € > 0 there exist an integrable set A, an integrable function g > 0, and 
an integer no such that, for every n > no, 


[tees dp 


and |fn(x)| < g(x) for all « € A (consider an integrable set B such that 


ge 


[ices du <e/2 


and such that f is bounded on B, and apply Egoroff’s theorem). 

b) Suppose that, for every « > 0, there exist a measurable set A, an integrable 
function g > 0 and an integer no such that, for every n > no, one has i lfnlopa du<e 
and |fn(z)| < g(x) for all zc € A. Show that, under these conditions, f is integrable 
and fy, tends to f in the space L!. Converse. 

c) Suppose that F = R; show by means of examples that the conditions of a) are 
not sufficient, and that the conditions of b) are not necessary, for f to be integrable and 


for ffdu= lim f fn dy to hold. 
noo 


{ 13) Let w be a positive measure on X. If A is measurable, show that for every 
subset B of X, 
u*(B) = w*(BN A) + (BN CA) 


(if u*(B) < +00, consider an integrable set By such that BC Bi and p*(B) = (Bi) 
(§4, Exer. 7 b))). Conversely, show that if A satisfies this condition, then A is measurable 
(cf. §4, Exer. 6 e)). 


14) Let (An) be a sequence of subsets of X such that, for every index n, there 
exists a measurable set Bn > An, the Bn being pairwise disjoint. Show that 


wt (Lan } = So ur(An) and py {An ] = So oe(An)- 


15) Let pu be a positive measure on X. A numerical function f (finite or not) 
defined on X is said to be quasi-integrable if it is measurable and if y*(f) = y,(f) (84, 


Exer. 5). One then sets 
MF) = w(F) = He (Ff); 


again, one writes f fdp in place of u(f). 

a) Show that if f and g are quasi-integrable and if the sum p(f) + p(g) is de- 
fined, then f +g is defined almost everywhere and is quasi-integrable, and p(f +g) = 
u(f) + u(g) - 

b) Deduce from a) that, for f to be quasi-integrable, it is necessary and sufficient 
that f be measurable and that at least one of the numbers pu*(ft),u*(f—) be finite; 
then, u(f) = w*(ft) — u*(f7). 


4 16) Let X be acompact space, yz a positive measure on X. A bounded numerical 
function f defined on X is said to be continuous almost everywhere (for the measure 2) 
in X if the set of points of X where f is continuous (relative to X ) has complement of 
measure zero. 
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a) Give an example of a function f that is continuous almost everywhere and is 
such that there does not exist any continuous function g equal almost everywhere to f. 

b) Suppose that the support of y is identical to X. Show that, for a bounded 
numerical function f defined on X to be equal almost everywhere to a function that is 
continuous almost everywhere in X, it is necessary and sufficient that there exist a subset 
H of X, whose complement is negligible, such that the restriction f|H of f to H is 
continuous (to prove that the condition is sufficient, note that H is dense in X, and that 
the extension of f|H to X that is lower semi-continuous on X (GT, IV, §6, Prop. 4) is 
a continuous function (relative to X) at every point of H). Deduce from this that f is 
measurable. 

c) Deduce from 6) that if in addition X is metrizable then, for every bounded 
numerical function f that is equal almost everywhere to a function that is continuous 
almost everywhere in X, there exists a sequence (fn) of functions continuous on X, that 
is convergent at every point of X , and whose limit is almost everywhere equal to f (cf. §4, 
Exer. 4 c)) (note that the proposition is true for a lower semi-continuous function f ). 

d) Let A bea perfect set without interior point, contained in X , and of measure > 0 
(cf. §4, Exer. 4 a)). Show that there does not exist any function that is continuous almost 
everywhere in X and is equal almost everywhere to the upper semi-continuous func- 
tion ya. 


417) Let X be a compact space, y a positive measure on X. A set # of finite 
partitions of X into integrable sets, directed for the relation (@ is coarser than w’)), 
is said to be fundamental if, for every entourage V of the uniform structure of X, there 
exists a partition o@ = (A;) of X belonging to F such that all of the A; are small 
of order V. For every finite partition m = (Ay) belonging to #, and every bounded 
numerical function f on X, set 


so(f) =) inf f(0)-m(An) and Sef) =} sup f(e) (Ax) 
k 


k ceA, 


(the ‘Riemann sums’ relative to f and the partition w). 

a) Show that sa(f) < uy (f) < u*(f) < Sa(f) for every partition w € #, and 
that sa(f) and S,(f) each tend to a limit with respect to the directed ordered set P. 

b) If # is the (fundamental) set of all finite partitions of X into integrable sets, 
show that for every function f that is bounded and integrable, s(f) and S~(f) tend 
to ffau with respect to #. 

c) If f is a bounded function that is continuous almost everywhere in X, then 
Sa(f) and S,z(f) tend to J fdu with respect to every fundamental set # of finite 
partitions of X into integrable sets (for every ¢ > 0, consider the closed set A of points 
where the oscillation of f is >, and for every partition w € # whose sets are small 
of order V, consider separately those sets of w that intersect V(A) and those that do 
not intersect it). If f is bounded and lower semi-continuous on X, show that sa(f) 
tends to a fdu with respect to every fundamental set # of finite partitions of X into 
integrable sets (regard f as the upper envelope of continuous functions). 

d) A set A C X is said to be quadrable (for y) if its characteristic function 
is continuous almost everywhere, or, what amounts to the same, if its boundary is 
u-negligible. Show that every point xo of X has a fundamental system of quadrable 
open neighborhoods (for every neighborhood V of xo, let f be a continuous function 
with values in [0,1], equal to 1 at the point zo and to 0 on CV; consider the sets 
of the x such that f(x) > a, for 0 < a <1). From this, deduce that there exists a 
fundamental set # of finite partitions of X, such that every partition w€ FY consists 
of open sets and negligible sets. 

e) Let # be a fundamental set of finite partitions of X into integrable sets, such 
that every partition w € # consists of open sets and negligible sets. For every bounded 
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function f on X, let g be the largest lower semi-continuous function on X that is < f 
(GT, IV, §6, Prop. 4); show that for every partition w € #, sa(f) = sm(g). From this, 
deduce that for sa(f) and S,(f) to tend to a common limit with respect to F, it is 
necessary that f be continuous almost everywhere in X. 

f) Deduce from e) an example of a negligible function f and a fundamental set # 
of finite partitions of X into integrable sets, such that saw(f) and S»(f) do not tend 
to the same limit with respect to # (take for X the interval [0,1] of R, and for py the 
Lebesgue measure). 


q 18) Let X be a locally compact space such that, in X, the closure of every 
relatively compact open set is again an open set (a Stone space; cf. Ch. II, §1, Exer. 13); 
let be a positive measure on X with support identical to X and such that every 
bounded integrable numerical function on X is equivalent to a finite continuous function 
(§4, Exer. 10). 

a) Show that, in X, every nowhere dense set N is locally negligible (for every 
compact set K, consider the continuous function equivalent to y, 7 ). 

b) Let f be a measurable numerical function (finite or not) on X, and let g be 
the largest lower semi-continuous function on X that is < f. Show that f and g are 
equal locally almost everywhere (note that if the restriction of f to a compact set K is 
continuous then f and g are equal on the interior of K , and make use of a)). 

c) Deduce from 6) that in X, every set locally negligible for 4 is a nowhere dense 
set. In particular, every meager set in X is nowhere dense. 


19) Let y be a positive measure on a locally compact space X. Let f bea 
p-measurable mapping of X into a complete metric space F'. In order that, in a compact 
subset K of X, f may be uniformly approximated by measurable step functions, it is 
necessary and sufficient that f(K) be relatively compact in F. 


20) Let X be a compact space, yz a positive measure on X, and (fn) a sequence 

of p-measurable numerical functions. Show that the following properties are equivalent: 
(i) there exists a subsequence (fn,) of (fn) tending to 0 almost everywhere in X; 
(ii) there exists a sequence (An) of finite real numbers such that 


lim sup |An| > 0 


n—- Ooo 


and such that the series with general term Anfn(x) converges almost everywhere in X; 
(iii) there exists a sequence (An) of finite real numbers such that 


oo 


S| An] = +00 


n=1 


and such that the series with general term Anfn(x) is absolutely convergent almost 
everywhere in X. 

(To see that (i) implies (ii) and (iii), make use of Egoroff’s theorem. To see that 
(iii) implies (i), show that (iii) implies the existence of an increasing sequence (Ag) of 
measurable subsets of X and a subsequence (fn,) of (fn), such that p(A,) tends 
to p(X) and Jf fn Pay leu tends to 0.) 


21) Let X be a locally compact space, y a positive measure on X, and (Ua)aca 
an open covering of X. For every a € A, let fa be a mapping of Ua into a set G. 
Assume that for every pair of indices a,(, the set of points « € UamUg such that 
fa(x) # fg(x) is locally p-negligible. Show that there exists a mapping f of X into G 
such that, for every a € A, the set of z € Ug such that f(x) # fa(x) is locally 
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p-negligible. (Consider first the case that X is compact, by covering X by a finite 
number of sets Ua; pass to the general case with the help of Prop. 14 of No. 9.) 


22) Show that if the positive measure yw is such that there exist open sets of arbitrar- 
ily small measure > 0 then, for every a > 0, the topology induced on the set of f € 2% i 
such that Np(f) <a by the topology of convergence in measure is strictly coarser tants 
the topology of convergence in mean of order p. 


23) Let (fn) bea sequence of functions in .“p such that, for every integrable set A 
and every subsequence (fn) of (fn), there exists a subsequence of (fn, ) that converges 
to 0 almost everywhere in A; show that the sequence (fn) converges in measure to 0. 
(Argue by contradiction.) 


q{ 24) Let X be the interval [0,1] of R, uw the Lebesgue measure on X. Show 
that for every Banach space F, every continuous linear form on .“f is identically zero. 
(For every neighborhood V of 0 in .“;, show that there exists an integer n > 0 such 
that V+V+...+V (n terms) contains a line.) 


25) a) For a subset H of .“p to be precompact, it is necessary and sufficient that, 
for every ¢ > 0 and every integrable set A C X, there exist a compact set MCF and 
a partition of A into a finite number of integrable sets A; such that, for every f € H, 
there exists an integrable set BC A of measure p(B) < € and having the following 
properties: 1° every point of f(A — B) has distance < « from M; 2° in each of the sets 
Ayn CB, the oscillation of f is <e 

b) Show that for a subset H of Be to be relatively quasi-compact, it is necessary 
and sufficient that it be precompact in “% and equi-integrable. 

c) For asequence (f,,) of functions in oe to be a Cauchy sequence for the topology 
of convergence in mean, show that it is necessary and sufficient that (f,) be a Cauchy 
sequence for the topology of convergence in measure and that the set of the f, be equi- 
integrable. 

d) Extend these properties to the spaces ee for p>1. 


26) Let f be a numerical function defined on R. Show that if, for every z € R, 
lea inf f(y) > f(z), then f is u-measurable for every measure w on R. 


StL, Ye 


{ 27) Let X be a locally compact space, yw a real measure on X, K a compact 
subset of X, (fn) a sequence of bounded y-measurable numerical functions defined on K 
and separating the points of K. Show that for every bounded p-measurable numerical 
function g defined on K, and every € > 0, there exist a polynomial h = P((fn)) in 
the fn, and a compact subset K; of K, such that ||A|| < 2\|g||, |u|(K — Ki) < «, and, 
for every x € Ki, |h(x)—g(x)| < €. (Consider the mapping 2+> (fn(z)) of K into RN 
and the closure of its image, and apply the Stone-Weierstrass theorem suitably.) From 
this, deduce that for 1 <p < +00, the set of polynomials in the fn is dense in #?(K). 
Are these properties again true when the sequence (fn) is replaced by an uncountable 
family of bounded measurable functions separating the points of K? 


28) Let X be a locally compact space, yu a positive measure on X, and P the set 
of numerical functions (finite or not) f 20 defined on X and p-measurable. Let A be 
a function defined on P with values > 0 (finite or not) that is positively homogeneous, 
increasing and convex (cf. Ch. I, No. 1) and, moreover, such that: 1° A(f) = 0 for every 
p-negligible function f > 0; 2° for every increasing sequence (fn) of functions in P, 
aGUP fn) = ue (fn). For every Banach space F , denote by 4} the set of u-measurable 


mappings f of X into F such that A(|f]) is finite. Show that A(|f|) is a semi-norm 
on Beas , and that ae is complete for the topology defined by this semi-norm. 


{ 29) Let uw be a measure on a locally compact space X. For every p-measurable 


-1 
numerical function f > 0 defined on X, the mapping ff, : t+ |y|*( f (Jt, +00])) of Ry 
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into R is decreasing and right-continuous. If v is a measure on a second locally compact 
space Y and g is a v-measurable numerical function > 0 defined on Y, f and g are 
said to be equimeasurable (for and v respectively) if f/, = gj,. One denotes by f* 
(or fj) the function defined on R; that is equal, for all s € R;, to the supremum 
in R + of the set of numbers a such that fi,(a) 2s (the supremum being equal to 0 if 
this set is empty). 

a) Show that the function f* is decreasing, left-continuous in R+, and equi- 
measurable to f (for the measure 4 and Lebesgue measure on R +); f* is called the 
decreasing rearrangement of f . 

b) If O< f <g are two p-measurable functions on X , show that f* < g*. If (fn) 
is an increasing sequence of p-measurable functions > 0 on X, and f = sup fn, show 

n 


that f*(s) = sup f(s) at all the points where f* is continuous. 
n 


c) Show that for every y-measurable numerical function f > 0, |u|*(f) = f . f*(s) ds. 
(Consider first the case of a step function, then make use of b).) 

d) Let w be a numerical function defined on R+ that is finite (except possibly at 
the point s = 0) and decreasing. For every y-measurable numerical function f > 0 
defined on X, set 


* 1/p 
AF) = (/ w(s)(f*(s))? i) (1<p< too). 


Show that this function satisfies the conditions of Exer. 28. (To prove that it is convex, 
consider first the case that w is a decreasing step function, using c), then pass to the 
limit to treat the general case.) 

e) With the notations of d), write YF” instead of 4), and set Np,w(f) = A(|f|) 
for every p-measurable mapping f of X into F. Show that if f ¢ Y®™ and if, for 
every 7, fn denotes the function equal to f if |f| <n andto nf/|f| if if| >, then the 
sequence (|fn|*) tends almost everywhere to |f|* and one has lim Nop,w(f—fn) =0. 

n—-CcoO 


If f is u-negligible, then Np,w(f) = 0. 


{ 30) Let ®(t,u,v) be a finite and continuous numerical function for 0 <t <1, 
u>0,v 20. For every numerical function f > 0 defined on I = [0,1], measurable for 
Lebesgue measure, f* denotes the decreasing rearrangement of f (Exer. 29). In order 
that, for every pair of functions f > 0, g > 0, measurable (for Lebesgue measure) and 
bounded on I, one have 


1 1 
(1) i @(t, f(t), g(t))dt < / ®(t, f*(t), g*(t))dt , 
(0) 0 


it is necessary and sufficient that the function © satisfy the following three conditions: 
(2) O(t,ut+h,vt+h) — O(t,u+h,v) — O(t,u,v +h) + Ot, u,v) 20 


forall t€I1,u20,v20 and h20; 


6 
/ (P(a+d+t,u,v) -®(a+d+t,ut+h,v) 
(3) é 


+ O(a+t,uth,v) —P®(a+t,u,v))dt 20 
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and 


6 
| (®(at+d+t,u,v) - P(a+d+t,u,0 +h) 
(4) 6 


+@(a+t,u,vt+h) — O(a+t,u,v))dt >0 


for all a,h,d such that O<a<1—26,h>0. 

(To prove that (3) and (4) are necessary, take f and g to be suitable step functions; 
next deduce (2) from (3) and (4). To prove that the conditions are sufficient, first deduce 
from (2), using the continuity of ®, that 


(5) O(t,uth,vt+k)— O(t,u+h,v) — O(t,u,u +k) + O(t,u,v) 20 


forall te I,u20,v20,h20,k 20. Then using (3) and (4), prove (1) when f and g 
are step functions whose points of discontinuity in I are of the form r/n (0 <r <n), by 
comparing successively the integrals 


1 
i O(t, fi(t), gi(t))at 
0 


and 


1 
i H(t, f;(t), 95(t)) dt, 
0 


where f; and g; differ from f; and gj; only in two consecutive intervals [(r—1)/n,r/n] 
and [r/n, (r+1)/n]. Finally, pass to the limit in a suitable way to prove (1) in the general 
case.) 
If ® is twice continuously differentiable, the conditions (2), (3) and (4) are equiva- 

lent, respectively, to 

7b 02h Od 

Say <0, —— <0. 
Oudvu tou atau ~ 


Generalize to functions ®(t,u1,...,um) of any number of variables. 


§6 


1) Let f and g be two measurable numerical. functions, such that a = Mo(f) 
and 6 = Moo(g) are finite; show that, in order that Moo(f + 9) = Moo(f) + Moo(g), 
it is necessary and sufficient that, for every pair of real numbers a, such that a <a, 
B < 6, the set of x € X such that both a < f(z) and # < g(x) not be locally 
negligible. 


2) Let D be a closed convex set in a Banach space F , with nonempty interior, and 
let f be a measurable function with values in F, such that f(X) C D. Let g be an 
integrable function > 0, not negligible, and such that fg is integrable. Suppose that the 
point 

ffgdu 
C.&. 


J odu 


is a boundary point of D; show that if V is the intersection of all the closed support 
hyperplanes of D at the point c, then f(x) € VMD almost everywhere in the set of 
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points x such that g(x) > 0 (reduce to the case that F is a separable space (that is, 
contains a countable dense set), using Th. 4 of §5; then note that V is the intersection of 
a countable family of support hyperplanes of D at the point c). 

Show that if F is finite-dimensional and if A is the facet of the point c with respect 
to D (TVS, II, §7, Exer. 3), the hypothesis implies that f(x) € A almost everywhere in 
the set of points x such that g(x) > 0 (argue by induction on the dimension of F). 


3) Let be a measure on a compact space X, such that X is equal to the support 
of ». Show that if every measurable numerical function that is bounded in measure is 
equal almost everywhere to a continuous function, then X is a Stone space (cf. Ch. II, 
§1, Exer. 13) (consider the characteristic function of a compact set). Conversely, if X 
is a Stone space, in order that every measurable function that is bounded in measure be 
equal almost everywhere to a continuous function, it is necessary and sufficient that every 
nowhere dense set in X be negligible (cf. §5, Exer. 18). 


4) Let y(ti,te,...,tn) be a finite numerical function satisfying the conditions of 
Prop. 1 of Ch. I. Show that if fi, fo,..., fn are n finite numerical functions that are 
positive, integrable and non-negligible, then the function (f1, f2,.--,fn) is integrable 


and 
Sef fas fadus olf fidu, f foduy...,f fndu). 


Moreover, in order that 


felfis--sfn)du= olf fidp,..., f fndy), 


it is necessary and sufficient that, for almost every x € X, the point of R” whose 
coordinates are &; = fi(x)/y(fi(z),---,fn(z)) belong to the facet with respect to K of 
the point whose coordinates are 


as =(f fidu)/(f (fis--- fn) du) 


(argue as in Exer. 2). In particular, p and q denoting two conjugate exponents such that 
l<p<+o: 

1° for two positive numerical functions f € Y?, g € £4 tobe such that f fgdp= 
Np(f)Nq(g), it is necessary and sufficient that there exist two numbers a,f, not both 
zero, such that a(f(x))? = B(g(x))? almost everywhere; 

2° for two positive numerical functions f € %?, g € ¥? to be such that Np(ft+g) = 
No(f) +Np(g), it is necessary and sufficient that there exist two numbers a, §, not both 
zero, such that af(x) = Bg(x) almost everywhere. 


5) a) Let be Lebesgue measure on the interval X = ]0,+oo[. For every number p 
such that 0 < p < +00, give examples of measurable functions f > 0 on X, such that the 


set of numbers r (0 < r < +00), for which N,(f) = ci f’ du)'/" is finite, is one of the 


intervals ]0,p[, ]0,p], ]p, +00], [p, too] (take for f functions of the form 2%(log x) 
in the neighborhood of 0 or of +00); from this, deduce that for every interval I contained 
in ]0,+00] , there exists a measurable function f >0 such that I is identical to the set 
of r > 0 for which N,(f) < +oo (consider the sum of two functions for which I has one 
of the above four forms). 

b) For Lebesgue measure on the interval ]0,1[, similarly give examples of functions 
f such that the set I of numbers r > 0 for which N,(f) < +00 is an arbitrary interval 
contained in ]0,+00] with left end-point 0. 


6) For every measurable and non-negligible numerical function f 2 0, show that 
N,(f) is an indefinitely differentiable function of r at every point interior to the interval 
where it is finite. From this, deduce that in the interior of the interval where N,(f) 
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is finite, logN,(f) is a strictly convex function of 1/r provided that f is not almost 
everywhere constant in the set of « € X where f(x) #0. 


4 7) Let f be a numerical function that is positive, measurable and non-negligible. 

a) Show that if, for a finite number r > 0, f” is integrable, then log f is quasi- 
integrable (§5, Exer. 15). 

b) Suppose that f” is integrable for 0<r< ro. Let A be the set of x € X such 
that f(z) > 0; show that if w*(A) > 1, then N,(f) tends to +oo as r tends to 0; if 
(A) <1, Nr(f) tends to 0 with r (make use of Prop. 4 of Ch. I). 

c) If p(A) = 1, show that hea du tends to 1 as r tends to 0, and has a right- 


derivative at this point, equal to if log f du (make use of Exer. 12 of §5); from this, 


deduce that as r tends to 0, Nr(f) tends to G(f) = exp(f log f du). 

d) If u(X)=1 andif f" and log f are integrable, show that G(f) < Nr(f), the 
equality holding only if f is constant almost everywhere (make use of Exer. 4). 

e) If w(X) =1 andif f and g are two measurable functions, positive and such that 
G(f) and G(g) are defined, show that G(f +g) is defined and that G(f) +G(g) < 

G(f + 9), the equality holding only if there exist two numbers a, 3, not both zero, such 

that af(x) = Bg(x) almost everywhere, or if G(f+g)=0 (make use of d), considering 
the functions f/(f+g) and g/(f+q)). 


8) Let ys be Lebesgue measure on the interval X = [0,+oo][. 

a) Let k >1, h<-k be two real numbers. Show that for every n > 1, and every 
number p such that 1<p< +00, the functions fp(x) = n?/(x +n)* belong to £P; 
show that Np(fn) tende to 0 with 1/n for p> 1/(k—h), but that the sequence of the 
Np(fn) is not bounded for p< 1/(k—h). 

b) Let &k be a number < 1; show that for every n> 1 and every number p such 
that 1< p< +o, the functions gn(z) = n*e-"® belong to Y? ; show that Np(gn) 
tends to 0 with 1/n for p< 1/k, but that the sequence of the Ny(gn) is not bounded 
for p> 1/k. 

Deduce from a) and b) that if 1 < p < q < +00, the topologies induced on 2?PN.L4 
by those of Y? and #7 are not Sommparable: 

c) If u is Lebesgue measure on the interval [0,1], show similarly that if p < q, 
the topology of convergence in mean of order q is strictly finer than the topology of 
convergence in mean of order p (on #7). 


9) Let X be an infinite discrete space, 4 a measure on X such that the support 
of uw is equal to X. 

a) Show that for 1 < p < +00, the space Y?() is a topological vector space 
isomorphic to the space ?(uo), where uo is the measure on X defined by the mass +1 
at each point of X. 

b) Show that if 1<p<q< +oo, the topology of convergence in mean of order p 
is strictly finer than the topaloey of convergence in mean of order g (on ¥? ). 


{ 10) a) In a Banach space F, let a and b be two vectors such that 
ja] = |b] = 1. Show that for every number ¢ such that 0 < t < 1, and for every p 
such that 1< p< +o, 


(1) ja — tb]? < 2?|a — tPb| 
(2) la — t?b| < 3pla ~ tb] 
(express a — ¢?b as a linear combination of a—tb and a-—b and note that for 


O0<p<1,onehas |ja—pb| 21—p and |a— bj < 2}a—pb}). From this, deduce that if 
y and z are any two vectors in F, then 


(3) ly — al? < 2? |ly|P-! -y — |z[P-?-2| 


(4) livi?-? -y — [z/P-*-2| < 3ply — 2i(lyl + al)P?. 
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b) Show that the mapping f + ([f/(/P)-!.£ is a uniformly continuous bijective 
mapping of ¥} onto YP (make use of the inequality (3)). 

c) Show that the mapping f+ |f|/P-!-f£ of YP onto Y} is uniformly continuous 
on every bounded subset of the space Bt (make use of the inequality (4) and Hélder’s 
inequality). Deduce from this that the topological spaces a and 4 are homeomorphic. 


11) Let g be a numerical function 2 0 belonging to Y? (1 < p < +00). Denote 
by Ig the set of functions f € YP such that |f| <g. 

a) Show that on I, , the topology of convergence in mean of order p is identical to 
the topology of convergence in measure. 

b) If p<q<r (resp. q <1 <p), show that on the set IZ MN Zin YF the 
topology of convergence in mean of order q is coarser (resp. finer) than the topology 
of convergence in mean of order r (for two functions f,fo belonging to this set, write 
|f — fol? < |f — fo|$(2g)4—* and use Hélder’s inequality, suitably choosing s and the pair 
of conjugate exponents). Show by means of examples that these topologies can be distinct 
(cf. Exer. 8). 

c) Let p be Lebesgue measure on X = ]0,+00[; the function 


g(a) = (x(log? « + 1))~/? 


belongs to Y? , but tono 7% for g# p. Show that if g # p, the topology of convergence 
in mean of order q on the set Ig 1.2% is distinct from the topology of convergence in 
measure. 


12) Let h be a numerical function > 0 such that h and h? are integrable; let I, be 
the set of measurable numerical functions f such that |f| < h. Show that the mapping 
(f,9)+ fg of Ih XI, into ! is continuous for the topology of convergence in mean 
(on I, and on #!). 


4 13) For every number p such that 0 < p< 1, denote by a the set of measurable 
mappings f of X into a Banach space F such iit: N,(f) < ieee 

a) Show that Ae is a vector space and that, if Ba denotes the set of f € YP 
such that Np(f) < ‘ the sets Ba form, as a runs over the set of numbers > 0, 
a fundamental system of neighborhoods of 0 for a metrizable topology compatible with 
the vector space structure of 2? . 

b) Show that the mapping f + |f|?—!-f is a uniformly continuous mapping of -¢? 
onto cA and that the inverse mapping is uniformly continuous on every bounded subset 
of Y} (cf. Exer. 10). Deduce from this that the space 4 is complete, and that #(X) 
is dense in 2? . 

c) If the measure yz is bounded, then “%} C Zp and the topology of convergence 
in mean is finer than the topology induced on ‘al 1 by that of ae 

d) Take p to be Lebesgue measure on X = (0, Ms Show that for every continuous 
function f > 0, there exists a decomposition f = 5 ( fit fe), where f; and fo are 
two functions > 0 of Y? such that Np(fi) = Np(fo) = 2!~“/P)N,(f). Deduce from 
this that, in &?, the closed convex envelope of every neighborhood Bg is the entire 
space .? , consequently every continuous linear form on .@? is identically zero. 


{ 14) Let p and q be any two finite real numbers > 0 and let f(21,22,...,2n) 
be a continuous numerical function defined on R” . 

a) Let y be Lebesgue measure on X = [0,1]. In order that, for every system of 
n functions g, € Y?, the function f(g1,g2,.-.,9n) belong to £9, it is necessary and 
sufficient that there exist a number a > 0 such that 


[f(w1,---,@n)|? < a(1 + [zi] +... + |enl)?- 


INT IV.138 EXTENSION OF A MEASURE. L? SPACES 86 


(To see that the condition is necessary, argue by contradiction, supposing that for every 
integer m > 0, there exists a point (Zim,..-,2nm) of R” such that 


|f(Z1m,--+)nm)|4 2 m(1 + |zim| Bae eee ltnm|)? . 


Show that there would then exist in X a sequence (Am) of pairwise disjoint intervals 
such that, on setting g,(t) = 2pm for every t€ Am and g(t) =0 for every point t 
that does not belong to any of the Am, each of the functions g, would belong to ¥? 
but f(g1,---;9n) would not belong to £2.) 

b) Let be Lebesgue measure on R. In order that, for every system of n functions 
gn € Y”, the function f(g1,...,gn) belong to £7, it is necessary and sufficient that 
there exist a number b> 0 such that 


[f(ai,--.,an)/% < b(|ai] + |zo] +... + lanl)? 


(same method). 


§ 15) Let X be a compact space, ys a positive measure on X. For two functions 
fig of £2, one sets (flg) = (flg) = f fGdp. A sequence of functions fn € 22 is 


said to be orthonormal if the sequence fr is orthonormal in the Hilbert space L2, , that 
is (TVS, V, §2) if (fmlfn) = Omn (the Kronecker symbol) for every pair of indices. For 
every function g € £2, the complex numbers cn = (g|fn) are called the components 


foe) 
of g with respect to the orthonormal sequence (fn); one has > len|? < if \gl? du. 
n=0 
For every pair of points z,y of X and every integer n > 0, one sets Kn(z,y) = 


n — 

> fe(z)fe(y) (the n-th kernel of the orthonormal sequence (fn) ); for every func- 
k=0 

tion g € £2, 


sn(9) = (gle) fe(2) = i} Kn(2,y)9(y) duly). 


k=0 


Set Hn(x) = f [Kn(z, y)| duly) (called the n-th Lebesgue function of the orthonormal 


sequence (fn) ). 
a) Let (an) be a decreasing sequence of numbers > 0 such that the series with 


n 
general term an is convergent. Show that, for almost every x € X, > \fe(z)|? = 
k=0 
o(1/an) (using Prop. 6 of §3, show that the series with general term an|fn(zx)|?_ is 
convergent almost everywhere, and make use of Exer. 10 of GT, IV, §7). Deduce from 
this that Hn(x) = o(1/,fan) for almost every x € X. 

b) Let zo be a point of X. In order that, for every complex-valued function g, 
defined and continuous on X, the partial sums sn(g) be bounded at the point zo (by 
a number depending on g and zo), it is necessary and sufficient that the set of numbers 
Hn(xo0) be bounded (make use of Prop. 3 and the fact that in the dual of a Banach space, 
every weakly bounded set is strongly bounded). 

c) In order that, for every complex-valued function g, defined and continuous 
on X, the series with general term (g|fn)fn(xz) be uniformly convergent in X and 
have sum g(z), it is necessary and sufficient that: 1° every continuous complex-valued 
function on X be uniformly approximable by linear combinations of the f,; 2° there 
exist a constant a such that |Hn(z)| <a forall n and xz € X. (Note that for every n, 


co 
fn(z) = oe (fnlfm)fm(x) identically; on the other hand, to prove the necessity of the 


m=0 
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condition 2°, note that for every increasing sequence (nz) of integers and every sequence 
(tz) of points of X, the sequence of numbers f Kn, (te, y)9(y) du(y) is bounded (by a 
number depending on g ) and argue as in b).) 


16) Let ys be Lebesgue measure on X = [0,27]. The sequence of functions fn such 
that 


fo(z) = = » fen-1(z) = = cosnz, fan(x) = = sinnz (n21) 


is an orthonormal and total sequence in the space £2, (cf. GT, X, §4, Prop. 8). 
Show that the corresponding Lebesgue function Hn(z) is independent of z and that 
Hn ~ 4/nrlogn. 


4 17) Let yw be Lebesgue measure on X = [0,1]. One defines the sequence (fn) of 
step functions on X by the following conditions: fo is the constant 1; for every integer 
n > 0, let m be the largest integer such that 2” <n, and write n= 2™+k; fn is 


2k “Ok 1 
anete oo E o —2™/2 on the interval 


the function equal to 2™/2 on the interval 
Eas at : and to 0 at the other points of X. 

a) Show that the sequence (fn) is orthonormal (the Haar orthonormal system). 

b) Let Vn be the linear subspace of ee (over C) generated by the fy, with in- 
dices k < n. Show that there exists a partition of [0,1[ into n +1 semi-open intervals 
such that, in each of these intervals, every function belonging to Vn is constant. Deduce 
from this that, conversely, for every function g that is constant on each of these n + 1 
intervals, there exists a function in Vy that is equal to g on [0,1[ (note that Vn has 
dimension n +1). 

c) Let g be any function in 2 ; deduce from b) that if h is the unique function 
in Vn for which No(g—h) is minimal, then, i in every interval [a, G[ where h is constant, 


one has h(x) = aa / g(t)dt. 


d) Show that for every complex-valued function g , defined and continuous on X, the 
series with general term (g|fn)fn(x) is uniformly convergent on [0,1[ and hassum g(z) 
(make use of c)). Deduce from this that the sequence (fn) is total. 


4 18) Let X be a locally compact space, p a positive measure on X, and f a 
p-measurable numerical function. 

a) Let (an)nez be a sequence of real numbers, 4 a finite real number; for every 
n€ Z, set 


Un(L) = Qngirtog|f(a)iJf(z) if f(z) #0 and f(x) # too 


un(x)=0 for the other values of x € X 


(where [t] denotes the integral part of the finite real number ¢). Show that the un are 
p-measurable and that, for every finite real number c such that cA <1, 


+00 


too * * 
y~ ii jun(2)le d(x) < ell i LF (a dua): | S> ee lan| 


n=—oo n=— Oo 
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b) Let p’,p” be two finite numbers > 0, t areal number such that 0<t<1, and 
let p be the real number defined by 1/p = (1—t)/p’ + t/p”. For every number a > 0, 
set 


+00 (1-t)/p’ +00 t/p"’ 
1/Ka anf S° lea, |P S je 2 -t)ng, iP” 
n=—00 n=—00 


the infimum being taken over all the absolutely convergent series (an)nez_ of finite real 


+00 
numbers such that > Qn = 1. Show that 


n=—oco 


4) No(f 
Cs) No(f 


) < Ke - inf F(u) 
) > Kae” ® - inf F(u) , 


where u= (uUn)nez runs over the set of sequence of functions belonging to LP gr” 
such that the series (tn(x))nez is almost everywhere absolutely convergent with 
sum f(x); for every sequence u having these properties, one sets 


+00 (1—t)/p’ +00 t/p" 
F(u) = { > (Np(e%"un))? So (Np (eo 8t-a4g))? 
n=—0o n=—0o 


and in the formulas (*) and (**) the infimum is taken over the set of sequences u = (un) 
having the preceding properties. (To prove (*), use Hélder’s inequality; to prove (**), 
use a) twice with suitable choices of c and 4.) In particular, Ka is finite for all a > 0. 

c) Let p’,p”,q’,q" be finite numbers > 1, ¢ a number such that 0 <¢ <1, and 


let 
1 1-t t 1 1—t t 


p p’ pl" q q 


me 


qd 


Let Y be a second locally compact space, v a positive measure on Y, and let w be 
a linear mapping of #(X;R) into the vector space (not topological) (Y,v;R) of 
v-measurable finite numerical functions on Y . Suppose that: 1° w maps .#(X;R) into 
et (Y; R)N LU (Y; R); 2° for every function f € #(X;R), 


Ng (w(f)) < M’Ny(f) and Ng (w(f)) < M"Np/(f). 


From this, conclude that w also maps “(X;R) into #9(Y;R) and that 


Nq(w(f)) < M- Np(f) 
with 
M < M’?~'m’t 
(M. Riesz’s inequality). (Write f in the form yo, as in 6), and consider the series 
with general term w(un); use the inequalities Praia (**) of 5).) 


19) Let f be a numerical function 2 0 defined in the space Ri = ]0,+o00[ and 
p-th power integrable for Lebesgue measure (1 < p < +00). Set F(x) = i i f(t)dt for 
all x > 0. 
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a) Show that as x tends to 0 or to +oo, F(x) = o(x'®-1)/P) (use Hélder’s in- 
equality). 
6) Show that the function F(x)/x is p-th power integrable in Rand that 


i Gar ba (2) (f(x)? dx 


(Hardy’s inequality). (Consider first the case that f € 2%(R4); for every compact 
interval [a,b] C R4 , obtain an upper bound for the integral 


b 
F(t) \? 
i (3 Na 
t 
a 
by integrating by parts and making use of Hélder’s inequality.) 


{ 20) a) Let Y be a metric space; for every y € Y and every r > 0, denote by 
B(y;r) the open ballin Y with center y and radius r. Let G be aset of open balls in Y 
whose diameters form a bounded set in R, and which is such that, for every sequence 
(B(yn;rn)) of pairwise disjoint balls belonging to G, one has lim rn = 0. Show that 


n—0o 

if M is the union of the balls B € G, there exists a sequence of pairwise disjoint balls 
B(ynj;rn) € G such that the balls B(yn;4rn) form a covering of M. (If k > 0 is an 
upper bound for the set of radii of the balls B € G, define by induction on h a sequence 
of families ($;,) of balls B(ynj;rnj) € G such that §, is maximal among the (finite) 
families of balls belonging to G, pairwise disjoint and disjoint from the balls belonging 
to the families §; for i <h, and with radii between (2/3)'+1k and (2/3)"k.) 

b) Let X be a metrizable locally compact space, d a metric on X compatible with 
its topology; again denote by B(z;r) the open ball with center x and radius r > 0 
for this metric, and by 6(A) the diameter of a subset A of X for the metric d. Let p 
be a positive measure on X satisfying the following conditions: 1° every open ball is 
p-integrable; 2° pu(B(z;4r)) < K- u(B(z;r)), where K is a constant > 1 independent 
of x and r; 3° if a sequence (Bn) of open balls is such that lim pu(Bn) = 0, then 


n—co 
lim 6(Bn) = 0; 4° if a sequence (Bn) of open balls is such that lim 5(Bn) = +00, 
n— oo n—-0oo 


then lim p(Bn) = +c. 
n—-oo 


Let f € #?(X;y) be a function with values >0 (1 < p< +oo); for every rE X, 


set 
= 1 
f(x) = sup 7B) [ f(y) duly), 


where B runs over the set of open balls with center x. Show that f is finite and lower 
semi-continuous on X. 
c) Let f* be the decreasing rearrangement of f (§5, Exer. 29); for t > 0, set 


if 
ato | f*(s)ds, 
0 


which is a decreasing continuous function such that f* < Gf; one has (s(t) = o(t~1/P) 
as t tends to 0 or to +oo (Exer. 19 a)). Finally, denote by ys the inverse function 
of 6, defined on the interval ]0,8s(0+)[, and extended by 0 to the exterior of this 
interval if 67(0+) is finite. 
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For every t > 0, denote by M; the set of « € X such that f(x) >t. Show that 
u(Mzt) < K- y¢(t). (For every z € Mz, let Bz be an open ball with center z such that 


fe f(y) du(y) > t-u(Bx); apply a) to the family of balls Bz .) 
d) Deduce from c) that 


i (Fey)? au(e) < K (25) fp (F(e))? dla) 


(Note that the first member may also be written i} abe ptP-1(u(Mz))dt , and make use of 
Hardy’s inequality (Exer. 19).) 
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1) a) Let K be a compact convex subset of a Hausdorff locally convex space E, 
Lt a positive measure on K of mass 1, b, its barycenter. Show that for every positive 


function f on K that is concave and lower semi-continuous, one has f(b,) > if i fdp. 
(Note that f is bounded (TVS, II, §2, Exer. 32), consequently —/f is y-integrable.) From 
this, conclude that if f is a lower semi-continuous (or upper semi-continuous) function 
on K that is both convex and concave, then ffdp = f(by). 

b) Let I be the interval [0,1] of R, K the subset of .4+(I) formed by the positive 
measures of total mass 1, which is convex and compact for the vague topology, and let 
j:a'+€, be the canonical injection of I into K, which is a homeomorphism of I onto a 
subspace of K. For every measure v € K, set g(v) = yo v({x}); this is a function that 

rel 
is both convex and concave in K ; moreover, if gn(v) is the supremum of the v(A) for all 
the finite subsets A of I having at most n elements, then gn is upper semi-continuous 
on K, and g(v) = lim gn(v) for every v € K, therefore g is \-integrable for every 
n—- co 


measure A on K. Let yw be the measure on K such that J fdp = J, FG@)) de for 
f € #(X;R), which is positive and of total mass 1; show that b, is Lebesgue measure 
on I and that [ody # g(by)- 


{ 2) Let X be a compact space, # a set of lower semi-continuous numerical func- 
tions on X, taking values in ] — 00,+00]. Assume that # contains the finite con- 
stants; for every function h € # and every positive measure y on X, u*(h) is defined 
and > —oo (84, Exer. 5). 

a) For two positive measures u,v on X, write w<v if p*(h) <v*(h) for every 
function h € #. Show that the relation yu < v is a pre-order relation on .@+(X); it 
implies that u(1) = v(1), cu < cv for all c>0, and w+A~v-+A for every measure 
rE A4(X). 

b) Assume that P+ HC F# andthat c-¥PCF for c>O. Let uw bea positive 
measure on X, f a function in @(X;R). Denote by Qy the set of functions h > f 
belonging to #, and by M, the set of measures A € .44(X) such that A < uw. Show 


that 
sup A(f) = inf p*(h). 
AEMy hEeQe 


(For every function g € @(X;R), let p(g) = a u*(h). Show that p(g +g’) < 
EQg 
p(g) + p(g’) and p(cg) =c-p(g) for g,g’ in @(X;R) and c > 0; prove on the other 


hand that M, is identical to the set of measures A € .@4(X) such that, for every 
function g € @(X;R), one has A(g) < p(g), and conclude by applying the Hahn-Banach 
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theorem.) If the functions in # are continuous and if So(f) is the lower envelope of Qr , 
then also u(So(f)) = sup A(f). 
EMp 

c) If the set Po of functions in # that are continuous and finite on X is total 
in @(X;R), then the relation y ~< v is an order relation on .@;(X). If a measure 
v € .@4(X) is maximal for this order relation, then so is every measure v’ such that. 
0<v’ <v (for the usual order) (argue by contradiction using a)). If Ap = # and F is 
total, then every increasing directed set for the order relation ~ <v admits a supremum 
in .@,(X) for this relation; in particular, .44(X) is inductive for this relation. 

d) Suppose that the functions in # are continuous and finite, that # is total in 
€(X;R), and that ®+2HCP# and c-FPC FP for all c > 0. For every function 
f € @(X;R), denote by S(f) the lower envelope of the functions h € —# such that f < h; 
for every € > 0, denote by Ky,¢ the set of 2 €X such that S(f)(x) > f(x) +¢. Show 
that the following conditions are equivalent: 

a) The measure p € @,(X) is maximal for the order relation A =<’. 

8) For every function f € @(X;R), w(S(f)) = u(f). 

8’) For every function f € #, u(S(f)) = wf). 

) For every function f € @(X;R) and every ¢ >0, u(Ky,-) =0. 

+’) For every function f € # and every ¢ >0, w(Ky-) =0. 

(Apply b) to -#.) 

e) Under the hypotheses of d), show that if 4 and yp’ are two positive measures 
on X that are maximal for the relation <, then so is w+’. From this, deduce that the 
set of positive measures that are maximal for this order relation is a lattice for the usual 
order relation <. 


q 3) Let X be a nonempty compact space, # a set of lower semi-continuous nu- 
merical functions on X, taking values in ]—.0o,+ 00]; assume that # contains the finite 
constants. A point x € X is said to be #-eztremal if the measure €z is minimal for the 
pre-order relation  < v (*); the set of P-extremal points is denoted Chg(X). 

a) Show that if #’ is the set of linear combinations S. cjh; of functions in # 


a 
with coefficients > 0, the #-extremal points are identical to the #’-extremal points. 

b) For a point x € X, show that the following conditions are equivalent: 

a) x is P-extremal. 

8) For every function f € @(X;R) and every ¢ > 0, there exists an h € #’ such 
that f <h and h(x) < f(z) +e. 

) For every open neighborhood U of « and every ¢ > 0, there exists a function 
h>O0 in # such that h(x) <e and hA(y) >1 forall ye X — U. (Use Exer. 2 5).) 

Show, moreover, that the set of points of Chg(X) where at least one function in # 
attains its infimum in X is dense in Chg(X). 

c) A subset F of X is said to be #-stable if it is closed and if the relations  < py 
and Supp(u) C F imply Supp(A) C F. Show that if u € # and if F’ is the set of 
points of F where wu attains its infimum in F,, then the set F’ is #-stable. 

d) Assume in addition that # separates the points of X. Show that for every 
function h € #, the set S, of points of X where h attains its infimum in X intersects 
Cha(X). (Consider a minimal #-stable subset contained in Sp, and use c) to show that 
such a subset reduces to a single point.) 

e) With the same hypotheses as in d), show that for a closed subset F of X to 
contain Chg(X), it is necessary and sufficient that for every function h € #’, F inter- 
sect the set S, of points where h attains its infimum in X (make use of b)). From this, 
deduce that for a € X to be in the closure of Chg(X), it is necessary and sufficient 
that for every open neighborhood U of a, there exist h € P’ and b € U such that 
h(b) < h(x) for all « € X — U (in other words, S, C U). 


(*) The definition of maximal (or minimal) element in an ordered set (S, III, §1, 
No. 6) extends at once to pre-ordered sets. 
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f) Under the hypotheses of d), a subset A of X is said to be a #-edge if, for every 
function h € #’, Sp intersects A. Take for X the union, in R?, of the two circles 
with respective centers (—1,0) and (1,0) and with radius 1, and for # the set of 
restrictions to X of the affine linear functions on R?. Show that Ch(X) consists of 
the points (€,7) of X such that |€| > 1. If a is the #-extremal point (1,1), show that 
there is a neighborhood U of a such that there is no function h € #’ for which h 20, 
h(a) =0 and A(y) 21 on X—U. If A and A’ are the complements in Chg(X) of 
the points (1,1) and (—1,1), respectively, then A and A’ are #-edges but the same 
is not true of AM A’; thus there is no smallest #-edge. 

g) Let Y be a second compact space, 2 a set of lower semi-continuous mappings 
of Y into ]— 00, +00], containing the finite constants. Let # be the set of functions 
h=f@g with fe FY and g€ 2; showthat Chy(X x Y) = Cha(X) x Cha(Y). 


q 4) Let E be a Hausdorff locally convex space, X a compact convex set in E, 
# the set of finite numerical functions continuous and convex in X; yw < v denotes the 
pre-order relation defined on .@,(X) by # (Exer. 2). 

a) Show that ys <v isan order relation on .@4(X) (use Exer. 29 of TVS, II, §5) 
and that, forevery x € X,therelation ¢y < y is equivalent to saying that 4 has mass 1 
and z is the barycenter of 4. For every maximal measure yu (for the preceding order 
relation) of mass 1, there therefore exists one and only one z € X such that eg < p. 
Conversely, every z € X is the barycenter of at least one maximal measure. For x € X 
to be an extremal point of X, it is necessary and sufficient that ¢z be a maximal measure. 

b) Let ww be a maximal measure on X, f a function in @,(X). Show that for every 
€ > 0, there exists a continuous convex function g on X such that 0 <g< f and 
L(g) > w(f) — € (use Exers. 3 6) and 2 d)). From this, deduce that the support of y is 
contained in the closure of the set of extremal points of X. 

c) Let be a maximal measure on X, ( fn)n>1 a decreasing sequence of functions 
in @4(X). Show that if, for every extremal point x € X, the sequence (fn(x)) tends 
to 0,then lim p(fn) = 0 (use b) to construct a decreasing sequence (gn) of continuous 

n-—-oo 


convex functions such that 0 < gn < fn and pu(gn) > w(fn) —€ for all n, and show 
that the sequence (gn(y)) tends to 0 for every y € X). 

d) Deduce from c) that if A C X contains no extremal point and is the union of 
a sequence (Kn) of compact subsets of X, each of which is a countable intersection of 
open sets in X, then yu(A) =0 for every maximal measure pu. 

e) Let & be the vector space of continuous functions on X that are the restrictions 
to X of continuous affine linear functions on E. The relation A < mw implies that 
A(h) = wh) for every function h € &; for every function f € @(X;R), the lower 
envelope S(f) of the functions h € # such that f <h is also the lower envelope of 
the functions g € —# such that f < g. For every x € X, the relation ey < p is 
equivalent to the relation h(x) = (h,u) for all h € &; the extremal points of X are 
identical to the #-extremal points. If f € # then, for every x € X, 


(*) S(f)(z) = sup P f(y) duly) 


Eg ~~ 


(use Exer. 2 6)). This formula is no longer necessarily valid if it is only assumed that f 
is convex and upper semi-continuous on X (with the notations of Exer. 1 6), consider the 
function f equal to 1 on the image of I in K, and to 0 elsewhere). 

f) Show that the formula (*) is again valid when in the second member one limits 
oneself to the discrete measures 4 having x as barycenter. 


4 5) The notations being those of Exer. 4 e), let #’ denote the dual of the normed 
space &, equipped with the order structure deduced from that of #& (Ch. II, §2). On 
the other hand, denote by C the convex cone with vertex 0 generated by X x {1} in 
the space Ex R. 
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a) Show that the following properties are equivalent: 

(i) Every point x € X is the barycenter of a unique maximal measure Bz of mass 1 
on X. 

(ii) The vector space F generated by C is a lattice for the order structure having 
C as the set of elements > 0 (in other words, X is a simpler (TVS, II, §2, Exer. 41)). 

(iii) For every function f € #, S(f) is both concave and convex. 

(iv) If w and v are two maximal measures such that p(h) = v(h) for all he &, 
then p=v. 

(v) The vector space &’ is a Riesz space. 

(vi) If f and g are two functions in #, then S(f +g) = S(f) +S(g). 

(First prove that (i) implies the following property: 

(vii) The mapping «++ By may be extended in only one way to a bijective linear 
mapping of F onto the subspace of .@(X) generated by the maximal measures, and this 
mapping transforms C into the cone of maximal measures. 

Then deduce (ii) from (vii), using Exer. 2 e). To deduce (iii) from (ii), use the 
decomposition lemma in the Riesz space F and Exer. 4 f). To deduce (iv) from (iii), use 
the fact that if g € @(X;R) is both concave and convex, then the set of h € # such 
that h(x) > g(x) for all x € X is a decreasing directed set (TVS, II, §5, Prop. 6) and 
has g for its lower envelope; then apply Exer. 4 e). To deduce (v) from (iv), observe that 
st' may be identified with the subspace of .@(X) generated by the maximal measures, 
with the help of Exer. 4 e). To deduce (vi) from (v), apply the decomposition lemma in 
the Riesz space «/’ and Exer. 4 f). Finally, to deduce (i) from (vi), consider the mapping 
frS(f)(z) for fé€F and ze X, and use Exer. 4 e).) 

b) When the conditions of a) are satisfied, show that for every function f € @(X;R), 
the mapping «++ §;(f) is in the closure, for the topology of uniform convergence in X, 
of the set of bounded functions on X that are the difference of two upper semi-continuous 
functions (make use of the fact that # is total in @(X;R)); consequently, this mapping 
is measurable for every measure on X. *For every positive measure ys on X, the unique 
maximal measure v > p is given by v= f Bedu(x) (cf. Ch. V)., 

c) When the conditions of a) are satisfied and X is in addition metrizable, show that 
for every x € X, Gy is the only positive measure ys of mass 1 and barycenter x such 
that p(X — L) =0, where L is the set Chy(X) of extremal points (argue as in Th. 1). 

d) When the conditions of a) are satisfied, show that the following properties are 
equivalent: 

a) The set L = Chy(X) is closed, in other words S,y(X) = Chy(X). 

) For every function f € #, the restriction of S(f) to L is continuous. 

) For every function f € #, the function S(f) is continuous on X. 

5) The mapping 2+> By of X into .@4(X) (equipped with the vague topology) 
is continuous. 

(To show that a) implies 8), observe that Bz = ¢2 in L. To prove that ) im- 
plies y), use the fact that S(f) is the lower envelope of a decreasing directed set of 
functions in # (TVS, II, §5, Prop. 6), Dini’s theorem and Exer. 3 d) applied to the 
functions in #. To prove that +) implies 6), use Exer. 4 e). Finally, to see that 6) 
implies a), use Exer. 4 a).) 


{ 6) Let X be a nonempty compact space, # a linear subspace of @(X;R) 
containing the constants and separating the points of X. The relation A < yu defined 
by # (Exer. 2) is then an equivalence relation, and the points J/-extremal in the sense 
of Exer. 3 are identical to the points #-extremal in the sense of No. 3. 

Let F be a closed subset of X containing Chyy(X); for every « € X, denote 
by .4F the set of positive measures » on X, of total mass 1, such that €z < p 
and Supp(1) C F; in order that ex € AF, it, is necessary and sufficient that z EF; 
the relation « € Ch,(X) is equivalent to “F = {ez}. For every bounded numerical 
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function f defined on F and for every z € X, set 


Hi(f)= inf r(x), HE(f)=—He(-f)= supa), 


f<AIF, hE! fRh|F, hee 


which are finite numbers. = 
a) Show that the mapping f+ H,(f) of €(F;R) into R is increasing, positively 


homogeneous and convex. If h € #, then H. a(h) = A(z). 
b) For every x = X, every measure p € .@F and every function f € @(F;R), 


HE(f) < ffdp< Ht z(t). Conversely if, for a function fo € @(F;R), ¥ is a real 


number such that HF (fo) < 7 < He ( fo), then there exists a measure pp € AF such 


that y= f fod. 
c) Show that for a function g € @(X;R), the following conditions are equivalent: 
a) For every x € X and every measure pp € WF, one has g(x) = fodp. 


B) For every 2 € X, HF(g|F) = i, 2(glF) = g(z). 

) For every e > 0 ‘there exist two finite sequences (h;),(h‘/) of functions in # 
such that, setting h’ = sup(h{), h’” = inf(h7), one has h’ <g <h” and h” —h'<e. 

(To see that 8) implies y), argue as in GT, X, §4, No. 1, Prop. 2.) 

When a function g € @(X;R)_ has the preceding equivalent properties, it is said 
to be #-harmonic; the set #’° of #-harmonic functions is a closed linear subspace 
of @(X;R) containing #; it is independent of the closed set F > Chy(X) under 
consideration. One has (#°)° = #4, and the equivalence relation in .#4(X) defined 
by #° is identical to the relation A ~< uw defined by #; consequently Chyc(X) = 
Chye(X). The mapping g+- g|F is a strictly increasing isometry of #° onto its image 
in @(F;R) (which is therefore a closed subspace of @(F; R)). 

d) Take for X the interval [0,1] of R, and for # the vector space of restrictions 
to X of the polynomials of second degree over R. Show that #° is distinct from the 
closure # of # in @(X;R). 

e) Show that in order that Chy(X) = X, it is necessary and sufficient that 
IH = @(X;R) (to prove that the condition is necessary, use b)). 

f) Show that if # is lattice-ordered (in other words, is a Riesz space), then 
HE = #. Give an example where # is not lattice-ordered and #6 = #. 

g) Let @y be the smallest closed subset of @(X;R) containing # such that the 
lower envelope inf(u,v) of any two functions of &y belongs to @y. Show that the 
following properties are equivalent: 

a) fe be; 

8) for every x €X and every measure p € 4X, J fay < f(x); 


Y) He (f) = f(x) for every x € X; 

6) for every € > 0, there exists a finite sequence (h;) of functions in # such that 
f <inf(hi) < f +e. 

(To see that 3) implies y), make use of b).) 

Deduce from this that &y is a pointed convex cone, and that @y1(-@#) = HH. 
Show that every function in & attains its infimum in X at at least one point of Chy(X). 


{ 7) Let Y be a nonempty compact space, # a linear subspace of @(Y;R) that 
contains the constants, separates the points of Y and is lattice-ordered (in other words, 
is a Riesz space). 

a) Let % be a mazimal isolated subspace of # (Ch. II, §1, Exer. 4); show that 
there exists one and only one point yo such that the positive linear form y: f + f(yo) 


on @ is latticial (Ch. II, §2, Exer. 5 b)) and .W = (0). (To see that there exists at 
least one point of Y where all of the functions f > 0 belonging to ./ are zero, argue by 
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contradiction, by showing that in the contrary case, taking into account the compactness 
of Y and the definition of the order relation in @, one would have WY = &. To show 
that the set Z(%) of points of Y where all of the functions in WY are zero reduces to 
a single point, make use of the fact that -Y is a hyperplane in #@ (Ch. II, §2, Exer. 5) 
and the fact that @ separates the points of Y and contains the constants.) 

b) Under the hypotheses of a), show that yo € Sg(Y). (Setting S = Sg(Y), note 
that the subspace 2’ of @(S;R) formed by the restrictions to S of the functions in # 
is canonically isomorphic to @ as an ordered vector space (Exer. 6 c)) and that, by means 
of the isomorphism inverse to f ++ f|S, the positive linear form f ++ f(yo) yields a 
latticial positive linear form on %'; then apply a) to #’.) 

c) For every isolated subspace -% # @, show that there exists a maximal isolated 
subspace VY > .%. (Use the fact that if an isolated subspace contains a constant func- 
tion # 0, then it is equal to Z.) 

d) Let Z be the union of the sets Z(W) (each reduced to a point) as WY runs 
over the set of maximal isolated subspaces of @; show that Z = S@(Y). (First prove 
that Z is closed, by noting that if y ¢ Z then the linear form ft f(y) on @& is not 
latticial, consequently (using Ch. IT, §2, Exer. 5 6)) neither is the linear form f +> f(y’) 
for all points y’ sufficiently near y. Next, use Prop. 7 of No. 3, by showing that every 
function fo € & attains its infimum a in Y at at least one point of Z; for this, setting 

-1 
M = f 9(a), one considers the subspace 4% of functions f € & of the form fi — fo 
with f; 20, fe 20, fi and fe zeroon M; prove that .% is isolated and use c).) 


q 8) The general notations and hypotheses being those of Exer. 6, set S = Sv(X). 
A function f € @(S;R) is said to be #-resolvent if there exists a function g € #° 
such that f = g|S (this function is then unique). 

a) Show that the following conditions on a function f € @(S;R) are equivalent: 

(i) f is #-resolvent. 

(ii) For every  € X, H8(f) = Hs (f). 

(iii) For every 2 € X and every pair of measures pi,2 in MS, one has 
f fur = f f due. 

(Make use of Exer. 6 b) and c).) 

b) Show that the following properties are equivalent: 

(i) Every function f € (S;R) is #-resolvent. 

(ii) For every x € X and every function f € (S;R), HS(f) = He(f). 

(iii) The set .@$ reduces to a single element. 

(iv) The set #° is lattice-ordered. 

(v) For every function u € &y (Exer. 6 g)), there exists a greatest lower bound hu 
of u in #°. 

(To show that (iv) implies (i), apply Exer. 7 d) to #@°, proving that for every point 
s € S, the linear form h + h(s) is latticial in 2°; then use Stone’s theorem and 
Exer. 6 c). To see that (i) implies (v), note that #’° C @ and consider the unique 
function hy, € #° such that hy|S = ulS. To see that (v) implies (iv), note that if 
he #° then —h~ = inf(h,0) € &y, and apply (v) to u= —h7 .) 

c) If the conditions of b) are satisfied and if yz is the unique element of 8 , show 
that the mapping z'> yz of X into -@,(X) (equipped with the vague topology) is 
continuous; from this, deduce that one then has Chye(X) = Sje(X) (note that yz = éz 
in Chy(X)). 

d) In order that every function f € @(S;R) be the restriction to S of a function 
h € #, it is necessary and sufficient that # be closed in @(X; R) and be lattice-ordered. 


q 9) Let Y be the topological space whose underlying set is the product 
I x {-1,0,1} in R*, where I = [0,1]; for every a € I and every € > 0, let Uae 
be the set of (x,y) € Y such that |x —a| < € and (z,y) is distinct from (a,1) 
and (a,—1); the sets {(x,y)} for y #0 and x €1 together with the sets Ua,- forma 
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base for a topology on Y for which Y is a non-metrizable compact space (cf. GT, IX, 
§2, Exer. 13 d)). Denote by X the topological sum space of Y and a set reduced to a 
point w. Let # be the set of continuous finite numerical functions h on X such that 


A(x,0) = $ (h(x, 1) + h(w, -1)) 


for all z € I, and h(w) = i h(z,0) dx. Show that Chye(X) consists of the points 


(z,y) such that y # 0 and z € I, but that there exists no positive measure p of 
mass 1 on X such that h(w) = p(h) forall he #, and p(X — Chy(X)) =0. 


4G 10) a) Let E be a Hausdorff and complete locally convex space, E’ its dual, 

and E’* > E the algebraic dual of E’. Let A bea subset of E that is compact for the 

weakened topology o(E,E’). Let x bea point of E’* in the closure of the convex envelope 

C of A for the weak topology o(E’*, E’). Show that if (z/,) is a sequence of points of E/ 

that converges to a’ € E’ for the weak topology o(E’,E), then lim (z,2/,) = (a,a’). 
n—-co 


(Note that «x is the barycenter of a measure of mass 1 on A, and apply Lebesgue’s 
theorem.) 

b) Deduce from a) that if there exists in E a sequence of points that is dense for 
the original topology, then the restriction to every equicontinuous subset H’ of E’ of 
the mapping z’ +> (z,2’) is continuous for the weak topology o(E’,E) (note that the 
topology induced on H’ by o(E’,E) is metrizable). Deduce that in this case, necessarily 
az €E (TVS, IV, §5, No. 5); in other words, the closed convex envelope in E of a set that 
is compact for the weakened topology is again compact for that topology. 

c) Extend the result of b) to the case that E is any quasi-complete Hausdorff locally 
convex space (Krein’s theorem). (First reduce to the case that E is complete by consid- 
ering E; then note that by virtue of Eberlein’s theorem (TVS, IV, §5, No. 3, Th. 1), it 
suffices to prove that every sequence (zn) of points of C has a cluster point in E for 
o(E,E’); this permits reducing to the case that there exists in E a sequence dense for 
the original topology.) 


CHAPTER V 


Integration of measures 


Throughout this chapter, T denotes a locally compact space, 1. a positive 
measure on T. For every subset A of a set E, ya denotes the characteristic 
function of A (if no confusion can result thereby). By numerical function, 
we always mean a function taking its values in R, thus possibly taking on 
the values +oo and —oo. The set of positive numerical functions defined 
on E will be denoted F1(E), or simply by F4 if no confusion can result. 
We agree to define the products 0-(+co) and 0-(—co) by giving them the 
value 0; thus, if f is a numerical function defined on E, and A is a subset 
of E, fa denotes the function that coincides with f on A and is equal 
to 0 on CA. For every point a of a locally compact space, €g denotes the 
measure defined by placing a unit mass at the point a (Ch. III, §1, No. 3). 


The concept of essential upper integral (resp. essentially integrable func- 
tion), which will be defined in §1, coincides, as we shall see, with the concept 
of upper integral (resp. integrable function) when the locally compact space T 
is countable at infinity (GT, I, §9, No. 9). 


The reader who is interested only in integration in locally compact spaces 
that are countable at infinity may therefore omit reading Nos. 1 to 3 of §1; 
in the rest of the chapter valid statements are obtained, when the spaces 
envisioned are countable at infinity, on suppressing the words ‘essential’ and 
‘essentially,’ and on replacing the symbol u® by w* and the symbol f : 


by f*. 


In §81 to 4, the word measure will always mean positive measure; other 
measures will be explicitly called not necessarily positive measures or com- 
plex measures, as the case may be. 
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§1. ESSENTIAL UPPER INTEGRAL 


1. Definition of the essential upper integral 


DEFINITION 1. — For every function f € ¥4(T) one calls essential 
upper integral of f with respect to 4, and denotes by w°(f), the supremum, 
finite or not, of the set of numbers u*(fyK), where K runs over the set of 
compact subsets of T. For every subset A of T, one sets u*(A) = p*(ya). 


The notations f° fdu, f° f(t)du(t), f° fu are also used. 
Since fyx < f for every compact subset K of T, one has 


(1) [tas [ tan. 


It can happen that p*(f) # u*(f); for, the condition p*(f) = 0 
means that f is negligible, whereas the condition y°(f)=0 means that f 
is locally negligible (Ch. IV, §5, No. 2, Prop. 5), and there may exist locally 
negligible sets that are not negligible (Ch. IV, §1, Exer. 5). 


The mapping p® of ¥,(T) into R coincides with » on .%4(T). It follows 
that two measures p4; and pg such that pw? = wy are equal. 


PROPOSITION 1. — a) If f and g are two numerical functions > 0 
that are equal locally almost everywhere, then pu*(f) = u°(g). 

b) If f and g are two numerical functions > 0 such that f < g, then 
u(f) < w(9)- 

c) If f is a numerical function > 0, and a is a number > 0, 
then p*(af) =ape(f). 

d) If f and g are two numerical functions > 0, then u*(f + 9) < 
Bo (f) + 2°(g) . 

e) If (fna)nen 18 an increasing sequence of numerical functions > 0, 
and if f = lim fy, then y*(f) = lim p*(fn). 

The properties a), b), c), d) may be deduced immediately from the 
corresponding properties of the upper integral: a) from Proposition 6 of 
Ch. IV, §2, No. 3 and Proposition 5 of Ch. IV, §5, No. 2; b), c), d) from 
Propositions 10, 11, 12 of Ch. IV, 81, No. 3. To establish e), denote by & 
the set of compact subsets of T ; by Theorem 3 of Ch. IV, §1, No. 3, we have 
lim p°(fn) = sup sup u*(fryK) = sup sup L*(fryK) 

n€N KER KER n€N 


nm— Co 


= sup u*( fx) = w(f). 
KER 
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Equality holds in the relation d) if f and g are measurable, by Cor. 4 
of Th. 5, Ch. IV, 85, No. 6. More generally, we have the following result: 


PROPOSITION 2. — Let f,g,h be three elements of F4; if g and h 
are measurable, then 


(2) [ so+idu= [todas [ tray. 


One is immediately reduced to the proof of the analogous formula for 
the upper integral. Since f(g +h) = fg+ fh (with the convention that 
0- (+00) = 0), we have 


[tartans [tod [pray 


it remains to establish the reverse inequality. Let wu be a lower semi- 


continuous function such that u > f(g+h). Set v= 7 On the set 


where g+h>0O, and v=-+oo onthe set where g+h=0; then v>f 
and u > v(g+h), whence 


fe (g+h) du < [ua 


and consequently, v being measurable (Ch. IV, §5, No. 6, Cor. 4 of Th. 5), 


* * * * 
[fads [thas [ogdu+ [onde 
* * 
= [vor tydu < ['udu, 


which implies the desired inequality since u is arbitrary. 


COROLLARY. — Let f be a function >0, (gn) a sequence of measurable 
functions >0; then f° f(l9n)du= do (f° fon dp). 
n n 
For the case of a finite sequence, this is an immediate consequence of 
Prop. 2. The case of an infinite sequence may be deduced from this by means 
of Prop. 1, e). 


PROPOSITION 3. — For every finite number a >0 and every pair of 
measures p,yv on T, 
(ap)* = ap? 
(utr) = ph $e". 


Moreover, the relation w<v implies up® <v 
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The proof is immediate from the analogous statement in Ch. IV (81, 
No. 3, Prop. 15). 


PROPOSITION 4. — For every numerical function f >0 that is lower 
semi-continuous on T, u*(f) = u*(f). 

For, let g be a function in .#,(T) such that g < f. If K is the 
(compact) support of g, then u(g) < u*(fyx) < w*(f). It follows, by the 
definition of upper integral, that u*(f) < u°(f), therefore w*(f) = u°(f) 
(formula (1)). 


2. Moderated functions and measures 


PROPOSITION 5. — Let A be a subset of T; the following properties 
are equivalent: 

a) The set A is contained in the union of a sequence of -integrable 
open sets. 

b) The set A is contained in the union of a sequence of p1-integrable 
sets. 

c) The set A is contained in the union of a sequence of compact sets 
and a p-negligible set. 

It is clear that each of the properties a) and c) implies b). Conversely, 
b) implies a) because every set of finite outer measure is contained in an 
integrable open set (Ch. IV, 81, No. 4, Prop. 19), and b) implies c) because 
every integrable set is the union of a sequence of compact sets and a negligible 
set (Ch. IV, §4, No. 6, Cor. 2 of Th. 4). 


DEFINITION 2. — A subset of T is said to be u-moderated if it satisfies 
the equivalent conditions of Proposition 5. A function defined on T, with 
values in a vector space or in R, is said to be j1-moderated if it is zero on 
the complement of a -moderated subset of T. The measure ps is said to be 
moderated if T is a u-moderated set. 


If » is a moderated measure, then every function on T is u-moderated 
and every subset of T is u-moderated. 


Remarks. — 1) If @ is a complex measure on T, one says that a function f 
is 0-moderated (resp. that 9 is moderated) if f is |6|-moderated (resp. if |6| is 
moderated). 


2) Every bounded measure is moderated; if T is a countable union of compact 
sets, then every measure on T is moderated. 

3) Let (fn) be a sequence of y-moderated functions with values in R. For 
each n, let Un be an open set that is a countable union of open sets of finite 
outer measure, such that fn is zero outside Un. The function s = x lfn| 

nen 
is then zero outside U Un; it is therefore y-moderated, and the same is true 
neN 
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of all functions f such that |f| < s. This applies in particular to the functions 
jim inf jn, limsup fn and SS jn (if the sum is defined). 
4) A function equal alive: oeunenne to a moderated function is moderated. 

PROPOSITION 6. — Let f be a positive numerical function defined 
on T that is u-measurable and u-moderated. Then there exists a sequence 
(hn)nen of elements of #4(T), with sum equal to f , having the following 
properties: 

1) The function ho is p-negligible. 

2) For every n > 1, there exists a compact set K, such that hn ts 
zero outside K,, and such that the restriction of hn to Ky is finite and 
continuous. 

Suppose that f is the sum of a sequence (f,) of positive measurable 
functions, each of which has the property in the statement; it is clear that 
f also has it. Set 

Fn = inf(f,n ts 1) re inf(f,n) 
for every n € N; since f is equal to the sum of the sequence (f,), it 
will thus suffice to establish the proposition assuming f to be moderated 
and bounded. Denote then by A the set of ¢ € T such that f(t) > 0; 
A is measurable and moderated, therefore there exists a sequence (An) 
of pairwise disjoint integrable sets such that A = UAn. We are reduced 


n 

to proving the statement for the functions fa, ; in other words, we may 
suppose f to be bounded and to be zero outside an integrable set I. But I 
is the union of a negligible set N and a sequence (L,,) of pairwise disjoint 
compact sets (Ch. IV, §4, No. 6, Cor. 2 of Th. 4). We are thus reduced to 
treating the case that f is bounded and is zero outside a compact set L. 

Let A be the set of compact subsets K of T such that f |K is con- 
tinuous; since & is y-dense (Ch. IV, §5, No. 10, Prop. 15), L is the union 
of a negligible set N and a sequence (Kn)n>1 of pairwise disjoint elements 
of & (Ch. IV, §5, No. 8, Def. 6). The functions ho = fen, hn = fx, for 
n > 1 then satisfy the conditions of the statement. 


The following proposition makes it possible to reduce the study of the 
upper integral to that of the essential upper integral. 


PROPOSITION 7. — Let f be an element of ¥4(T). 

1) If the function f is not u-moderated, then p*(f) = +00. 

2) If the function f is u-moderated, then y*(f) = u°(f). 

3) If u*(f) < +00 then there exists a p-moderated subset A, the union 
of a sequence of compact subsets of T, such that f = fya locally almost 
everywhere. 

The first assertion follows immediately from Lemma 1 of Ch. IV, 85, 
No. 6. To establish the second, denote by A a moderated subset such that 
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f is zero outside A; A is the union of a negligible set Ag and a sequence 
(An)n>1 of compact sets, which we may suppose to be increasing. The 
function f is then almost everywhere equal to the upper envelope of the 
functions fa, (n > 1), therefore (Ch. IV, §1, No. 3, Th. 3 and §2, No. 3, 
Prop. 6) 

eN(f) = lim p*(fea,) < (hf), 
whence the equality u*(f) = w°(f) by virtue of the formula (1). Finally, 


suppose that p*(f) < +00; there exists an increasing sequence (Ay) of 
compact sets such that 


we(fy= sup H*(fPa,.) - 


Set A = UA,; the second member is equal to pu*(fya) (Ch. IV, 81, 


No. 3, Th. 3), that is, to pu*(fya) (by Prop. 1, or by 2) above). 
Since u°(f) = w°(f~a) + u°(fYg,) (Prop. 2), we have u*(fye,) = 0, 
from which 3) follows. 


COROLLARY 1. — For f to be negligible, it is necessary and sufficient 
that it be locally negligible and moderated. 


COROLLARY 2. — If is a moderated measure (in particular if ps is 
bounded, or if T is countable at infinity), then w* = p°. 


PROPOSITION 8. — a) Let H be a set of functions > 0, lower semi- 
continuous, directed for the relation <; then 


ye (sup h) = sup p*(h). 
heH heH 


b) Let H_ be a set of functions > 0, upper semi-continuous, directed for 
the relation 2; if there exists in H a function ho such that p°(ho) < +00, 
then 


PES ee: 


The assertion a) is, in view of Prop. 4, a repetition of Theorem 1 of 
Ch. IV, §1, No. 1. To establish b), set 7 = inf h, and let a be a num- 
€ 


ber > 0. There exists a compact set K such that (Ch. IV, §4, No. 4, Cor. 1 
of Prop. 5): 


u*(ho) — a < w*(hoyK) = u(hopK) < w*(ho) - 
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The functions hy, , where h runs over H, form a set of upper semi- 
continuous functions, directed for the relation >, which contains an inte- 
grable function. Therefore (Ch. IV, §4, No. 4, Cor. 2 of Prop. 5): 


* ese 32 * 
L*(nyK) = infu (hyx) . 


But (Ch. IV, §4, No. 4, Cor. 1 of Prop. 5) p*(hoyex) < a, whence 
u(hyex) <a for every function h € H such that h < ho. Therefore, 
finally: 

*(n) > u* = j * > inf u°(h)—a. 

Hw (n) 2 w(npK) = inf w*(hyx) > inf u*(h) — a 


The inequality p°(n) < inf u*(h) being obvious, and a being arbitrary, 


the proposition is established. 


3. Essentially integrable functions 


Let F be a real Banach space; recall that the elements of the spaces 
Fp (Ch. IV, §3, No. 3) and YP (Ch. IV, §3, No. 4, Def. 2) are u-moderated 
functions (Ch. IV, §5, No. 6, Lemma 1); with -% still denoting the space 
of negligible mappings of T into F, we shall introduce the space 4° of 
locally negligible mappings of T into F. 


Lemma. — Let g and g’ be two p-moderated mappings with values 
in F; if g and g’ are equal locally almost everywhere to a same function f , 
then g=g' almost everywhere. 

For, let D be the set of t € T such that g(t) 4 g’(t); D is locally 
negligible and moderated, therefore negligible (Cor. 1 of Prop. 7). 


We shall denote by ¥p(T, 4) (or simply ¥%(u), Fp, if no confusion 
can result) the set of mappings f of T into F, such that there exists a 
function g € ¥f equal to f locally almost everywhere. Since the number 
N,(g) depends only on f by the Lemma, we will write N,(f) = N,(g). 
The function N, is obviously a semi-norm on Fry and we shall always 
assume that Fr is equipped with the topology defined by N,. The closure 
of 0 for this topology is the space .4°°; the relations Fra Fe+ NX, 
N& 1 F® = Np (Lemma) show that the normed space ¥,/%° may be 
canonically identified with ¥$/%, which is complete (Ch. IV, §3, No. 3, 
Prop. 5); therefore Fr is itself complete. 

We shall similarly denote by Yp(T, pn) (or Lp(p), or Zp) the sub- 
space f+ NW of Fy; one can also characterize Pp as the subspace 
of Fr constituted by the measurable mappings (Ch. IV, 85, No. 6, Th. 5). 
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The normed space eZ /.Mge° may be canonically identified with L§ ; ey is 
therefore complete. Its elements are called the p-th power essentially inte- 
grable functions, this terminology being justified by the following proposi- 
tion: 

PROPOSITION 9. — For a mapping f of T into F to belong to Fe 
(resp. to eZ ), if is necessary and sufficient that (resp. that f be measurable 
and that) 

u* (EP) < +00. 


One then has N,(f) = (us(\e|?))”?. 
We may clearly limit ourselves to the assertion concerning Fr _ If f be- 


longs to Fr , let g be a function belonging to ¥; that is equal to f locally 
almost everywhere; then |f|? = |g|? locally almost everywhere, therefore 


w° (IEP) = w* (Ig?) = (gl?) < +00 


(Prop. 1, a) and Prop. 7), and, on the other hand, by the definition of N,, 


N,(f) = Np(g) = (u*(Igl?))””. 


Conversely, suppose that ju°(|f|?) < +0oo; then there exists a moderated 
set A such that f is zero locally almost everywhere in T— A (Prop. 7). 
The function fya, equal locally almost everywhere to f, is such that 
N,(fya) = N,(f) < +00, therefore it belongs to Ff, and f € Fie 


CorOLLARY. — For f to belong to YZ? , it is necessary and sufficient 
that f belong to Ea and be moderated. 


DEFINITION 3. — The elements of Pr are called essentially p-integrable 
functions with values in F. On composing the mapping f +> p(f) of Lp 
into F with the canonical mapping of Pr onto Li, one obtains a contin- 


uous linear mapping of Pr into F that extends the mapping f + f fdu 
of Zt into F. One again denotes by [fdu or p(f) the value of this map- 
ping for f € Pr, and this element is called the integral of f with respect 
to w. 

Two essentially integrable functions that are equal locally almost ev- 
erywhere have the same integral. For every function f > 0 that is finite 
and essentially integrable, [ *fdu = f fd. If A is a set whose charac- 
teristic function is essentially integrable, then A is said to be an essentially 


p-integrable set; [ yadu is also denoted p(A) and is again called the 
measure of A. 
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If a function f, with values in F’, is defined locally almost everywhere 
in T,, we again say that f is essentially integrable if it is equal, locally almost 
everywhere, to a function f; that is everywhere defined and integrable; we 


then set 
[tua fe dp, 


and this definition is independent of the integrable function f, everywhere 
defined and equal locally almost everywhere to f (Lemma). One defines sim- 
ilarly the notion of essentially integrable function for functions with values 
in R that are defined and finite locally almost everywhere. 

The reader will have no difficulty in extending, to essentially integrable 
functions, the results of Ch. IV, §4 for integrable functions, on replacing 
‘almost everywhere’ in the statements by ‘locally almost everywhere.’ We 
note for example the inequality 

< | ithan, 


(3) [ea 


valid for every essentially integrable function f with values in a Banach 
space. 


PROPOSITION 10. — Let & be a u-dense set of compact subsets of T. 
a) If f is a numerical function > 0, then 


(4) wf) = sup u* (fox). 


b) If f ts an essentially integrable function with values in a Banach 


space F, then 
[tdu=tim [tox du, 


the limit being taken with respect to the directed (for C) set R. 

To establish a), it suffices to show that for every compact subset L 
of T, f * fyi du = sup f * fx du, where K runs over the set of subsets 

K 

of L belonging to &. Since L is the union of a negligible set and an 
increasing sequence (K,,) of elements of R (Ch. IV, §5, No. 8, Prop. 12), 
this follows from the theorem on passage to the limit in upper integrals 
(Ch. IV, §1, No. 3, Th. 3). 

Suppose now that f belongs to Pr ; let € beanumber > 0, and let K 
be an element of & such that 


[itlexdu> [flan —e 
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(such a K exists by a)). Then, for every compact set H containing K, 


[ [ean f ten de 


Extension to complez Banach spaces and measures. Let F be a complex 
Banach space; by an abuse of notation, the real Banach space underlying F will 
also be denoted by F. The Banach space PT, p) may then be equipped with 
a natural complex Banach space structure, and it is necessary to be specific as to 
whether one is using the real or the complex structure of this space. In this chapter, 
and absent express mention to the contrary, it will always be understood to be the 
real structure. = 

Let 6 be a complex measure; we set %p(T,0) = Ye(T,|9|); if F isa 
complex Banach space, one can make the same remarks as above. In particular, 
a function f with values in F will be called essentially integrable for 6 if it is 
essentially integrable for |0|. Assertion b) of Prop. 10 then extends at once to 
complex measures. 


< [itleenu< | Itlegsdu<e. 


4. A property special to the essential upper integral 


The following result will be used frequently in the sequel. In the state- 
ment, one cannot replace essential upper integrals by ordinary upper inte- 
grals (see Exer. 4). 


PROPOSITION 11. — Let (Aa)aca be a family of positive measures 
on T, directed for the relation < and having a supremum » in A(T). 
Then, for every numerical function f >0, 


(5) A°(f) = sup AB (Ff) - 


acA 


When f belongs to .#(T), this relation reduces to the definition of the 
supremum of a directed set in .@(T) (Ch. II, §2, No. 2, Lemma). Suppose 
next that f <g for some function g € 44 (in other words, that f is 
bounded and is zero outside a compact set K ); let a@ be an index such that 
Aa(g) > A(g) —€, where € isa number > 0; since the measure v = \—Ag 
is positive, we have v*(f) <v(g) <e, or AZ(f) > A*(f) — © (Ch. IV, 81, 
No. 3, Prop. 15). It follows (since ¢ is arbitrary) that the second member 
of (5) is > the first; the reverse inequality being obvious, (5) is established 
for the special case under consideration. Next, suppose that f is zero out- 
side K but is not necessarily bounded, and set f, = inf(f,n) for every 
integer n. Then 


\*(f) = sup A°( fn) = sup sup \%,(fr) = sup sup A2 (fn) = sup A28(f). 
nen ne€N ac€A acA nEeN acA 
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Finally, with no restriction made on f , denoting by & the set of compact 
subsets of T we have 


M(f) = aap (fF eK) = sup sup Aal(F YK) 


= sup =D re t5,) = = wp A (f). 
acA K 


COROLLARY 1. — For a a N of T : # locally A-negligible, it is 
necessary and sufficient that N_ be locally A_-negligible for every aE A. 


COROLLARY 2. — For a mapping g of T into a topological space G to 
be A-measurable, it is necessary and sufficient that it be \,-measurable for 
every acA. 

The condition is obviously necessary, since A, < A for every a 
(Ch. IV, §1, No. 3, Prop. 15). Conversely, suppose that g is \,-measurable 
for all a, denote by & the set of compact subsets K of T such that g|K is 
continuous, and let L be a compact set such that LK _ is A-negligible for 
every K € &. Since the set A is \,-dense, L is Ag-negligible for every a 
(Ch. IV, §5, No. 8, Prop. 12), hence is \-negligible (Cor. 1). It follows that 
KR is \-dense and that g is \-measurable (Ch. IV, §5, No. 10, Prop. 15). 


§2. SUMMABLE FAMILIES OF POSITIVE MEASURES 


1. Definition of summable families of measures 


Let (Aa)aca be a family of positive measures on a locally compact 
space X; the family (Ag)aca_ is said to be a summable family of measures 
if it is summable in the vector space .@(X) of real measures on X , equipped 
with the vague topology (GT, III, §5, No. 1). This amounts to saying that 
for every function f € #(X), the family of numbers A,(f) is summable 
in R. For, this condition is obviously necessary; conversely, if it is satisfied 
then the linear form f x Aa(f) on #(X) is positive, hence is a 


positive measure v (Ch. III, a, No. 5, Th. 1), and one verifies immediately 
that the finite partial sums of the family (AQ) converge vaguely to v, with 
respect to the section filter of the set of finite subsets of A (GT, III, 85, 
No. 1, Def. 1). 

Since every element of .#(X) is the difference of two elements of #4.(X) , 
the family (A,) is summable if and only if 


(1) Yo Aalf) < +00 


acA 


c 
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for every function f € .44(X). This condition is also equivalent to the 
following: 


(2) > ra(K) < +00 


acA 


for every compact set K C X. 

For, (2) implies (1) because f < ||f||-y~s , where S denotes the compact 
support of f. Conversely, if K is a compact set, there exists a function 
f € #4.(X%) such that yx < f (Ch. II, §1, No. 2, Lemma 1), and it follows 
that (1) implies (2). 

Remarks. — 1) It is immediate that, when the family (Aq)aca_ is summable, 
its sum is the supremum in .@,(X) of the finite partial sums » Aa, where J 
runs over the set of finite subsets of A. = 

2) Let (@a)aea be a family of complex measures on X; the family (9a) 
is said to be summable if the family (|9|) of positive measures is summable; it 


is not sufficient for this that the family (64) be summable in the vector space 
(X;C) equipped with the vague topology (cf. Exer. 3). 


2. Integration with respect to a sum of positive measures 


Throughout this No., X denotes a locally compact space, (Aq)aca 


a summable family of positive measures on X, and v the measure S~ Aq. 
acA 


PROPOSITION 1. — Let f be a@ positive numerical function defined 
on X. Then 


(3) v*(f)= >> Aa(f). 
acA 


This follows at once from Remark 1, Prop. 11 of §1, No. 3 and Prop. 3 
of §1, No. 1. 


COROLLARY 1. — For every compact (resp. open and relatively com- 
pact) subset M of X, 


v(M) = S> da(M). 
acA 
COROLLARY 2. — For a subset N of X to be locally v-negligible, it is 
necessary and sufficient that, for every a€ A, N be locally \,.-negligible. 
COROLLARY 3. — For every function f € ¥4(X), 


(4) vs) Ah: 


acA 
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The inequality is obvious if f is not v-moderated, because then 
v*(f) = +00 (§1, No. 2, Prop. 7). If f is v-moderated then f is 
Aa-moderated for every a € A, because every v-integrable open set 
is A,-integrable; the relation (4) then follows at once from (3) and from 
Prop. 7 of §1, No. 2. 


a It can happen that the two members of (4) are not equal, even when A is 
countable and each of the Aq is a point measure (§1, Exer. 4 a)). 
PROPOSITION 2. — Let f be a mapping of X into a topological space G. 
For f to be v-measurable, it is necessary and sufficient that f be \,-meas- 
urable for every aE A. 
This follows at once from Cor. 2 of Prop. 11 of §1. 


PROPOSITION 3. — For a mapping f of X into a Banach space F to 
be essentially v-integrable, it is necessary and sufficient that f be essentially 
Aq-integrable for every a € A and that 


(5) 3 i if| a < +400. 
acA 
The family ([fda)aca is then absolutely summable in F, and 
(6) [te os [taro 
acA 


Indeed, for f to be essentially v-integrable (resp. essentially A,.-integra- 
ble), it is necessary and sufficient that f be measurable for the measure v 
(resp. Ag) and that v*(|f|) < +00 (resp. A8(|f]) < +00), by virtue of 
Prop. 9 of §1, No. 3. The first part of the statement therefore follows at 
once from Props. 2 and 1. If f is essentially v-integrable, the inequality 


> [Pa < > fie dAq = v(|£l) 


acA acA 
implies that the family (ffd\.) is absolutely summable in F, and that 


the norm of the sum is less than or equal to the norm of f in F,(v) . The 
set of f € Y}(v) that satisfy (6) is thus a closed linear subspace # of 
£3(v); now, this subspace is also dense in -4}(v), because it contains the 
functions of the form f-a, where a€ F and f denotes a finite integrable 
positive function (Prop. 1). Therefore # = 4}(v) and the proposition is 
established. 
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Prop. 3 can also be deduced from the general theorem on integration that will 
be proved in §3 (No. 3, Th. 1). 


COROLLARY 1. — Suppose that f is v-integrable; then f is A, -integrable 
for every a € A, and formula (6) holds. Conversely, if the set A is finite 
and f is \,-integrable for every a € A, then the function f ts v-integrable. 


If f is v-integrable, then f is essentially v-integrable and v-moderated 
(§1, No. 3, Cor. of Prop. 9); f is therefore essentially \,.-integrable and 
XAq-moderated, hence \,-integrable, for every a € A. Conversely, if A is 
finite and if f is Ag-integrable for all a € A, then f is essentially v-inte- 
grable by Prop. 3, and it suffices to verify that v*(|f|) < +00; this follows 


at once from the relation v* = S* \* (Ch. IV, §1, No. 3, Prop. 15). 
acA 


COROLLARY 2. — Let @ be a complex measure on X; set 0; = (Z0)*, 
02 = (#0)~, 03 = (40), 04 = (%0)~. In order that a mapping f of X 
into a topological space G (resp. into a Banach space F) be measurable 
(resp. essentially integrable, integrable) for the measure @ , it is necessary 
and sufficient that it be measurable (resp. essentially integrable, integrable) 
for each of the measures 0; (i = 1, 2,3, 4). 

If f is measurable (resp. essentially integrable, integrable) for 6, then 
f is by definition measurable (resp. essentially integrable, integrable) for 
the measure |6|, hence also for the measures 9;, which are < |6|. Con- 
versely, if f is measurable (resp. essentially integrable, integrable) for the 
measures 6;, then Prop. 2 (resp. Prop. 3, Cor. 1 of Prop. 3) implies that f 
is measurable (resp. essentially integrable, integrable) for the measure 
6, + 62 + 63 + 04, which is > |0| . 


3. Decomposition of a measure as a sum of measures with compact 
support 


PROPOSITION 4. — Let pw be a positive measure on a locally compact 
space T, and let R be a u-dense set of compact subsets of T. There 
exists a summable family (Ua)aca Of positive measures on T such that 


Lt = YS Ha, and such that the supports of the measures [ua belong to R 
acA 
and form a locally countable family of pairwise disjoint compact sets. 
If the measure fs is moderated, the index set A may be taken to be 
countable. 


Consider a locally countable family (Ka)aca of pairwise disjoint el- 


ements of A such that the set N= T— \l Ka is locally p-negligible 
acA 
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(Ch. IV, §5, No. 9, Prop. 14). For every function f € #(T), set 


Half) = wf eKe) i 


the linear form fo on (T) is positive, therefore is a positive measure, 
with support contained in K,. Since every compact set contained in an 
element of & belongs to R, Supp(ua) € K for all a € A. It remains only 
to show that the family (w) is summable and that its sum is equal to p, 
in other words that Py Ha(f) = w(f) for every function f € 44(T). 


Now, let S be the Cae support of f, and let A’ be the countable 
set formed by the a € A such that SNK, #2. Since the set NNS is 
p-negligible, 


u(f) = n(fyes) = > w(fesnka) = >) wf ya) 


acA’ acA’ 
=> ulfex.) = do Half) 
acA acA 


This completes the proof of the general case. If 4 is moderated, then the 
set T is u-moderated and so T is the union of a sequence (L,,) of compact 
sets and a negligible set (§1, No. 2, Prop. 5); let A’ be the countable set of 
a €A such that K, intersects one of the L,. Then ug =0 for a¢ A’, 
and the last sentence of the statement follows immediately. 


Remark. — A positive measure may be the sum of a sequence of measures 
with compact support, and not be moderated (see Exer. 4 a) of §1). 


83. INTEGRATION OF POSITIVE MEASURES 


1. Functions with values in a space of measures 


Let X be a locally compact space, 44(X) the convex cone of pos- 
itive measures on X. Throughout the rest of this chapter, #4(X) will 
be equipped with the topology induced by the vague topology on .@(X) 
(Ch. III, §1, No. 9); thus, to say that a mapping A:t+- 2; of the locally 
compact space T into .@,(X) is continuous means that, for every func- 
tion f € #(X), the numerical function t+> d;(f) is continuous. In this 
case we shall also say that A is vaguely continuous on T. To say that a 
mapping A:t++ \; is u-measurable means that the set of compact sub- 
sets K of T, such that the restriction of A to K is vaguely continuous, is 
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p-dense (Ch. IV, §5, No. 10, Prop. 15). We shall then say that A is vaguely 
p-measurable. 
Let A:tt+ ; be a mapping of T into .@,(X); we shall say that 
A is scalarly essentially integrable for the measure pu if, for every function 
- : K(X), mae tr AL(f) is essentially y-integrable. If one sets 
i r(f , it is clear that v is a positive linear form on #(X), 
Ale is a es on X (Ch. III, §1, No. 5, Th. 1). We will say that v 
is the integral of the function A with values in .#@(X), and we will write 


v= f x du(t) 


The preceding definition is a special case of the concept of weak integral, 
which will be treated in a general manner in Ch. VI. 


If f denotes an element of #(X), the integral [ A,(f) du(t) will also, 
by an abuse of notation, be denoted f du(t) f f(x) dA; (x) ; the definition of 
the integral v = fz, du(t) may then be written 


(1) [i@o@-= [au [ fe ance), 


We shall make analogous abuses of notation in the sequel, for upper integrals, 
essential upper integrals, and integrals of functions with values in a Banach 
space. 


Examples. — 1) Suppose that T is a discrete space, and that p is the measure 
on T defined by placing a mass +1 at each point of T (Ch. II, §1, No. 3). Let h 
be a function > 0 defined on T; since the function h is lower semi-continuous 
(even continuous) on T, p*(h) = w®(h) = xe h(t) (Ch. IV, §1, No. 1, Example). 

teT 
For the measure 1, the notions of integrable function and essentially integrable 
function are therefore identical. This being so, to say that a mapping t+> Az of T 
into .4@4(X) is scalarly essentially p-integrable amounts to saying that the family 
(At)ter is summable (§2, No. 1), and one then has fre du(t) = a At. Note 
teT 

that the mapping t+> Az is vaguely continuous. 

2) The mapping t +> €; of T into .44(T) is vaguely continuous, sca- 
larly ee p-integrable for every positive measure y on T,, and one has 


ferdu(t) = 


PROPOSITION 1. — Suppose that ys is the supremum of an increas- 
ing directed family (i)ier of positive measures on T; in order that 
A:tr be scalarly essentially y-integrable, it is necessary and suffi- 
cient that A be scalarly essentially ;-integrable for all i € 1 and that the 
family (fA: dui(t)), cy be bounded above in (X). One then has, 


(2) [reaute) = sup [re dus(d. 
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For, verifying that A is scalarly essentially integrable for a positive mea- 
sure 7 on T comes down to verifying that t+ A4(g) is n-measurable and 
admits a finite essential upper integral, with respect to 7, for every function 
g € #4(X). The proposition therefore follows at once from Prop. 11 of §1, 
No. 4 and its Corollary 2. 


COROLLARY. — Suppose that uw is the sum of a summable family 
(Halaca Of positive measures on T; in order that A: t+ rz be scalarly 
essentially p:-integrable, it is necessary and sufficient that A be scalarly es- 
sentially U-integrable for every a € A and that the family of measures 
fAtdpa(t) be summable. One then has 


(3) [redult) =f redialt): 


acA 


It follows immediately that every scalarly essentially y-integrable mapping is 
also scalarly essentially s:’-integrable for every measure p’ < p. 


In this section we shall limit ourselves to the study of scalarly essen- 
tially integrable mappings of T into .@,(X) that have the property con- 
templated in the following definition: 


DEFINITION 1. — Let X be a locally compact space, A: tH 4 
a scalarly essentially -integrable mapping of T into .@,(X), and v the 
integral of A. 

We say that A is p-pre-adequate if, for every lower semi-continuous 
function f >0 defined on X, the function tr f *f dX is p-measurable 
on T and 


(4) [ teyavta) = [ante [ se) an. 


We say that A is 1-adequate (*) if A is u’-pre-adequate for every pos- 
itive measure pi’ <p. 


It can be shown that if A is -pre-adequate and if the measure v = a At du(t) 
is moderated—in particular if X is countable at infinity—then A is p-adequate 
(Exer. 7); however, it is not known if these concepts are in general equivalent. In 
the statements in Nos. 2 and 3 below, the assertions preceded by an a) or a b) 
extend at once to pre-adequate mappings, whereas those preceded by ac) are valid 
only for adequate mappings. 


(*) In the first edition, ‘u-adequate’ mappings were defined to be the scalarly essen- 
tially -integrable and vaguely u-measurable mappings. The definition given here is more 
general (Prop. 2 below). 
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The following proposition often permits one to verify that a given map- 
ping is p-adequate. 


PROPOSITION 2. — Let A:tt> », be a scalarly essentially u-integrable 
mapping of T into @,(X), and let v = [ rx dp(t). 

a) If A is vaguely continuous, then the mapping t > A?(f) is lower 
semi-continuous for every lower semi-continuous function f > 0 defined 
on X, A is p-adequate, and we have the relation 


(5) [r@ae)= Pane) [2 a@). 


b) If A is vaguely p-measurable, then A is j1-adequate. 

c) If the topology of X admits a countable base, then A is vaguely 
pi-measurable (hence also u-adequate). 

Let f be a lower semi-continuous function > 0 defined on X. Let F 
be the set, directed for the relation <, of functions g € #(X) such that 
0<g< f. For g € F, denote by h, the function defined on T by 
hg(t) = Ar(g) . Similarly, set 


h(t) = Ar (f) = AVF) = a hg(t) 


(§1, No. 1, Prop. 4). Let us make the following hypothesis, weaker than that 
of a): assume only that the restriction of A to S is vaguely continuous, 
where S is aclosed subset of T that contains the support of w. For gE F, 
denote by Ag the numerical function that coincides with h, on S and has 


the value +oo on CS. Set hy =suph,; then hy =hy on S. For every 
gcF 
g € F. the function hg is lower semi-continuous; hy is therefore lower 


semi-continuous and, since the family (h,)gcr is directed, 


u*(hy) = sup u*(hg) = sup p*(hg) = sup v(g) = v*(f) 
geF g€F gcF 


(Ch. IV, §1, No. 1, Th. 1 and §2, No. 3, Prop. 6). Since hy = hy on S, hence 
almost everywhere, this may also be written p*(h;) = v*(f), an equality 
identical to (5). Similarly, f and hy being lower semi-continuous, the 
preceding relations yield the equality y*(hs) = v*(f) (81, No. 1, Prop. 4); 
since hr = hy on S, it follows that p*(h;) = v*(f) (§1, No. 1, Prop. 1), an 
equality identical to (4). The mapping A is therefore y-pre-adequate; but 
one could have replaced everywhere in this argument p by pw’ < p, and v 
by v’ = f A, dy'(t), because A is also scalarly essentially p/-integrable and 
S contains the support of y’. It follows from this that A is p-adequate. 
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Suppose A is vaguely continuous; we may take S = T; then hy = hy is 
lower semi-continuous, which completes the proof of part a) of the statement. 
Assume that A is vaguely u-measurable and let us prove b). The set & 
of compact subsets K of T such that the restriction of A to K is continuous 
being y-dense (Ch. IV, 85, No. 10, Prop. 15), there exists a summable family 


(Ha)aeA Of measures on T such that » = S* wa and the support of 
A 


ae 

each of the measures fq belongs to R (§2, No. 3, Prop. 4). For every 
a € A, the mapping A is scalarly essentially ,-integrable, and we set 
Va = f Az dUa(t); the family (v,) is summable, and its sum is equal to v 
(Cor. of Prop. 1). If f is a positive lower semi-continuous function defined 
on X, the first part of the proof, applied to the measures fig and the closed 
sets 5S, shows that: 

1° hy is fe-measurable for every a € A, hence is y-measurable (§2, 
No. 2, Prop. 2), and 

2° f° f(z) dva(2) = f° dya(t) f* f(z) dd(2). 
The formula (4) follows on summing over a@ (§2, No. 2, Prop. 1). Applying 
the preceding argument to an arbitrary measure p’ < yw (which is legitimate, 
since A is scalarly essentially ju'-integrable and vaguely ju'-measurable, cf. §2, 
No. 2, Prop. 2), we conclude that A is y’-pre-adequate, and b) is proved. 

Finally, assuming that the topology of X admits a countable base, let us 
show that every scalarly essentially y-integrable mapping A:tr » of T 
into .4,(X) is vaguely p-measurable. This will result from the following 
lemma: 


Lemma. — Let X be a locally compact space having a countable base. 
Then, there exists in X#(X) a countable subset S having the following 
property: for every function f € #(X), there exist a sequence (fr) of 
elements of S and a positive function ~ € S_ such that, for every number 
é>O0, |fn—fl|<ep provided n is sufficiently large. 


Let X’ be the Alexandroff compactification of X , which is a metrizable 
compact space (GT, IX, §2, No. 9, Prop. 16 and Cor.); we identify #(X) 
with a subset of @(X’). Let S’ be a countable dense subset of the Banach 
space @(X’) (GT, X, §3, No. 3, Th. 1); we can suppose that S’ contains the 
constant function n for every n €N. Let (U,) bea sequence of relatively 
compact open sets in X, with union X, such that Un C Unis for all n 
(GT, I, §9, No. 9, Prop. 15), and let y, be a function in .%4(X) equal 
to 1 on U,. We denote by S the countable set of elements of #(X) of 
the form yng (nEN,g €S’). If f € #(X), let (gn) be a sequence 
of elements of S’ that converges uniformly to f, and let k be an integer 
such that the support of f is contained in U;. Finally, let m be an integer 
that is an upper bound for the norms of the functions g,. The functions 
fn = VkGn belong to S and satisfy the statement, with y = my,. 
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The lemma having been established, and the mapping t+ A,(g) being 
essentially p-integrable for every g € S, the mapping t+ (A:(9)), eg of T 


into RS is y-measurable (Ch. IV, §5, No. 3, Th. 1). The set &, of compact 
subsets K of T such that the restriction of this mapping to K is contin- 
uous, is therefore -dense, and it will suffice to show that the restriction 
of A to every K € & is continuous. Now, let f be any element of .#(X), 
fn and y elements of S satisfying the statement of the Lemma; the function 
tr A(f) is then the uniform limit on K of the continuous functions 
tr At (fn); it is therefore continuous on K, and the proposition is proved. 


2. Superimposed integrals of positive functions 


For the rest of the section, absent express mention to the contrary, we 
shall denote by X a locally compact space, by A: tt> 4 a p-adequate 
mapping of T into @,(X), and by v the integral of A. 


PROPOSITION 3. — Let f be a numerical function >0 defined on X. 
) The following inequalities hold: 


5 Fla) dv(x) > fault) [pean > [ awte) [Fee arte). 


b) If A ts vaguely continuous, then 


[re ) dv(x )> [aut ) [70 ) dd4(2) . 


c) If A$(1) < +00 locally p1-almost everywhere, then 


@) f saan(ay> [duty [*rearte) = faut) [Fe anca). 


Let g be a lower semi-continuous function on X such that f <g. For 


every te T, : : 
/ f(2)d\(2) < i gle) dd4(2), 


therefore, by (4) and Prop. 4 of §1, 


[ut ) [Ha anla < [ aute) ['o(e)arn2) = [sloravte). 


The first of the inequalities (6) then follows from the definition of 
L* f(a) dv(x) (Ch. IV, §1, No. 3, Def. 3), and the second follows imme- 
diately from it. The inequality (7) is proved in an analogous way if A is 
vaguely continuous, using (5) instead of (4). 


ic. 
=) 
—" 
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Let us pass to the proof of (8). The mapping t+ (1) is measurable, 
and finite locally u-almost everywhere. The set & of compact subsets of T 
such the restriction of t+» Af(1) to K is finite and continuous is there- 
fore p-dense, and Prop. 4 of §2, No. 3 implies the existence of a summable 
family (ta)aeA Of positive measures, with supports belonging to R, such 


that w = >> ua. The mapping A is pa-adequate for every a € A; set 
acA 
Va = f At dpa(t). Prop. 1 shows that v = > vq, and the relation (4), 
acA 
applied to the measure tq and the function 1, shows that v, is a bounded 


measure (because Aj‘(1) is bounded on Supp(q)). Let us then write the 
formula (6) for the measure /1q , replacing the symbol [ * in the first member 
by f * which is legitimate by Prop. 7 of §1; then 


J Hovavale) > [duatt) ["H2) ante) =f dualt) f° H(2) arta) 


(the last equality due to the fact that A; is bounded locally almost ev- 
erywhere, and Prop. 7 of § 1). The-inequality in (8) is then obtained by 
summing on a (§2, No. 2, Prop. 1). 


If no hypothesis analogous to that of c) is made, the inequality (8) may 
fail (Exer. 2). 


CorROLLARY 1. — Let f be a function >0 defined on X, and let H 
be the set of t€ T such that f is not Az-negligible. 

a) If f v-negligible, then H is locally p-negligible. 

b) If f is v-negligible and A is vaguely continuous, then H is 
p-negligible. 

c) If f is locally v-negligible and A?(1) < +00 locally u-almost every- 
where, then H is locally -negligible. 


COROLLARY 2. — Let f be a function > 0 defined on X , v-measurable 
and v-moderated. The set of t€ T such that f is not \z4-moderated is then 
locally u-negligible (and even p-negligible if A is vaguely continuous). 

For, f is the sum of a sequence of functions f, 20 such that f, is 
zero outside a compact set K, for n >1, and fo is v-negligible (§1, No. 2, 
Prop. 6); fo is then ;-negligible except for ¢ forming a set that is locally 
p-negligible (and even p-negligible, if A is vaguely continuous) by Cor. 1, 
and the statement then follows at once. 


PROPOSITION 4. — Let f be a v-measurable function defined on X, 
with values in a topological space G, and let M be the set of t€ T such 
that f is not \4-measurable. 

a) Suppose that f is constant on the complement of a v-moderated 
subset of X; then M is locally u-negligible. 
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b) Suppose that f is constant on the complement of a v-moderated 
subset of X, and that A is vaguely continuous; then M is p-negligible. 

c) Suppose that A?(1) < +00 locally 1-almost everywhere; then M is 
locally u-negligible. 

Let us first prove a) (resp. b)). Since every v-integrable set is contained 
in a v-integrable open set, the function f is constant on the complement B 
of a countable union of v-integrable open sets. There exists a partition of 
X—B formed by a v-negligible set N and a sequence (K,) of compact 
sets such that the restriction of f to each K, is continuous. Let S be the 
set of t € T such that N is not A;-negligible: S is locally p-negligible 
(resp. u-negligible) by Cor. 1 of Prop. 3. The sets K,,B,N are measur- 
able for every measure on X, and the restriction of f to each of them is 
A;-measurable for every t ¢ S. The function f is therefore \;-measurable 
for every t ¢S (Ch. IV, §5, No. 10, Prop. 16). 

To establish c), let us take up again the notations in the proof of Prop. 3; 
since f is v-measurable, it is measurable for each of the measures vg <V. 
Now, these measures are bounded, hence moderated, and it follows from a) 
that M is locally pa-negligible for every a € A. This implies that M is 
locally yu-negligible (§2, No. 2, Cor. 2 of Prop. 1). 


PROPOSITION 5. — Let f be av-measurable positive numerical function 
defined on X, and let N be the set of t € T such that f is not both 
Az-measurable and A4-moderated. 

a) Suppose that f is v-moderated. The set N is then locally -negligible, 
the function tr f° f(x) dA:(x) is u-measurable, and 


(9) [ terane)= fan [ seyarnca). 


b) Suppose that f is v-moderated, and that A its vaguely continu- 
ous. The set N is then p-negligible, the function tH f : f(z) dry (x) is 
p-measurable and tz-moderated, and 


(10) [row = Pa [reance), 


c) Suppose that A?(1) < +00 locally -almost everywhere. The set N 
is then locally ju-negligible, the function t+ [* f(a) dds(x) is u-measurable, 
and (9) holds. 

Let us first prove a) (resp. b)), assuming that f is v-moderated. The 
assertions concerning the set N have already been established (Prop. 4, and 
Cor. 2 of Prop. 3). By Prop. 6 of §1, No. 2, we may limit ourselves to 
proving a) (resp. b)) in each of the following special cases: 
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1) The function f is v-negligible. 

2) There exists a compact set K such that f is zero outside K and 
the restriction of f to K is continuous. 

The special case 1) has already been treated (Cor. 1 of Prop. 3). To treat 
the second, we denote by G a v-integrable open set containing K, by M a 
constant upper bound for f , by h the lower semi-continuous function Mgg , 
and by g the function h—/f . Since the function f is upper semi-continuous 
on X, g is lower semi-continuous and positive. Moreover, f,g,h are 
v-integrable. 

Let us then apply formula (4) (resp. (5)) to the lower semi-continuous 
functions h and g. By subtraction, we see that the function 


tio a f(x) ddx(x) (resp. [re dd, (x)) 


is u-measurable and that the formula (9) (resp. (10)) holds. Finally, under 


the hypothesis of b), the function tH f ' f(x) dAz(z) has finite upper 
integral, hence is indeed puz-moderated. 


To prove c), let us take up again the measures fa and V4 of the proof 
of Prop. 3; since f is vy g-measurable and vg-moderated, the assertion a) 
implies that t+ f° f(x)d\,(x) is ua-measurable and that 


/ " $Ge = i “aes / ” #(n) ddy(z). 


It remains only to sum on a, applying Props. 1 and 2 of §2, No. 2. 


If f is not assumed to be v-moderated, and if one does not make the assump- 
tion in c), then the relation (9) may not hold (Exer. 3). 


COROLLARY. — Let f be a function defined on X, with values in a 


Banach space F or in R, that is v-measurable and v-moderated. For f to 
be v-integrable, it is necessary and sufficient that 


/ * aul?) / Hider oaes: 


This follows at once from Prop. 5 and the criterion for integrability 
(Ch. IV, §5, No. 6, Th. 5). 
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3. Superimposed integrals of functions with values in a Banach 
space 


THEOREM 1. — Let f be a function with values in a Banach space F 
or in R, and let H be the set of t€ T for which f is not 4-integrable. 

a) If f is v-integrable, then H is locally p-negligible, the function 
tr f f(x) ddi(z) (defined for t ¢ H) is essentially u-integrable, and 


(11) [t@ dive) = [aut [£00 dA, (zx) . 


b) If f is v-integrable and A is vaguely continuous, then H is more- 
over -negligible and the function t+ [ f(x) ddx(x) (defined for t ¢ H) is 
p-integrable. 

c) If (1) < +00 locally y-almost everywhere, then the conclusions 
of a) remain true for f an essentially v-integrable function. 

We are first going to establish a) (resp. b)). This statement is true when 
f is a positive numerical function (Prop. 5); if f is an integrable function 
with values in R, this result may be applied to the positive functions f+ 
and f~ , and therefore extends at once to f by subtraction. It remains to 
treat the case of functions with values in F. Let # be the subspace of 
Y3(v) formed by the linear combinations, with coefficients in F, of the 
functions in .#(X); the result pertaining to real functions implies at once 
the validity of the statement for the elements of #. Now, # is dense in 
$i (v); therefore, for every f € Yi(v), there exists a sequence (f,) of 
elements of # that has the following properties: 

1) the sequence (f,) converges to f in mean in 4} (v), and v-almost 
everywhere; 

2) the function g = |fo|+ >> |fr41 —f,| is such that v*(g) < +00 

neN 


(Ch. IV, §3, No. 4, Th. 3). 

Let Ny be the set of t € T such that Af(g) = +oo; Nj is locally 
p-negligible (resp. y-negligible) by formula (6) (resp. (7)). For t ¢ Ni, 
the f, belong to %(Az), the sequence (f,) converges A;-almost every- 
where, as well as for the topology of convergence in mean in 4}(A;) (Ch. IV, 
§3, No. 3, Prop. 6). Let M be set of x € X such that f,(x) does not con- 
verge to f(x): since M is v-negligible, the set No of t € T such that M 
is not A;-negligible is locally pu-negligible (resp. u-negligible) by Cor. 1 of 
Prop. 3. 

Suppose that t does not belong to N; UN»; the sequence (f,) con- 
verges in mean in 4(Xz) , and converges \;-almost everywhere to f. There- 
fore f € YA) and [fd = tim J fn dX; (Ch. IV, §4, No. 1). The 
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set H of the statement is thus contained in N, UNo; it is therefore lo- 
cally p-negligible (resp. u-negligible). On the other hand, the function 
th f f dd; is equal locally p-almost everywhere to the limit of a sequence 
of y-measurable functions; it is therefore y-measurable. Finally, for every 
t ¢ N, UN2 and every n, we have 


i f, (2) dd4()] < fi “g(2) dd4(2) 


by virtue of the inequality |f,| < g and Prop. 2 of Ch. IV, §4, No. 2. 
Now, the function t + f * 9(x) dA; (x) is essentially p-integrable (resp. 
p-integrable) by Prop. 5. We may therefore apply Lebesgue’s theorem, which 
yields 


/ du(t) / f(0) d\,(2) = lim, / dy(t) i f(z) dA,(¢) = lim / £,(2) du(2). 


Since ffn(x)dv(x) tends to f f(x) dv(x) as n tends to oo, by the hy- 
potheses made on the sequence (f,,), the relation (11) follows and we have 
proved a) (resp. b)). 

Now suppose that A?(1) < +00 locally y-almost everywhere, and that 
g is an essentially v-integrable function. Let f be a v-integrable function 
such that g = f locally v-almost everywhere (§1, No. 3). Then g = f 
almost everywhere for \;, except for t forming a locally p-negligible set P 
(Cor. 1 c) of Prop. 3). Therefore fgd\; = ffdd; for all ¢ ¢ PUH, and 
this completes the proof. 


Remark. — Let A: t +> A be a p-adequate mapping of T into 
M,(X). Ifa mapping A’: t+ 2X, of T into .4@,(X) is equal to A 
locally p-almost everywhere, it follows at once from the definitions that A’ 
is also p-adequate, and that A and A’ have the same integral. If now 
H:t+> m is a function with values in .4,(X), defined locally y-almost 
everywhere, we shall again say that H is p-adequate if it is equal locally 
p-almost everywhere to a mapping A:tt+ A; that is everywhere defined 
and p-adequate. We then set fm dy(t) = f A+ du(t), a definition that does 
not depend on the function A utilized. We leave to the reader the task 
of verifying that the propositions proved in the preceding Nos. extend to 
p-adequate functions defined locally -almost everywhere. 


4. Universally measurable functions 
DEFINITION 2. — A mapping f of T into a topological space F is said 


to be universally measurable if it is u-measurable for every positive measure 
pon T. 
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The subsets of T whose characteristic function is universally measur- 
able are called universally measurable sets. They form a tribe on T (Ch. IV, 
§5, No. 4, Cor. 2 of Th. 2) that contains the Borel sets (same ref., Cor. 3), 
and the Souslin sets if T is metrizable (Ch. IV, §5, No. 1, Cor. 2 of Prop. 3). 
For a mapping f of T into a topological space F , metrizable and separable, 
to be universally measurable, it is necessary and sufficient that the inverse 
image under f of every closed ball in F be a universally measurable subset 
of T (Ch. IV, §5, No. 5, Th. 4). 


PROPOSITION 6. — For a mapping f of T into a topological space F to 
be universally measurable, it is necessary and sufficient that f be measurable 
for every positive measure on T with compact support. 

The condition is obviously necessary; on the other hand it is sufficient, 
because every positive measure yz is the sum of a family of measures with 
compact support (§2, No. 3, Prop. 4): the statement then follows from 
Prop. 2 of §2, No. 2. 


PROPOSITION 7. — Let yu be a positive measure on T, and let f be a 
p-measurable mapping of T into a topological space F. Then, there exists a 
universally measurable mapping f’ of T into F such that f = f’ locally 
pi-almost everywhere. 

Let & be the set of compact sets in T such that the restriction of f 
to K is continuous; since & is y-dense (Ch. IV, §5, No. 10, Prop. 15), there 
exists a locally countable family (K;);c of pairwise disjoint elements of & 
such that the set N= T— ( K; is locally p-negligible (Ch. IV, §5, No. 9, 

i€l 
Prop. 14). Let x be an element of F; set 


fO®=fO ifteUKi, 
1€1 
f(j=ax if ten. 


The functions f and f’ are equal locally y-almost everywhere. On the 
other hand, NNMK is a Borel subset of K for every compact set K in T, 
since the family (K;) is locally countable. It follows that N is a universally 
measurable set, and that f’ is a universally measurable function (Ch. IV, 
85, No. 10, Prop. 16). 


5. Diffusions 


DEFINITION 3. — Let X be a locally compact space, and let A: t+ % 
be a mapping of T into 4 (X). The mapping A is said to be a diffusion 
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of T in X if A is adequate for every positive measure on T with compact 

support. The diffusion A is said to be bounded if all of the measures d, are 

bounded and sup||Az|| < +00; this quantity is then called the norm of A 
teT 


and is denoted ||A|l. 
The following proposition merely translates the definition: 


PROPOSITION 8. — For a mapping A:tt+ A of T into A(X) to 
be a diffusion, it is necessary and sufficient that the following conditions be 
satisfied: 

1) For every lower semi-continuous function f >0 defined on X, the 
function t+ AY(f) ts universally measurable on T. 

2) For every function g € #4(X), the function t > Ax(g) is locally 
bounded in T. 

3) For every lower semi-continuous function f > 0 defined on X 
and for every positive measure 1» on T with compact support, the following 
relation holds, where v denotes f 4 du(t): 


(12) [iam = [any [ pean. 


Suppose that A is a diffusion. The condition 1) is then satisfied by the 
definition of adequate mappings (No. 1, Def. 1) and Prop. 6; the condition 3) 
is satisfied by formula (4), since A is p-adequate. Let g € #,(X) and 
let u be the function t+>+ A,(g) (universally measurable, by 1)); suppose 
that u is not locally bounded. There would then exist a compact set K 
such that uw is not bounded on K, hence there would exist a sequence (tn) 
of elements of K such that u(t,) > n? for all n > 1; then uw is not 
integrable for the measure p= > 72 etn with compact support, contrary 

n>1 

to the hypothesis on A, which implies that t +> 4(g) is integrable for 
every positive measure with compact support. The above three conditions 
are thus necessary. Conversely, the conditions 1) and 2) imply that A is 
scalarly essentially y-integrable for every measure ys with compact support. 
Since every measure p’ > 0 that is bounded above by a measure pz with 
compact support also has compact support, the conditions 1) and 3) express 
that A is p-adequate for every positive measure with compact support, 
which is indeed the sought-for result. 


PROPOSITION 9. — Let A:t++ 2; be a mapping of T into .4,(X), 
such that the function t ++ A(g) is universally measurable and locally 
bounded in T for every g € 4#4(X). One can affirm that A is a diffu- 
sion in each of the following cases: 
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a) the topology of X admits a countable base; 

b) A is universally measurable for the vague topology. 

For, let js be a positive measure on T with compact support; the map- 
ping A is scalarly essentially ju-integrable, hence jz-adequate if either a) or b) 
is satisfied (No. 1, Prop. 2). 


For the rest of this section, we shall adopt the following notations: we 
will denote by (7,h) the upper essential integral, for a positive measure 1, 
of a positive 7-measurable function h. The mapping A: tt 2», will be 
a diffusion of T in X. If f is a positive universally measurable function 
defined on X, we shall denote by Af the mapping tr A?(f). If w isa 
positive measure on T such that A is scalarly essentially y-integrable, we 
shall denote by uA the measure f \;du(t). The definition of the integral 
then takes the form 


(uA, f)=(uAf) for fe X4(X), 


We shall say that a positive measure yp on T belongs to the domain of A 
if A is p-adequate: this amounts to saying (in view of Prop. 8) that A is 
scalarly essentially y-integrable and (u’A,f) = (u’, Af) for every positive 
measure pu’ < ys and every lower semi-continuous positive function f. 


PROPOSITION 10. — Let f,g be two positive universally measurable 
functions on X, let a be a number > 0, and let pw and v be two positive 
measures on T. Then: 

a) Mf+g)=Af+Ag, Alaf) =aAf. 

b) If u and v belong to the domain of A, then so do w+v and ap, 
and one has (u+v)A=pA+vA, (ay)A = a(pA). 

The only non-obvious point is that ~+v belongs to the domain of A, 
which is treated by observing that every positive measure bounded above by 
jut+v is of the form p’ +v’, where p’ < p, ’ < v (the ‘decomposition 
lemma’, Ch. II, §1, No. 1). See also the next proposition. 


PROPOSITION 11. — For a positive measure » on T to belong to the 
domain of A, it is necessary and sufficient that A be scalarly essentially 
-integrable. 

This condition is obviously necessary. Conversely, suppose it is satisfied, 
and let f be a lower semi-continuous positive function defined on X. The 
function Af is universally measurable, hence pi-measurable. We are going to 
prove that (u,Af) = (uA, f); since this equality will also be valid for every 
positive measure pu’ < yz, because A is also scalarly essentially y’-integrable, 
it will follow that A is y-adequate. 

Let (f;)ier be a summable family of positive measures with compact 


support, such that = >> py; (§2, No. 3, Prop. 4); the family of measures 
iel 
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yiA is then summable, and pA = OS pA (No. 1, Cor. of Prop. 1). Conse- 


tel 
quently (uA, f) = >o(uiA, f) (82, No. 2, Prop. 1); but A is s1;-adequate, 
iel 
thus (wA,f) = (ui,Af). Again applying Prop. 1 of §2, we obtain the 
sought-for equality: 


(uA, f) = Suid, f) = Dou AF) = (HAS). 


1é1 iel 


COROLLARY 1. — If A is a bounded diffusion, then every bounded pos- 
itive measure ft belongs to the domain of A, and ||wAl| < ||uI| |All. 


COROLLARY 2. — Suppose that pu is the sum of a summable family 
(lalaca Of positive measures belonging to the domain of A. For pu to 
belong to the domain of A, it is necessary and sufficient that the family of 


measures [aA be summable, in which case uA = >> poA. 
acA 
It suffices to apply the Corollary of Prop. 1 of No. 1. 


Proposition 5, expressed in the language of diffusions, takes the following 
form: 


PROPOSITION 12. — Let ws be a positive measure on T that belongs 
to the domain of A, and let f be a universally measurable function > 0 
defined on X. If f is moderated for the measure uA, or if the measures 4 
are bounded, then the function Af is u-measurable and 


(13) (HA, f) = (u, Af). 


COROLLARY. — If X is countable at infinity, or if the measures 4 
are bounded, then the function Af is universally measurable on T for every 
universally measurable function f >0 defined on X, and (13) holds. 


6. Composition of bounded diffusions 


PROPOSITION 13. — Let T,X,Y be three locally compact spaces, 
A:tt> % a bounded diffusion of T in X, and H: 2+, «a bounded 
diffusion of X in Y. The mapping t+ 4H is then a bounded diffusion 
of T in Y, which is denoted by AH, and 


(14) || AH|| < |JAll HI. 


Let f be a universally measurable function >0 defined on Y, and pu 
a measure on T. Suppose that p belongs to the domain of A, and that 
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pA belongs to the domain of H; then ws belongs to the domain of AH, and 


(u(AH), f) = (HA, Hf) = (u, AHf) } 


(15) (uA)H = n(AH); A(Hf) = (AH). 


Set +, = AH; we shall denote by I the mapping AH of T into 
M,(Y), and by If the function t+> (%, f) (an abuse of notation, since 
we do not yet know whether I is a diffusion). Then (%,f) = (A:H, f) = 
(Az,Hf) by (13); since the function Hf is positive and universally mea- 
surable on X (Cor. of Prop. 12), it follows first of all that ['f = A(Hf), 
and then that If is universally measurable on T (same reference). It is 
clear that all of the measures 7, have total mass at most equal to ||Al| ||H|| . 
Consequently Ig is universally measurable and bounded for every function 
g € £4(Y); T is therefore scalarly essentially integrable for every bounded 
measure on T,, and in particular for every measure with compact support. 
More generally, if js is a measure in the domain of A, such that pA belongs 
to the domain of H, then, for g € #4(Y), 


(u, 0g) = (u, A(Hg)) = (uA, Hg) = ((wA)H, 9) - 


Since the last quantity is finite, we see that I’ is scalarly essentially 
p-integrable. Let us denote by wT’ the integral {7dyu(t) (an abuse of 
notation, since we do not yet know whether I is a diffusion). The preceding 
relations may then be written 


(uD’, 9) = ((HA)H, 9) ; 


or also wT = (uA)H since g is arbitrary in .4,(Y). 
Consider anew the universally measurable function f > 0. We have 


(HD, f) = ((wA)H, f) = (uA, Hf) = (u, MCF) = (PS) 


When f is lower semi-continuous and y runs over the set of positive mea- 
sures with compact support, these relations express that [ is a diffusion 
of T in Y. The assertion then does no more than make explicit the rela- 
tions obtained in the course of the above proof. 


DEFINITION 4. — The notations being those of Proposition 13, the diffu- 
sion AH is called the composed diffusion (or the composition) of the bounded 
diffusions H and A. 


Let X,,X2,X%3,X4 be four locally compact spaces, and Aj, Ao, A3 
three bounded diffusions, of X; in X2, X2 in X3, X3 in X4, respectively. 
It follows at once from Prop. 13 that. 


(A; Ag)As3 = Ay (AgA3) : 


No. 1 INTEGRATION OF POSITIVE POINT MEASURES INT V.31 


We will therefore use these notations without parentheses for the composition 
of diffusions. 


Example. — Let u be a universally measurable mapping of T into X, and v 
a universally measurable mapping of X into Y ; by Prop. 2 b), one defines diffusions 
A and H by the formulas 


At = Eu(t)» Ne = Ev(x2) 


the diffusion T= AH is then given by 


Yt = E(vou)(t) - 


One is therefore careful to note that the order of composition of diffusions is the 
opposite of the usual order of the composition of functions. 


84. INTEGRATION OF POSITIVE POINT MEASURES 


1. Families of point measures 


Let X and T be two locally compact spaces, + a mapping of T 
into X, and g a finite numerical function > 0 defined on T; these two 
functions define a mapping t+ Az = g(t)en(t) of T into the space .4@(X) 
of measures on X, such that for every ¢ € T, ; is either a point mea- 
sure (Ch. III, §2, No. 4) or is equal . 0. If fisa praia function 
> 0 defined on X, then f* f(z) d(x) = f° f(z) du(z) = f (m(t)) g(t) 
(recall our convention of taking fe ae to be : ae g(t) = 0 and 
f (x(t) = +00). Every function (with values in a topological space) defined 
on X is y-measurable for every t € T. Every mapping f of X into a Ba- 
nach space F is );-integrable for all t€ T, and _f f(a) dd\:(x) = £(m(t)) g(t). 
Finally, if f is an arbitrary numerical function defined on X, for f to be 
d-integrable it is necessary and sufficient that f(7(t))g9(t) be finite, in 


which case f f(x) d:(x) = f (x(t) g(t). 


DEFINITION 1. — Let yw be a positive measure on T. The pair (7,g) 
is said to be y-adapted if the following conditions are satisfied: 

1° The functions x and g are u-measurable. 

2° For every function f € #(X), the mapping t > f (m(t)) g(t) is 
essentially p-integrable. 


PROPOSITION 1. — If the pair (7,g) is -adapted, then the mapping 
A:trrAx=g(t)er) of T into M4(X) is scalarly essentially u-integrable, 
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vaguely .-measurable and j1-adequate. Conversely, if A is scalarly essentially 
p-integrable and vaguely js-measurable, then the function g is u-measurable 
and the restriction of m to the set S of t € T such that g(t) #0 is 
ps-measurable. 

Suppose that the pair (m,g) is w-adapted; for every function 
f € X#(X), the function t + (f,Ax) = f(a(t))g(t) is then essentially 
p-integrable. Let us show that t+> »; is vaguely u-measurable. For, we 
first note that if m and g are continuous, then the mapping t > ; is 
vaguely continuous. In the general case, the set of compact subsets K of T 
such that the restrictions of 7 and g to K are continuous is p-dense (Ch. IV, 
§5, No. 10, Prop. 15); if K is such a set, then the restriction of tr A; to K 
is vaguely continuous, whence the first assertion of the statement. Prop. 2 
of §3, No. 1 shows that A is p-adequate. 

Conversely, suppose that A is scalarly essentially y-integrable and vague- 
ly u-measurable; it is then pu-adequate (§3, No. 1, Prop. 2). Since the func- 
tion 1 is lower semi-continuous on X, the function t+ A4(1) = g(t) is 
p-measurable (§3, Def. 1). The set S is therefore measurable (Ch. IV, §5, 
No. 5, Prop. 7). The set & of compact sets K C S_ such that g|K is 
continuous and A|K is vaguely continuous is -dense in S (Ch. IV, §5, 
No. 10, Prop. 18); if K € &, then the restriction to K of the mapping 
g(t) 
continuity of n\K (Ch. II, §1, No. 9, Prop. 13). Since & is y-dense in S, 
the restriction of 7 to S is u-measurable. 


th En(t) = At is therefore vaguely continuous, and this implies the 


We shall make use of the following lemma: 


Lemma. — Let T and X be two topological spaces, 7 a proper con- 
tinuous mapping (GT, I, §10, No. 1, Def. 1) of T into X. Let g bea 
lower semi-continuous numerical function defined on T. For every rE X, 
let f(x) be the infimum of the function g(t) in the set (x) (infimum 
equal to +oo if 7 (2) = @; cf. S, III, §1, No. 9). Then f is lower semi- 
continuous on X. 

For every (finite) real number a, denote by B, the set of x € X such 
that f(x) < a, and by Aj the set of t € T such that g(t) < a; it all 
comes down to showing that B, is closed (GT, IV, §6, No. 2, Prop. 1). Now, 
Aq is closed (same ref.) and the proper mapping 7 is closed (GT, I, §10, 
No. 1, Prop. 1); we are thus reduced to proving that m(A,) = Ba. The 
obvious relation f(m(t)) < g(t) for all t € T implies that 7(Ag) C Ba. 


On the other hand, let x € B,; the set 7 (2) is quasi-compact (GT, I, §10, 
No. 2, Th. 1) and nonempty, therefore there exists a t € 7 (2) such that 
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g(t) = inf g(u) = f(x) (GT, IV, §6, No. 2, Th. 3); thus t € A, and 


2. Upper integrals of positive functions with respect to an integral 
of point measures 


We are going to see that, when (7,g) is a p-adapted pair, one can 
sharpen the results obtained by applying the propositions of §3 to the family 
tr Xr; = g(t)ex(t), which is y-adequate by Prop. 1. 


THEOREM 1. — Let (m,g) be a w-adapted pair, and let 


v= f alten dale). 


For every numerical function f >0 defined on X, 


(1) [ seoate) = / " f(m(t))9(¢) dul). 


A) Suppose first that the measure » has compact support K and that 
the restrictions to K of the functions g and a are continuous. By for- 
mula (4) of §3, No. 1, v*(1) = fi, g(t)du(t) < +00, so that all of the 
measures that figure in formula (1) are bounded. We may therefore replace 
f° by f * in the first member. In view of formula (6) of §3, No. 2, it all 
comes down to proving that 


(2) [roe f sew)aoaue, 


where the symbol {* in the second member can in turn be replaced by f 55 
By the definition of upper integral, it suffices to verify the inequality 


(3) [eae < [no ance 


for every lower semi-continuous function h on T that is > the function 
t+» f(m(t))g(t). Now, let € be a number > 0 and let u be the function 


(h + €)/g, which is lower semi-continuous in K. If t € 7 ({2}) NK, then 
u(t) > f(z): this is obvious if g(t) = 0, because then u(t) = +00; if 
g(t) > 0, then 
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whence the asserted inequality. Under these conditions, for every x € X 


let v(x) be the infimum of u(t) for t € 7 ({2})NK. The function v is > f 
by the foregoing, it is lower semi-continuous on X by the Lemma (applied 
to the restriction of 7 to K), and v(m(t))g(t) < A(t) +e for all t EK 
(recall that the first member is zero by convention if g(t) = 0). Let us then 
apply to v the formula (4) of §3, No. 1. We obtain: 


[1@ dv(x) < / u(x) dv(x) 
(4) = [o(wto)at ante) < f° (oo +) dul 
= [ro du(t) + ep(1). 


* 
* 


Since the measure yz is bounded and ¢ is arbitrary, the inequality (3) follows. 
B) Let us now pass to the general case. Since the mapping 
t ++ (x(t), g(t)) of T into X x Ry, is p-measurable (Ch. IV, §5, No. 3, 
Th. 1), the set & of compact subsets K of T such that the restrictions of 
m and g to K are continuous is p-dense (Ch. IV, §5, No. 10, Prop. 15). By 
Prop. 4 of §2, No. 3, is the sum of a summable family (Wa)aca of mea- 
sures whose supports are elements of R; the pair (m,g) being wq-adapted 
for every a€ A, let vg be the measure f g(t)éx(1) dia(t). Then by A), 


(5) / Ome [ soa) dual) 


But the v. form a summable family whose sum is equal to v (83, No. 1, 
Cor. of Prop. 1). Therefore, by Prop. 1 of §2, No. 2, 


(6) ftee@=S [ searate). 


acA 


One has an analogous relation for the second member of (5), and (1) therefore 
follows from (5) by summing over a. 

COROLLARY. — In order that a subset N of X be locally negligible 
for v, it 1s necessary and sufficient that the intersection of a (N ) with the 
set of points t€ T where g(t) >0 be locally negligible for p. 

PROPOSITION 2. — Let 7 be a proper continuous mapping (GT, I, §10, 
No. 1) of T into X, and let g be a continuous, finite numerical function 


on T such that g(t) >0 forall t © T. The pair (m,g) ts then p-adapted, 
and if one sets 


v= [alten dult), 
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then, for every numerical function f >0 defined on X, 


(7 [seae) = [reo aut). 


It is clear that a and g are y-measurable; moreover, for every function 
wy € #(X), wor is continuous with compact support, since 7 is proper; the 
pair (7,9) is therefore y-adapted and, moreover, the mapping t +> 9(t)éq(t) 
is vaguely continuous. 

Let h be a lower semi-continuous function on T such that 


f(a(t))g(t) < A(t) forall te T. 


We are going to show that 
(8) [tana < [ne due. 


By the definition of upper integral, this will imply the inequality 
* * 
[reee [row)aeaue), 


which, combined with the inequality (7) of §3, No. 2, will prove (7). 
To prove (8), let us define a function f on X_ in the following manner: 
f(z) is the infimum of A(t)/g(t) in the set (2) (infimum equal to +oo 


if (2) = @). The function f has the following properties: 
1° f(x) > f(z) for all ce X (since g(t) >0 for all te T). 
2° f(m(t)) g(t) < A(t) forall te T. 
3° The function f is lower semi-continuous by virtue of the Lemma, 
the function h/g being lower semi-continuous on T. 
Consequently, in view of Prop. 2a) of §3, No. 1: 


: "f(a) dv(2) < if "F(2) dv(2) = ‘i “F(n(t)) 9(t) du(t) < / “a(t) dt), 


which establishes (8), and completes the proof. 


3. Measurability with respect to an integral of point measures 


PROPOSITION 3. — Let (7,g) be a u-adapted pair, and let 


v= f alten du(t). 
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Let f be a mapping of X into a topological space G, and let S be the 
(u-measurable) set of points t € T such that g(t) > 0. In order that f 
be v-measurable, it is necessary and sufficient that the restriction of fom 
to S_ be pp-measurable. 

Suppose first that f is v-measurable. By hypothesis, the set A of 
compact subsets K of S, such that the restriction of 7 to K is continuous, 
is u-dense in S (Ch. IV, §5, No. 10, Prop. 15). To show that the restriction 
of fom to S is measurable, it therefore suffices to prove that for every 
K € &, the set of compact subsets H of K, such that the restriction of fom 
to H is continuous, is y-dense in K (Ch. IV, §5, No. 8, Prop. 13). But by 
hypothesis, there exists a partition of the compact set m(K) formed by 
a v-negligible set N and a sequence of compact sets (C,) such that the 
restriction of f toeach C,, is continuous. Under these conditions, Knz(N) 
and the sets KN 7 (Cn) form a partition of K; but KN a (N) is p-negligible 
by virtue of the Cor. of Th. 1 of No. 2, the sets KN 7 (Cn) are compact, 
and the restriction of f o7 to each of the latter sets is continuous, which 
proves that the restriction of fo to S is y-measurable. 

Conversely, suppose this to be the case; to show that f is v-measurable, 
it suffices to prove that the set £ of compact subsets L of X, such that the 
restriction of f to L is continuous, is v-dense (Ch. IV, §5, No. 10, Prop. 15). 
Let N be a subset of X such that NOL is v-negligible for every LE £, 
and let us show that N is locally v-negligible. For this, we must show that 


7 (N) NS. is locally u-negligible (Cor. of Th. 1 of No. 2). Now, the set § of 
compact subsets H of S, such that the restrictions to H of 7 and fom 
are continuous, is by hypothesis y-dense in S (Ch. IV, 85, No. 10, Prop. 15). 


It therefore suffices to prove that a (N)NH is u-negligible for every HE 9. 
Now, 7(H) is compact and may be identified with the quotient space of H by 
the equivalence relation z(t) = (t’), a being identified with the canonical 
mapping of H onto this quotient space (GT, I, §5, No. 2, Prop. 3). Since 
the restriction of fo to H is continuous, the restriction of f to a(H) 
is therefore continuous, in other words 7(H) € £, consequently NM7(H) 


is v-negligible. By the Cor. of Th. 1 of No. 2, a (N A 7(H)) NS is locally 
p-negligible; the same is therefore true of the set 


Hn w(N) c m(NAx(H)) NS; 


but since H is compact, HN a (N) is p-negligible, which completes the 
proof. 


Remark. — If f is a mapping of X into a Banach space F,, it comes to the 
same to say that the restriction of fo to S is y-measurable or to say that the 
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function (fo7)g (defined on T) is u-measurable, since g is z-measurable, is not 
zero in S, and is zero on T —S (Ch. IV, §5, No. 10, Prop. 15). 


4, Integration of functions with values in a Banach space, with 
respect to an integral of point measures 


THEOREM 2. — Let (2,g) be a p-adapted pair, and let 


v= f olen dul) 


Let £ be a function defined on X, with values in a Banach space F or 
in R. For f to be essentially v-integrable, it is necessary and sufficient that 
tr f(n(t))g(t) be essentially p-integrable, in which case 


(9) [teare) = f £(m@)a ante. 


Suppose, moreover, that x is continuous and proper, and that g is contin- 
uous and such that g(t) >0 for allt € T. Then, for f to be v-integrable, 
it is necessary and sufficient that t+ £(n(t))g(t) be y-integrable. 

A) We begin by treating the case that the measure » has compact 
support K, on which g is bounded. The measures yw and vy are then 
bounded, and one can replace ‘essentially integrable’ in the statement by 
‘integrable’. Suppose that f is v-integrable: the function f(7(t))g(t) is 
then p-integrable, and the relation (9) is verified, by Th. 1 of §3, No. 3. Con- 
versely, suppose that f (7(t)) g(t) is p-integrable: f is then v-measurable 
(No. 3. Prop. 3 and Remark), and 


[eenare = [ etoo) to auto < 400 


(No. 2, Th. 1); £ is therefore essentially v-integrable (§1, No. 3, Prop. 9), 
hence v-integrable. Th. 1 of §3, No. 3 then implies (9). 

B) Let us pass to the general case. Let & be the set of compact sub- 
sets K of T such that g\K is continuous: S& is y-dense (Ch. IV, §5, 
No. 10, Prop. 15), therefore the measure pz is the sum of a family (Wa)aca 
of measures whose supports are elements of R (§2, No. 3, Prop. 4). The pair 
(g,) is obviously ¢-adapted for every a € A, and the measure v is the 
sum of the family of measures vg = f €x(t)9(t) dpa(t) (§3, No. 1, Cor. of 
Prop. 1). Since the argument of A) may be applied to the measures pe, Ve , 
the first part of the statement then follows from Prop. 3 of §2, No. 2. 


INT V.38 INTEGRATION OF MEASURES 85 


For the function f (resp. t + f(7(t)) g(t) ) to be integrable for v (resp. 
for yw), it is necessary and sufficient that it be essentially integrable and that 


‘} EGR Sales: Tee. i “le((t))|g(4) du(t) < +00). 


The second part of the statement therefore follows from the first part and 
Proposition 2. 


Remark. — Let (7,g) bea p-adapted pair, 7’ a mapping of T into X, 
and g’ a finite numerical function > 0 defined on T, such that 7’ (resp. g’ ) 
is ct to m (resp. g) locally almost everywhere for 4. Then the pair 
(x’,g') is p-adapted, the measures A; = eae a ApS ae) are 
equal ee almost everywhere, and f g(t)e x(t) du(t) tye Gg (ten (t) du(t) . 
If now 7’ and g’ are only defined locally almost everywhere (for y) and if 
there exists a y-adapted pair (7,g) such that 7’ (resp. g’) is equal to 7 
(resp. g) locally almost everywhere, one again says that the pair (7’,g’) is 
p-adapted and one sets 


/ gen du(t) = i: alt)ene du(t) 


(cf. §3, No. 3, Remark). The statements of Ths. 1 and 2 and of Prop. 3 
remain valid when 7 and g are only assumed to be defined locally almost 
everywhere. 


85. MEASURES DEFINED BY NUMERICAL DENSITIES 


1. Locally integrable functions 


PROPOSITION 1. — Let g be a function defined locally almost every- 
where in T (for the positive measure yw), with values in a Banach space F 
(resp. in R.). The following properties are equivalent: 

a) For every point t € T, there exists a neighborhood V of t such that 
the function gyy is p-integrable. 

b) The function g is u-measurable and, for every compact set K CT, 
J" lglvx du < +00. 

c) For every numerical function h€ #(T), gh ts u-integrable. 

Let us show that a) implies b); for, the function g is measurable by the 
principle of localization (Ch. IV, §5, No. 2, Prop. 4). On the other hand, for 
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every t © K there exists, by hypothesis, a neighborhood V; of ¢ in T such 
that gyv, is integrable; one can therefore cover K by a finite number of 
neighborhoods V; (1 <i <n) such that the functions gyy, are integrable. 


n 
Since |glox < DY |glev,, one has f"|glpx du < +00. 
i=1 


Secondly, b) implies c), because gh is then measurable, and if L is the 
compact support of h then |gh] < ||h||-|g]y., therefore f * | gh| du < +00 
by hypothesis; gh is therefore integrable by the criterion for integrability 
(Ch. IV, §5, No. 6, Th. 5). 

Finally, c) implies a). Indeed, for every t € T let V be a compact 
neighborhood of ¢. There exists a continuous mapping h of T into [0,1], 
equal to 1 on V and with compact support (Ch. III, §1, No. 2, Lemma 1); 
by hypothesis gh is integrable, therefore so is gyy = (gh)yv (Ch. IV, §5, 
No. 6, Cor. 3 of Th. 5). 


DEFINITION 1. — A function g, defined locally almost everywhere in T 
(for the positive measure 1), with values in a Banach space F (resp. in R), 
is satd to be locally integrable for ws (or locally u-integrable) if it satisfies the 
conditions a), b), c) of Prop. 1. If @ is a complez measure, a function g 
defined locally 6-almost everywhere is said to be locally 0-integrable if it is 
locally integrable for the positive measure |6|. 


If g is locally 6-integrable, then every function equal to g locally al- 
most everywhere is locally integrable. It is clear that the sum of two locally 
integrable functions is locally integrable. The functions with values in F , ev- 
erywhere defined and locally integrable for 6, form a vector space denoted 
LL(T,O;F); when F = R or C, the mention of F is often omitted 
if there is no ambiguity. This space will always be equipped (absent ex- 
press mention to the contrary) with the topology defined by the semi-norms 
gr f lgyx| d\6|, where K runs over the set of compact subsets of T. 
The associated Hausdorff space, the quotient of 43,(T,0;F) by the sub- 
space -4%,°° of mappings that are zero locally almost everywhere, is denoted 
LL.(T,0;F). The spaces Li,.(T,@;F) and Li,.(T, |6|;F) are identical. 


loc loc 


It can be shown that the topological vector spaces just defined are complete 
(Exer. 31). 


Every measurable function g, that is essentially bounded on every com- 
pact set, is locally integrable. For every number p such that 1 < p< +00, 
every function g € .Z is locally integrable; indeed, for every function 
he £#(T), h belongs to % (where q is the exponent conjugate to p), 
therefore gh is integrable (Ch. IV, §6, No. 4, Cor. 4 of Th. 2). 

Let F,G,H be three Banach spaces, and (u,v) + ®(u,v) a contin- 
uous bilinear mapping of F xG into H. If f is locally integrable and takes 
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its values in F, and if g € @&°, then &(f,g) is locally integrable (Ch. IV, 
§6, No. 4, Cor. 1 of Th. 2). 


2. Measures defined by numerical densities 


Let g be a positive numerical function defined locally p-almost every- 
where in T and locally p-integrable; the set of t such that g(t) = +00 
is then locally p-negligible, because gyx is p-integrable for every com- 
pact set K (Ch. IV, §2, No. 3, Prop. 7). Now let g’ be a locally inte- 
grable function that is positive and finite, equal to g locally p-almost ev- 
erywhere; set A, = g’(t)ez. The mapping tr» », of T into .4,(T) is 
vaguely y-measurable and scalarly essentially integrable (or again, the pair 
(I,g'), where I is the identity mapping of T, is u-adapted); the integral 
v = [ X,du(t) does not depend on the particular function g’, locally al- 
most everywhere equal to g, used in the definition of the measures \,. This 
measure vy is determined by the condition 


(1) a f())dv(t) = / f(Qalt)du(t) for fe (2). 


If now @ is a complex measure, and if uw is a complex function (or a 
function with values in R_) defined locally 6-almost everywhere and locally 
integrable for 6, one can write 


U= 91 — 92 + 1(93 — 94) 


2 
2) 6 = fy — M2 + 2(u3 — pa) 


where py = (#0)*, wo = (#O)~, ws = (4O)*, ws = (8)~ (Ch. III, 
81, No. 5), and where 9,92, 93,94 have the analogous meanings; since |u| 
is locally |6|-integrable, each of the positive functions g; (i = 1,2,3,4) is 
locally integrable for each positive measure 1; (j = 1,2,3,4), so that the 
mapping 


fro f s(eutt) a0) 
on £(T) is a complex measure. 


DEFINITION 2. — Let 6 be a complez measure, and let u be a complex 
function (or a function with values in R_) defined locally 0-almost everywhere 
and locally 0-integrable. The complet measure f ++ [ fud0 on T is said 
to be the product of the measure 0 by the function u, or the measure with 
density u with respect to 6, and is denoted u-@. 


No. 2 MEASURES DEFINED BY NUMERICAL DENSITIES INT V.41 


Every complex measure that is the product of a positive measure p by 
a locally u-integrable function is called a measure with base . 


The relation 7 =wu-9@ is again, by convention, written 
dn(t) = u(t) d0(t) . 


When w is everywhere defined and continuous, one recovers the defini- 
tion given in Ch. III, §1, No. 4. It is clear that if uj and wz are locally 
6-integrable, then (ui+u2)-6 = uy-0+u2-0. Similarly, if 6; and 62 are two 
measures on T, and if u is a function locally integrable for 6; and 02, then 
u is locally integrable for 6;+62 and one has w- (0; +62) = u-6,+uU-62. 

We shall henceforth restrict ourselves to the case of functions defined 
everywhere; the extension to functions defined locally almost everywhere, 
which is always obvious, is left to the reader. 

The following proposition permits, for the most part, reducing the case 
of complex measures to that of positive measures: 


PROPOSITION 2. — Let 6 be a complex measure, and wu a locally 
0-integrable complex function; then 


(3) |u- 4] = |ul - [6]. 
We begin with an auxiliary result: 


Lemma 1. — Let 6 be a complex measure, and let f be an element of 
POT, 6). Then 


(4) (19|, |f]) = sup |(9,cf)| = sup |(9,cf)I, 
cE cE By, 


where #4 (resp. 41) denotes the set of complex functions c, continuous 
with compact support (resp. Borel), such that |c| <1. 
Let us first treat the case that f € #(T;C). Obviously 


sup |(9,cf)| < sup |(,cf)| < (||, |fl) 
cE Hy cE By 

(Ch. IV, §4, No. 2, Prop. 2). On the other hand, let g be an element of 
H(T;C) such that |9| < |f|; g is the uniform limit of a sequence (gn) 
of elements of .#(T;C) whose supports are contained in the open set U 
formed by the ¢ such that f(t) # 0, and one may clearly suppose that 
lgn| < |f| for every n. Set cn(t) = gn(t)/f(t) for te U, ca(t) = 0 for 
t¢U; then cq, € M%, g= Jim enf therefore |(0,g)| = dim 1, caf) 


and finally 


sup \(9,9)| < sup |(9,cf)|. 
lgl<Ifl, 9€ 4 (T;C) ce 4 
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One concludes by observing that the first member of this inequality is equal 
to (|6|,|f|) (Ch. III, §1, No. 6, formula (12)). 


Next, denote by f an element of Fa(8), and let us show that (4) 
is again true: it suffices to verify that the three members of this relation 


depend continuously on f for the topology of Fa(6), since they coincide 
on the dense subspace .#(T;C). This results at once from the following 


inequalities, where f and f’ denote elements of Fo(6): 


(11, 1f1) — (OL IDL < (A Lf — fl) = Nit Cf =i) 
(8, cf) — cf") < (Al lellf — f/l) < Ni(f - £) 
for all c € 4. The lemma is thus established. 


Passing to the proof of Proposition 2, let us apply the lemma to the 
function uf , where h belongs to .#,.(T). This yields: 


IN IN 


(|6|, |wh|) = up |(@,cuh)| = sup |(u- 6, ch)| = (|u- 4], A). 


cE cE 
However, the first member is also equal to 
([9], ful) = (lel - [8], A) - 


The two measures |u|-|9| and |u-6| are therefore equal. 


COROLLARY. — Let g; and go be two locally y-integrable numerical 
functions; then 


inf(g - H,92°#) =inf(g1,92)-"; sup(gi - H, 92 - #) = sup(91,92)- L. 
In particular, if g is a locally p-integrable numerical function, then 
(gw) =o ws (oH) =" w- 


This follows at once from Prop. 2 and the formulas (6) of Ch. II, §1, 
No. 1. 


3. Integration with respect to a measure defined by a density 
In the statements of this subsection, g denotes a positive numerical 


function, defined everywhere and locally y-integrable, 9 denotes a complex 
measure, and u a locally 6-integrable complex function. 
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The remarks in No. 2 show that the results of §4 are applicable to the 
measure vy = g-44= f{ g(t)éz du(t) (even though the measure g(t)e; is not 
defined unless g(t) # +00). We thus obtain the following statement: 


PROPOSITION 3. — For every numerical function f >0 defined on T, 


(5) [tam [(toau. 


This follows from Th. 1 of §4, No. 2. 


COROLLARY 1. — In order that a function f , with values in a Banach 
space or in R, be locally negligible for the measure u-0, it is necessary and 
sufficient that uf be locally negligible for 6. 

To say that f (resp. uf) is locally negligible for u-0@ (resp. for @) is 
equivalent to saying that |f| (resp. |u| - |f|) is locally negligible for |u - 6] 
(resp. for |6|). We are thus reduced, in view of Prop. 2 of No. 2, to the case 
that f,u,9 are positive; the statement then follows at once from Prop. 3. 


COROLLARY 2. — Let u, and uy be two locally 0-integrable complex 
functions. In order that u,-0 = u2-O, it is necessary and sufficient that uz 
and uz be equal locally almost everywhere. 

One is immediately reduced to showing that u-6 = 0 implies that 
u(t) =0 locally almost everywhere; but u-6 =0 means that the function 1 
is locally negligible for the measure u- 6. One then applies Corollary 1. 


COROLLARY 3. — Let u be a complex function that is locally integrable 
for the positive measure u. For u-p to be a positive measure, it is necessary 
and sufficient that u(t) >0 locally almost everywhere. 

For, u-p is positive if and only if u-u = |u- py] = |ul-p (Prop. 2), 
and this is equivalent to u = |u| locally almost everywhere (Cor. 2). 


PROPOSITION 4. — For a mapping f of T into a topological space G 
to be measurable for the measure u-6@, it is necessary and sufficient that the 
restriction of f , to the 0-measurable set S of the t such that u(t) #0, be 
6-measurable. 

When wu and @ are positive, this follows at once from Prop. 3 of §4, 
No. 3. The result then extends to the case that u and @ are complex thanks 
to Prop. 2. 


COROLLARY. — Let f be a function defined on T, with values in a 
Banach space F or in R. For f to be (u-0)-measurable, it is necessary and 
sufficient that uf be 0-measurable. 

For, uf is the extension by 0 of (uf)|S to T. 


THEOREM 1. — Let f bea function defined on T, with values in a 
Banach space F or in R . In order that f be essentially integrable for 
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the measure n = u- 9, it is necessary and sufficient that uf be essentially 
0-integrable , in which case 


(6) ‘i oe / (uf) dO. 


Suppose moreover that u is continuous and that u(t) #0 forallt eT; 
then f is integrable for the measure n if and only if uf is integrable for 0. 

The case that u and @ are positive follows at once from Th. 2 of §4, 
No. 4. The first and the last assertion of the statement then follow imme- 
diately, because f is essentially integrable (resp. integrable) with respect 
to 1 = u-@ if and only if it is essentially integrable (resp. integrable) for 
In| = |u| - |6|. Finally, suppose that f is essentially integrable for 7 (hence 
for |n|); we make use of the decomposition (2): f is essentially integrable 
for each of the measures mj; = gi +My (¢ = 1,2,3,4, 7 = 1,2,3,4), because 
these measures are < ||. We have 


[fens = [ot aus. 


The formula (6) follows immediately from this. 


COROLLARY. — For the measure u-6@ to be bounded, it is necessary 
and sufficient that u be essentially 6-integrable. 


Example. — Let A beasubset of T; for ya to be locally p-integrable, 
it is necessary and sufficient that A be u-measurable. Assuming the con- 
dition to be fulfilled, set v = ya - uw; for every numerical function f > 0 
defined on T, we then have 


[tav= [ fendu, 


a quantity that is also denoted by te f du (cf. Ch. IV, 85, No. 6). For a map- 
ping g of T into a topological space G to be v-measurable, it is necessary 
and sufficient that the restriction of g to A be u-measurable. For a map- 
ping f of T into a Banach space F or into R to be essentially v-integrable, 
it is necessary and sufficient that fya be essentially y-integrable, in which 


case 
[ta = [tendu, 


an expression that is also denoted [ aidu. Note that if two mappings of T 


into G (resp. F, R_) coincide on A, then for one of them to be v-measurable 
(resp. essentially v-integrable), it is necessary and sufficient that the other 
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be so. If now g is a mapping into G of an arbitrary subset BDA of T, 
one says that g is w-measurable on A if an arbitrary extension to T of the 
restriction of g to A is v-measurable, which amounts to saying that the 
restriction of g to A is -measurable. A mapping f of B into a Banach 
space F, or into R, is said to be essentially p-integrable on A if some 
extension f to T of the restriction of f to A is essentially v-integrable; 


one then sets 
[tdu= [tdu= [Foadu, 
A A 


and one says that {, fdy is the integral of f on A (or extended to A). 
If f is a numerical function > 0 defined on B D A, one defines similarly 
f . fdu and f Kn f dp. Finally, a numerical function g defined on BDA 
is said to be locally p-integrable on A if some extension g to T of the 
restriction of g to A is locally v-integrable: this is equivalent to saying 
that, for every compact subset K of T, gyxna_ is p-integrable. 


4. Behavior of the product with respect to the usual operations 


PROPOSITION 5. — Let (Aa)aca be a family of positive measures on T, 
directed for the relation <, admitting in A(T) a supremum A. For a 
positive numerical function g to be locally A-integrable, it is necessary and 
sufficient that g be locally \.-integrable for every a € A and that the family 
(g-Aa) be bounded above in A(T); in this case, 


g:A=supg:Aqa. 
acA 


It is clear that the condition is necessary. Conversely, suppose that 
g is locally integrable for each of the measures Ag and that the family 
(g-Aa)aea is bounded above; denote its supremum by \’. The function 
g is then A-measurable (§1, No. 4, Cor. 2 of Prop. 11); moreover, for every 
function h € .#4(T), 


J (+9) d= sup [ (hg) dra =sup f hd(g- Xa) = [ nax 
acA 


(§1, No. 4, Prop. 11). This implies first of all that the first member is finite 
for any h, so that g is locally \-integrable; the symbol f * may therefore 
be replaced by f, and the formula may be written fhd(g-) = fhdd. 
It follows that g- = X’, and this completes the proof. 
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COROLLARY. — Suppose that ys is the sum of a family (ta)aca Of 
measures on T. For a positive numerical function g defined on T to be lo- 
cally p-integrable, it is necessary and sufficient that g be locally uq-integrable 
for every a € A and that the family (g-Ha)aca be summable. In this case, 


(7) 9° b= 29+ ba- 


acA 


Let (ga)aea be a family of u-measurable positive functions defined 
on T. Let Sg be the set of t€ T such that g a(t) #0. We shall say that 
the family (ga) is locally countable if the family (S,) is locally countable 
(Ch. IV, 85, No. 9); this amounts to saying that, for every compact set K 
in T, the set of a@€A_ such that Go.|K is not zero is countable. 


PROPOSITION 6. — Let (ga)aca be a locally countable family of locally 
p-integrable positive numerical functions defined on T. In order that the 


function g = > ga be locally p-integrable, it is necessary and sufficient 
acA 
that the family of measures (ga: Maca be summable, in which case 


(8) 9° B= > gah. 


acA 


It is clear that g is u-measurable (Ch. IV, §5, No. 2, Prop. 4 and No. 4, 
Cor. 1 of Th. 2). For g to be locally j-integrable, it is therefore necessary 
and sufficient that u*(gf) be finite for every f € #,(T). Now, since 
the set of a € A such that g,f #0 is countable, we have w®(gf) = 
SS w(gaf) (§1, No. 1, Cor. of Prop. 2). Set va = ga: 1; the condition 
acA 


u’(gf) < +00 is equivalent to the condition > va(f) < +00: in other 


acA 
words, g is locally y-integrable if and only if the family (v,) is summable. 
Denoting the sum of this family by v, the preceding calculation yields the 
equality v(f) = u°(gf), which is equivalent to (8). 


COROLLARY. — Let (gq) be a sequence of locally p-integrable numer- 
ical functions, such that the sequence of measures gn + is increasing. In 
order that this sequence have an upper bound in the ordered vector space 
MT) of real measures on T, it is necessary and sufficient that the function 
g =supgn_ be locally -integrable; the supremum in M(T) of the sequence 
(9n°p) ts then the measure g- pL. 

It suffices to apply Prop. 6 to the functions (positive locally almost 
everywhere) 9), = Qn+1—9n- 


PROPOSITION 7. — Let X be a locally compact space that is countable 
at infinity, and let tr> A, be a p-adequate mapping of T into @,(X). 
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Let g be a positive numerical function defined on X, locally integrable for 
the measure v = f Ay du(t). The set of t € T such that g is not locally 
Az-integrable is then locally negligible for u, the mapping t+ g-rz (defined 
locally p-almost everywhere) is 1-adequate, and 


(9) giv= [lo rout. 


Let (Kn)nen be an increasing sequence of compact subsets of X whose 
interiors cover X; if 7 is any positive measure on X, to say that g is locally 
n-integrable is equivalent to saying that gyx,, is n-integrable for every n. 
Now let H,, be the set of t€ T such that gpx,, is not ,-integrable, and 
let H =UH),; since H,, is locally p-negligible for all n (§3, No. 3, Th. 1), 


the same is true of H, which establishes the first assertion of the statement. 
Replacing ; by 0 for ¢ in H (which does not change the measure v), 
we can suppose that g is locally A;-integrable for every t € T. For every 
v-measurable positive function h defined on X, we have, by Prop. 3 and by 
Prop. 5 of §3, No. 2, 


[rag = [omar= [ae [Goran = | “ayt) [ hata). 


This formula and Prop. 5 of §3, No. 2 first show (on taking h € #4(X)) 
that the mapping t > g-; is scalarly essentially y-integrable, and that 
its integral is g-v; in other words, the relation (9) holds. Next, let us 
replace p by a positive measure py’ < p, and let us take for h a positive 
lower semi-continuous function: it follows at once from these relations that 
trog-;z is p-adequate (§3, No. 1, Def. 1). 


PROPOSITION 8. — Let 6 be a complex measure on T, gi a locally 
6-integrable complex function, 0; the measure g,-0. For a complex func- 
tion g2 defined on T to be locally 0; -integrable, it is necessary and sufficient 
that gogi be locally 6-integrable, in which case 


(10) 92°91 = ga° (gi 9) = (9291) -9 
(‘associativity formula’). 
By the corollary of Prop. 4, to say that go is 0;-measurable is equivalent 


to saying that gog, is 0-measurable. Let us suppose this condition to be 
satisfied. For every function f € #,(T) we have, by Propositions 2 and 3, 


i} lool f d|01| = if lol flor al6| =f loogul Fa). 
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To say that go is locally 0,-integrable is therefore equivalent to saying that 
g291 is locally 6-integrable. Assuming this condition to be satisfied, by Th. 1 
we have 


J tatga-0) = [ tora. = f for a0= f Fa(ooos-8), 


a formula equivalent to (10). 


5. Characterization of measures with base 


THEOREM 2 (Lebesgue-Nikodym). — Let and v be two positive 
measures on T. The following properties are equivalent: 

1) v is a measure with base p. 

2) Every locally p-negligible set is locally v-negligible. 

3) Every p-negligible compact set is v-negligible. 

It is clear that 1) implies 2) (Cor. 1 of Prop. 3), and that 2) implies 3). 
We are going to show that 3) implies 1). We first note that if the condition 3) 
is satisfied, then every set A that is universally measurable and locally 
u-negligible is locally v-negligible; for, v*(A) = supv(K), where K runs 
over the set of compact sets contained in A (81, No. 3, Prop. 10, a) and 
Ch. IV, 84, No. 6, Cor. 2 of Th. 4). Next, we shall establish two lemmas. 


Lemma 2. — Let a be a bounded positive measure on T, and 2 a real 
measure on 'T such that |G| << Ma, where M is a positive constant. Then, 
there exists a real function u, a-integrable, such that B=u-a. 

Let g be an element of the space “2(T,a); g is G-measurable and 
J* |g? iB] < Mf* |g|?da < +00. The function g therefore belongs to 
L£°(T,|G|), and also to £1(T,|@|) since @ is bounded. By the Cauchy- 
Schwarz inequality, 


jaca)? < (| talaiat) < (fatal) ( f teats!) <M? a(t) aig). 


The mapping g++ G(g) is thus a continuous linear form on ¥?(T,a). 
The Hausdorff space associated with ¥?(T,«) being a Hilbert space, there 
then exists (TVS, Ch. V, §1, No. 7, Th. 3) a real function u € ¥#?(T,a), 
therefore also belonging to '(T,a), such that 6(g) = a(ug) for every 
g € L*(T,a). Applying this relation for g € 4 (T), one sees that @ = u-a. 


Lemma 3. — Suppose that the positive measure v is such that every 
p-negligible compact set is v-negligible. Let R be the set of compact subsets 
K of T having the following property: 
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(11) There exists a constant M>0 such that yx -v < Myx: pb. 

The set R is then p-dense in T. 

If K satisfies (11), and if A is a Borel set contained in K, it follows at 
once from Prop. 8 that ya -v < Mya - yw; from this, one deduces that the 
union of two elements K,K’ of & belongs to R because YKUK! = YK+Ya, 
where A = K’NCK. To establish the lemma, it remains to prove that every 
compact set L such that u(L) >0 contains a compact set K € & such that 
u(K) > 0 (Ch. IV, §5, No. 8, Prop. 12). Choose a number M > v(L)/p(L) 
and apply Lemma 1 to the bounded positive measure a = yy - (vy + Mu) 
and the measure § = yy, -(v — Mu). Replacing if necessary the function u 
such that @=wu-a by a function equal to it a-almost everywhere, one can 
suppose that u is universally measurable (§3, No. 4, Prop. 7) and is zero 
outside of L. The set H of t € T such that u(t) <0, which is contained 
in L, could not be p-negligible, for it would then be v-negligible (by the 
remark made at the beginning of the proof of Th. 2), hence a-negligible, 
and one would have ((L) > 0, which contradicts the choice of M. Let K 
be a compact set contained in H, such that pu(K) > 0; let us show that 
K € &, which will establish the lemma. By Prop. 8, 


yK * (v— Mu) = ¢K - 8 = pK: (u-@) = (pKu)-a. 
The function yxu is negative, therefore we indeed have yx -v < Myx - pw. 


Let us now complete the proof of Theorem 2. Assume that the condi- 
tion 3) is verified and define & as in Lemma 3. Let (Ka)aca be a 
locally countable family of pairwise disjoint elements of &, such that the 
set N=T— U Kg, is locally p-negligible (Ch. IV, §5, No. 9, Prop. 14); 

acA 
the family (Kq) being locally countable, N is universally measurable and 
therefore locally v-negligible. Set a = ~K,"l, Va = YK,,‘V; Since the func- 
tions yx, form a locally countable family, whose sum is equal to 1 locally 


almost everywhere for u and for v, Proposition 6 implies that w= >> pa, 
acA 


v= > vq. On the other hand, by the definition of A, there exists for ev- 
acA 
ery a aconstant M, such that vg < Mata; Lemma 2 therefore implies 


the existence of a function ga, which one can suppose to be zero outside 
of Ky and positive (Cor. 3 of Prop. 3), such that vg = ga -Ma- Therefore 
(No. 4, Prop. 8) 


Vo = Ja’ Ha = Ga‘ (YKa * H) = (GaPKe) = Ia‘ b- 


Set g= > ga; since the family (g.) is locally countable and the family 
acA 
(vq) is summable, Proposition 6 implies that g is locally y-integrable, and 


that v = g~-, which establishes the theorem. 
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COROLLARY 1. — Let YW be a set of positive measures with base p, 
admitting a supremum v in M(T); then v is a measure with base p. 

The Cor. of Prop. 2 permits reduction to the case that -W is an in- 
creasing directed set. For every locally p-negligible set A one then has, by 
Prop. 11 of §1, No. 4, 


v°(A) = sup A*(A) =0. 
AEN 


Theorem 2 therefore implies that v is a measure with base Lu. 


COROLLARY 2. — Let v be a real measure on T. In order that v 
belong to the band generated by yw in the fully lattice-ordered space A(T) 
(Ch. II, §1, No. 5), at is necessary and sufficient that v be a measure with 
base pL. 

On considering v*+ and v~ , one is immediately reduced to the case of a 
positive measure v (No. 2, Cor. of Prop. 2). Let us then set v, = inf(np, v); 
v belongs to the band generated by w if and only if v = supv, (Ch. II, §1, 

n 


No. 5, Cor. of Prop. 6). Now v, , being bounded above by ny, is a measure 
with base yu by Th. 2; the relation v = supv, therefore implies that v is 


n 
a measure with base yw (Cor. 1). Conversely, suppose that v is a measure 
with base yw: v =g-p, where g is locally j-integrable and positive. Then 
Vy = inf(g,n) + (Cor. of Prop. 2), and it follows at once from Lebesgue’s 
theorem (Ch. IV, §4, No. 3, Prop. 4) that v = supy,. 
n 


COROLLARY 3. — Let 0 be a complex measure; there exists a universally 
measurable function v, with |v| = 1, such that 0=v-|6|, |0;=0-0. 

Write 6 = 0, —A@. 4+ 1(03 = 64) , where 6, = (20)*, 0. = (20)-, 
63 = (.%0)*, 04 = (40)~; the positive measures 0; (i = 1,2,3,4), being 
bounded above by |@| (Ch. II, §1, No. 6, formula (17)), are measures with 
base |6| by Theorem 2. It follows that there exists a locally |6|-integrable 
function v such that @ = v-|@|. Proposition 2 then yields the relation 
|0| = |v| - |@|, which implies that |v| = 1 locally |6|-almost everywhere 
(Cor. 2 of Prop. 3). Finally, by Prop. 8, 0-6 = (vv) - |@| = |6|. Since 
the function v is defined only up to a locally |6|-negligible function, one 
can suppose that v is universally measurable (§3, No. 4, Prop. 7) and that 
|v| = 1 everywhere. 


Remarks. — 1) Suppose that A is a positive measure, that v is a \-measurable 
function such that |v| = 1 locally A-almost everywhere (which implies that v is 
locally \-integrable), and that 0 = v-A. Prop. 2 shows immediately that \ = |6|; 
in other words, the property of the preceding statement characterizes the positive 
measure || . 

2) If |@| < au, where y is a positive measure and a is a number > 0, then 
@ is a measure with base pw. 
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COROLLARY 4. — Let p and @ be two complex measures. In order 
that there exist a locally 0-integrable function u such that p= u-6@, it is 
necessary and sufficient that every 6-negligible compact set be p-negligible. 

The condition is obviously necessary. Conversely, suppose that every 
0-negligible compact set is p-negligible; Theorem 2 implies the existence of a 
locally |6|-integrable function g such that |p| = g-|6|. On the other hand, 
Cor. 3 implies the existence of a function v; (resp. v2), of absolute value 1 
and measurable for the measure |p| (resp. 6), such that p =v, - |p| (resp. 
|0| = Uq-0). Then, by Prop. 8, p=u-@ with u=v,g%. 


COROLLARY 5. — Let and v be two positive measures on T. The 
conditions 1), 2), 3) of Th. 2 are also equivalent to the following ones: 

4) For every v-integrable numerical function f >0 and for every num- 
ber e > 0, there exists a 6 > 0 such that the relations O< h< f and 
[*hdp<é imply [*hdv <e. 

5) For every function g € £#4(T) and every number e > 0, there exists 
a 6>0 such that, for every he #4(T) bounded above by g and satisfying 
fhduw<6, onehas fhdv<e 

6) For every compact set KC T and every number ¢ > 0, there exists 
a 6>0 such that the relations ACK and p*(A) <6 imply v*(A) <e. 

The implications 4) > 6) = 3) are obvious. 

Suppose there exists a finite function k > 0, universally measurable 
and locally p-integrable, such that v = k-, and let us show that the 
condition 4) is satisfied. Let f be a v-integrable function > 0, and let 
€ > 0. For every integer n > 0, let A, be the set of t € T such that 
k(t) >n. The functions fy,a, form a decreasing sequence, bounded above 
by f and tending pointwise to 0, therefore there exists an N such that 
JS fPan dv < €/2 (Ch. IV, §4, No. 3, Prop. 4). If A is a function on T 


satisfying O<h<f and f*adu < €/2N, then 


v*(h) < v*( paene (AC Li Dik )) 
<u*(f~ay) + w*(h(L — Pay) k) 
<5 + Nyt . Ke. 


We have thus proved that the conditions 4) and 6) are equivalent to the 
conditions of Th. 2. 

It is clear that 4) implies 5). Finally, if the condition 5) is satisfied, then 
v belongs to the band generated by w (Ch. II, §2, No. 2, Prop. 5), hence 
has base yp (Cor. 2). 


Scholium. — For every f € Li(T, us R), set yf) = f-p, where 
f € f; the mapping is linear, increasing and injective (Cor. 2 of Prop. 3), 
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and its image in .@(T) is the band B generated by yu (Cor. 2 of Th. 2). 
The mapping y therefore permits identifying Li,.(T,u;R) with a space 
of real measures on T; since all of the spaces LR(T,) are subspaces of 
LL.-(T, 4; R), they too may be identified with subspaces of @(T). Analo- 
gous considerations hold for complex-valued functions and measures. Note 
that the mapping y considered above is an isomorphism of the ordered vec- 
tor space structures of Li, and B, but is obviously not an isomorphism for 
the topological vector space structures of these spaces. 


Since every band in a fully lattice-ordered space is itself a fully lattice-ordered 
space (Ch. II, §1, No. 5), one sees that the space L! _ is fully lattice-ordered; but it 


loc 
is worthwhile to recall that the supremum in L} _ of an uncountable family (fo) 
of equivalence classes is not necessarily identical to the class of the upper envelope of 
the functions fa . However, we saw that for an increasing sequence (fn) of locally 
y-integrable functions whose upper envelope f is locally u-integrable, f -u is the 
supremum of the sequence of measures (fn +) in &(T) (Cor. of Prop. 6). 


Here is an interesting consequence of Corollary 3 of Th. 2: 


PROPOSITION 9. — Let @ be a bounded complex measure; for @ to be 
a positive measure, it is necessary and sufficient that ||0|| = (1). 

The condition is obviously necessary. Conversely, suppose that 
\|9|| = f d6, and denote by v a |6|-measurable function of absolute value 1 
such that 8 = v-|6|. Since ||6|| = fd|@| (Ch. IV, §4, No. 7, Prop. 12) 
and fd@= f[v-d|6| (Th. 1), the hypothesis implies that [(1—v) d|@| =0 
and therefore { #@(1 — v)d|6| = 0. The function &(1 — v), being posi- 
tive, is therefore zero almost everywhere, which implies that v = 1 almost 
everywhere and completes the proof. 


6. Equivalent measures 


PROPOSITION 10. — Let yw and v be two positive measures on T. The 
following conditions are equivalent: 

a) The locally negligible sets are the same for pp and v. 

b) The bands generated by 4 and v in A(T) are identical. 

c) One has v = g- ps, where g is locally y-integrable and g(t) > 0 
locally almost everywhere for pu. 

The conditions a) and b) are equivalent by Cor. 2 of Th. 2 of No. 5. 
If they are satisfied, then vy = g-w and y=h-v, where g (resp. h) is 
positive and locally integrable for y (resp. v). Therefore (No. 4, Prop. 8) 
hg is locally y-integrable and py = (hg)-p. It follows (No. 3, Cor. 2 of 
Prop. 3) that hg is equal to 1 locally almost everywhere for p, so that 
g(t) > 0 and h(t) = 1/g(t) locally almost everywhere for 4. Conversely, 
suppose that v = g-y with g(t) > 0 locally almost everywhere for p; 


No. 6 MEASURES DEFINED BY NUMERICAL DENSITIES INT V.53 


since (1/g)g is defined locally almost everywhere and is locally p-integrable, 
1/g is locally v-integrable and (1/g)-v =p (No. 4, Prop. 8). 


DEFINITION 3. — Two compler measures 6,6’ on a locally compact 
space T are said to be equivalent if the measures |6| and |6’| satisfy the 
conditions a), b), c) of Prop. 10. 


For 6 and 6’ to be equivalent, it is therefore necessary and sufficient 
that |6| and |6’| be equivalent. 


Remark. — If and v are two equivalent positive measures then the 
measurable functions defined on T, with values in any topological space G, 
are the same for » and v, as follows at once from Prop. 4 of No. 3. 


PROPOSITION 11. — Let ps be a positive measure on T. If T is count- 
able at infinity, then there exists a continuous function h such that h(t) > 0 
for all t € T and such that the measure v = h- pw (equivalent to pu) is 
bounded. 

Let (K,) be a sequence of compact sets forming a covering of T and, 
for every n, let f, be a function in “(T) such that 0< f, <1 and 
fn(t) = 1 on Ky (Ch. III, §1, No. 2, Lemma 1). Let (a,) be a sequence 
of numbers > 0 such that S*a, < +00; the series h = )oanfn is then 


n n 
normally convergent in T, consequently fh is a continuous function on T, 
such that h(t) >0 for all t € T, by construction. Setting v = h-p, we 
then have (Prop. 3 and Ch. IV, §1, No. 3, Prop. 13) 


w(t) = [ade < an | fade. 


On taking for example a, = 2-"(f fn du) when f f,du > 1, and 


Gy, = 2-” otherwise, we have Svan, < +00 and v*(1) < +00, which 
n 
proves the proposition. 


PROPOSITION 12. — Let (pn) be a sequence of bounded positive mea- 
sures on T; there exists a bounded positive measure u on T such that the 
relation *(N) = 0 is equivalent to «ux(N) = 0 for every n»; each of 
the measures Ln has base 1. Moreover, if p’ is a second positive measure 
on T having this property, then and p’ are equivalent. 

The last part of the statement follows at once from Def. 3. To prove 
the existence of 41, we can restrict ourselves to the case that Un #0 for 
every 7; the family of measures p1,/2"||H4n|| is then summable in 4(T), 
and its sum p is such that ||u|| < 1. Moreover, since Un < 2"||unll- pL, 
the relation y(N)=0 implies that u,(N) =0 for all n; conversely, if N 
is a set that is negligible for all the y,,, then it is locally negligible for yu 
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(§2, No. 2, Cor. 2 of Prop. 1), hence is y-negligible since yz is bounded (§1, 
No. 2, Cor. 2 of Prop. 7). 


7. Alien measures 


Given two real measures p,o on JT’, recall that p and o are said to be 
alien (to each other) if inf(|p|,|o]) =0 in .W(T) (Ch. II, §1, No. 1). The 
real measures alien to a given measure are known to form a band (Ch. II, 
§1, No. 5, Th. 1). This definition may be extended immediately to the case 
of complex measures. 


DEFINITION 4. — One says that a complex measure 6 on T is concen- 
trated on a subset M of T, or that M carries 6, if (M is locally negligible 
for 6. 


The set M carries 6 if and only if it carries |6|. It is equivalent to 
say that M carries 6, or that M is 6-measurable and 0 = yy -6. If @ 
is concentrated on M, then every measure with base |@| is concentrated 
on M. 


PROPOSITION 13. — In order that two compler measures p and o 
on T be alien to each other, it is necessary and sufficient that there exist 
in T two disjoint sets R and S such that p is concentrated on R and o 
on 8; R and S may be taken to be universally measurable. 

Set uw = |p|, v = |o|, A= u+v; since uw and v are bounded above 
by A, there exist two locally A-integrable functions u and v (which one 
can suppose to be universally measurable by §3, No. 4, Prop. 7) such that 
p=u-A, v=v-X. Then 


inf (|p|, |o|) = inf(u,v) = inf(u, v) - 


(No. 2, Cor. of Prop. 2). Let A (resp. B) be the set of ¢ € T such that 
u(t) > 0 and v(t) =0 (resp. u(t) =0 and v(t) > 0). If p and o are alien, 
then inf(u,v) =0 locally \-almost everywhere (No. 3, Cor. 2 of Prop. 3), 
so that the disjoint universally measurable sets A and B carry p and v, 
respectively. Conversely, suppose that jy, and v are carried, respectively, by 
disjoint sets R and S; yr is measurable for the measure p = u-A, and 
Lb = yr: p. By Prop. 8 of No. 4, the function u’ = uyr_ is A-measurable, 
and wp = u'-X. Similarly, if v’ = vps then v = v’- X; one concludes by 
remarking that inf(u’,v’) = 0 (No. 2, Cor. of Prop. 2). 


COROLLARY 1. — For every real measure v on T, there exist two 
disjoint sets M,N carrying vt and v~ , respectively. 


Cc 
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One must take care not to confuse the notion of support of a measure v, 
and that of a set where v is concentrated. The support S of v is the smallest 
closed set carrying v (Ch. III, § 2, No. 2, Prop. 2 and Ch. IV, §2, No. 2, Prop. 5). 
However, there may exist subsets of S that are distinct from S and carry v. More 
generally, one can have inf(u,v) = 0 for two positive measures y and v having 
the same support (Exer. 5). 

Note also that the intersection of the sets carrying v is the set of points 
t € T such that |v|({t}) > 0, and it can be empty (for example, in the case of 
Lebesgue measure); therefore, there is not in general a smallest set carrying v. 


COROLLARY 2. — Let p and o be two alien complex measures, and let 
p’ and o’ be two complex measures admitting densities relative to p and o, 
respectively; then p’ and o’ are alien. 


COROLLARY 3. — Let p and o be two alien complez measures; then 
lp + o| = |p| + lo]. 

Denote by v (resp. w) a universally measurable function of absolute 
value 1 such that p=v-|p| (resp. o = w-|o|) (Cor. 3 of Th. 2), and by A 
a universally measurable set carrying p, such that B = CA carries o 
(Prop. 13); then also p+o = (vya + wep): (|p| + |o|). Since the function 
vya+wyp_ has absolute value equal to 1, the corollary follows from Prop. 2. 


THEOREM 3 (Lebesgue). — Every compler measure 6 on T may be 
written in one and only one way in the form 0 = g-+6', where g is 
locally 1-integrable and 6’ is a measure alien to w. Then |6| = |g|-u+|6'|. 

When @ is positive, this follows at once from the theorem of F. Riesz 
(Ch. II, §1, No. 5, Th. 1) applied to the fully lattice-ordered space .@(T) 
of real measures on T, and to the band generated by wu in this space, on 
taking into account Cor. 2 of No. 5, Th. 2; moreover, 6’ and g- are 
then positive, which implies that g is positive locally u-almost everywhere 
(Cor. 3 of Prop. 3). To treat the case that 6 is not positive, set v = 4], 
vy=f+:p+v’ (where f is positive and where v’ and yp are alien to each 
other), and 6 = v-v, where v is a universally measurable function of 
absolute value 1 (Cor. 3 of Th. 2). We then have (Prop. 8) 0=g-y+6, 
with g = vf (so that |g| = f) and 6’ =v-v’ (sothat |@’|=v’ by Prop. 2); 
the measures 9’ and p are alien to each other by Cor. 2 of Prop. 13. It only 
remains to establish the uniqueness of the decomposition. Thus, suppose 
that 0=g-p+6'=g,-+ 6), where 6’ and 6; are alien to py; |0’ — 64| 
is bounded above by |6’|+ |6{|, therefore 0’—6{ is alien to py, hence also 
to (g1-—g)-w. The relation 6’—6, = (91 —g): then implies that the two 
members are zero, which proves uniqueness. 


Recall (No. 5, Th. 2 and Scholium) that the space Li,,.(T,u;C) may be 
identified (by means of the mapping g++ g-) with a subspace of .%c(T). 
With this convention, Theorem 3 takes the following form: 
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COROLLARY. — There exists a projector p of the space M&co(T) onto 


the space Li,.(T, uw; C), whose kernel p (0) is the set of complez measures 
alien to ww, such that 


14] = [p(@)| + |@— p(@)|, (ll) = Ip) 


for every complez measure 0. 


If p is restricted to the set of bounded measures, one obtains a projector p! 
of the space .@4(T) onto the space Li(T,); the relation ||6|| = |6|(1) implies 
that ||O|| = ||p'(@)\| + ||@ — p1(@)||_ for every bounded complex measure 0. 


8. Applications: I. Duality of the spaces L? 


We shall treat here only the case of the real spaces L? . 

Recall that two numbers p,q such that 1<p<+oo, 1<q<+o, 
1/p+1/q=1 are said to be conjugate exponents (Ch. IV, §6, No. 4). Every 
function g € 2% defines a continuous linear form 0, on L?, obtained by 
passing to the quotient starting with the linear form ft> f fgdu on 2°, 
and one has N,(g) = ||9|| (Ch. IV, 86, No. 4, Cor. of Prop. 3). Passing 
to the quotient, one thus deduces from the mapping g++ 6, an isometric 
linear mapping y of L? into the dual (L?)’ of L?. We are going to show 
that, for 1< p< +00, » maps L*% onto (L?)’, so that we may henceforth 
identify the Banach space L? with the Banach space (L?)’ by means of the 
isomorphism y. Stated in other terms: 


THEOREM 4. — Let p and q be two conjugate exponents such that 
1<p< +oo. Every continuous linear form on £°(T,p) is of the type 
fr ffgdu, where g is a function in 24(T,pu) whose class in L? is 
well-defined. 

Let @ be a continuous linear form on .”; thus, there exists a num- 
ber a > 0 such that |6(f)| < a-N,(f) for every function f € 2?. 
Consider the restriction of 6 to the space #(T) of continuous functions 
with compact support: for every compact subset K of T and every func- 
tion f € #(T,K) (the space of continuous functions with compact support 


contained in K), one has N,(f) < (u(K)) FIL; therefore the topology 
induced on .#(T,K) by that of -#? is coarser than the topology of uni- 
form convergence, and the restriction of @ toeach .#(T,K) is consequently 
continuous for the latter topology. This means that the restriction of 6 to 
H(T) is a real measure v (Ch. III, §1, No. 3, Def. 2). 

Let us show that |v|(|f]) <a@-N,(f) for every function f in #(T). 
It suffices to prove this formula for f > 0. Now, for every function 7 
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in £(T) such that || < f, we have 
lv(b)| <a- Np (bh) < a-N,(f); 


our assertion follows from the expression for the absolute value of a meas- 
ure given in Ch. III, §1, No. 6, formula (12). The relation |v|(|f|) < 


a(u(|f |? ye ” extends at once to the case that f is the characteristic func- 
tion of a compact set, by means of a passage to the lower envelope, and then 
implies that every p-negligible compact set is v-negligible, so that v is a 
measure with base py (No. 5, Th. 2). 

Thus, there exists a locally y-integrable positive function h; such that 
lv\(f) = f fhidw for every function f € #(T). Let us show that hy 
is locally almost everywhere equal to a function in 4%. If the function 
f 20 in #(T) is such that N,(f) <1, then f fhidy = |v\(f) <a. 
For every continuous mapping fp of T into [0,1] with compact support, 
we therefore have sup {(fohi)f du <a as f runs over the set of functions 
>0 in #(T) such that N,(f) <1. From this one deduces, by means of 
formula (11) of Chap. IV, §6, No. 4, that N,(fohi) <a. It follows from this 
that supN,(yxhi) <a as K runs over the set of compact subsets of T, 

K 


and this proves our assertion (§1, Prop. 9). 

Let v be a universally measurable (real) function of absolute value 1 
such that v = v-|v| (Cor. 3 of Th. 2) and let g = vhy; then v = g-p, and 
g belongs to “&%. For every function f € #(T), we have 0(f) =v(f) = 
Jf f9dp. In other words, the continuous linear forms 6 and 6, coincide 
on #(T); they are therefore equal on ?, since .#(T) is dense in Y? , 
and this completes the proof. 


COROLLARY. — For every number p such that 1 < p < +00, the 
Banach space L?(T,p) is reflexive. 


In general, the dual of L®© is not isomorphic to L1, consequently L1 
and L® are not reflexive (Exer. 10). We are going to characterize the 
continuous linear forms on L™ that arise, by passage to the quotient, from 
a linear form gf fgdu on Y~, where ge #’. 

The ordered vector space L®(T, 4), which is a subspace of Li,.(T, 1), 
is fully lattice-ordered; for, if (fa) is a family of positive functions in “°° 
whose set of classes (fa) is bounded above in L®, there exists an a > 0 
such that No(fa) <a forall a. Since Li,,(T, 1) is fully lattice-ordered, 
the family ( a admits a supremum A in Lie(T, #) ; but since a > fa for 
every a, we have h < a, consequently No(h) < a, whence our assertion. 


PROPOSITION 14. — In order that a positive linear form 0 on £° be 
of the type fro f fgdu, where ge L 1 it is necessary and sufficient that, 
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for every increasing directed family (fa)aca of positive functions in £~ 
whose set of classes (fa)aca is bounded above in L® and admits h as its 
supremum in this space, one have 


6(h) = sup O(fa). 
acA 


Let us first show that the condition is necessary. The measure h- pu is 
the supremum in .@(T) of the set of measures fy -j (No. 5, Scholium); 
therefore (Ch. II, §2, No. 2), for every function y >0 in #(T), we have 
fhedu = sup f faydw. If now a isanumber > 0 such that Noo(fa) <a 

acA 


for all a € A (which implies that N..(h) <a), then for every ¢ >0 there 
exists a y € #(T) such that y >O0and Ni(g— yy) < «, from which we 
infer that f folg—y|dw < ae forall ace A, and f hlg—y|du <ae. Since 
sup f fagdu < f hg du, this proves that the two members of this inequality 
acA 


are equal. 
To establish that the condition is sufficient, we shall make use of the 
following lemma: 


Lemma 4.— 1° Let f be a lower semi-continuous and bounded posi- 
tive function on T. Then its class f in L® is the supremum of the set 
of classes ~, where p runs over the set of functions in #(T) such that 
0<y<f. 

2° Let f be a measurable and bounded positive function on 'T. Then its 
class f in L© is the infimum of the set of classes w, where w runs over 
the set of lower semi-continuous and bounded functions on T that are > f. 

1° Let f’be a function in Y° such that f’ is the supremum in L°® 
of the set of classes ~ of the functions y in #(T) such that O< p< f; 
obviously f’ < f. Let U be a relatively compact open subset of T; for 
every function h in #(T) such that 0<h< fy one has, by definition, 
h(t) < f’(t) locally almost everywhere, therefore h(t) < f'(t)yu(t) almost 
everywhere; it follows that fhduw < f f’pudw. However, since fyy is 
lower semi-continuous, f fu du = sup f hdu, where h runs over the set 
of functions in #(T) such that 0<h< fyu (Ch. IV, §1, No. 1, Def. 1); 


therefore 
| te du < | tou du, 


and since f’yy < fy almost everywhere, necessarily fyy = f’yy al- 
most everywhere, whence f = f’ locally almost everywhere. 

2° Let f’ be a function in Y* such that f’ is the infimum in L® 
of the set of classes ~ of the lower semi-continuous functions w that are 
bounded and > f; then f’ > f. Let K bea compact subset of T; for 
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every lower semi-continuous function h that is bounded and > fyx, let h 
be the function equal to h on K and to ||f||+||h|| on T—K. Then h is 
lower semi-continuous and > f , therefore by definition h(t) > f’(t) locally 
almost everywhere; it follows that h(t) > f’(t)px(t) almost everywhere, 
whence fhdu > f f’pxdu. But f fpxdy = inf fhdu, where h runs 
over the set of lower semi-continuous functions that are bounded and > fy, 
(Ch. IV, §1, No. 3, Def. 3); therefore 


J tedu | frowdu, 


and since fyxK < f’~K almost everywhere, necessarily fy = f’yK al- 
most everywhere, whence f = f’ locally almost everywhere. 


The lemma having been proved, let 6 be a positive linear form on 2° 
satisfying the condition in the statement of Prop. 14. The restriction of # to 
the space .#(T) is a positive measure v on T. We are going to show that, 
for every positive function f € Y~(T,), one has 6(f) =v*(f). Suppose 
first that f is lower semi-continuous (and bounded); by Lemma 4, f is the 
supremum of the increasing directed set of classes ~, where y runs over 
the directed set ® of functions in .#(T) such that 0< y< f. Since by 
hypothesis 0(f) = sup @(y), and v*(f) = pup v(p) by definition, our as- 

ype® € 


” 
sertion is proved in this case. Secondly, suppose that f is jz-measurable and 
bounded; then, by definition, v*(f) = Hs v*(), where w runs over the de- 


creasing directed set © of lower semi-continuous functions that are bounded 
and > f.If a>||f|| then, applying the hypothesis of the statement to the 
increasing directed set of classes of the functions a—w, where we V and 
w <a, one sees, by virtue of the lemma, that 0(f) = iat (wp) , therefore in- 


deed 0(f) = v*(f). In particular, for every p-negligible function f > 0, one 
has 60(f) =0, therefore v*(f) =0 and consequently (No. 5, Th. 2) v isa 
measure with base 4; moreover, v*(1) = (1) < +00, consequently (Cor. of 
Th. 1) v=g-w with g € ¥1(T, py). Finally, since every u-measurable func- 
tion is y-measurable, every positive function f € £°(T,) is v-integrable 
and f fgdu=v*(f) = 6(f), which completes the proof. 


One concludes from Prop. 14 that the linear forms on “© of the type 
fr ffgdu, where ge 2 1 are the differences 0; — 62, where 0; and 62 
are positive linear forms satisfying the condition of Prop. 14. 
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9. Applications: II. Functions of measures 


Let 41, [2,---,/n be real measures on T, and let u(x1,...,2n) bea 
finite numerical function, defined on R”, and positively homogeneous, that 
is (Ch. I, §1, No. 1), such that 


(12) WOOL 16<j OB, ) = OU o<.5kn) 


for every scalar a > There exist positive measures | » on T such 


0 
that |u| < A for 1 <i <n (for example, the sum S [wil ). Let A 


and ’ be two such measures on T. One can write pj = “he Nee fe eK 
where f; (resp. f;) is measurable and essentially bounded for the mea- 
sure X (resp. \’) (No. 5, Th. 2). We are going to establish the following 
result: in order that the numerical function u(fi,..., fn) be locally inte- 
grable for X, it is necessary and sufficient that the function u(fj,..., f/) 
be locally integrable for X' , in which case 


Uy agin? HSU eam 


Since |yu,;| < inf(A, \’) , we can restrict ourselves to the case that \ < ’. 
Then \ =g-’, where g is a \’-measurable function such that 0<g <1 
(No. 5, Th. 2); whence (No. 4, Prop. 8) 


ba = fi-(g-') = (fig) 0’; 


it follows (No. 3, Cor. 2 of Prop. 3) that fig is equal to f/ locally almost 
everywhere for ’. Consequently, by (12), 


NG aieeeny | =u(fig,--->fng) = ulfi,-.-5 fag 


locally almost everywhere for ’. In order that u(f{,...,f%) be locally 
’-integrable, it is therefore necessary and sufficient that u(fi,...,fn)g be 
locally integrable for 2’, therefore (No. 4, Prop. 8) that u(f1,...,fn) be 
locally integrable for A; and then (No. 4, Prop. 8) 


Uva dg a Sige dg) SU eee) ee 


Thus, the measure u(fi,...,fn)-A depends only on the measures 
1,---,;/n and the function u; it is also denoted u(ji,...,un). This 
measure is therefore defined whenever wu is a positively homogeneous func- 
tion such that, for a positive measure » that is an upper bound for all of 
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the |wi|, u(f1,---,fn) is locally A-integrable, where f; denotes the den- 
sity of 4; with respect to A. Note that this condition is fulfilled when wu is 
positively homogeneous and continuous: for, one then has 


|u(z1,---,2n)| < a(|er| + [x2] +--+ + [enl) 


(u being bounded in a sufficiently small neighborhood of (0,...,0)), and 
since u(fi,...,fn) is A-measurable (Ch. IV, §5, No. 3, Th. 1), it is locally 
A-integrable by virtue of the criterion for integrability (Ch. IV, §5, No. 6, 
Th. 5). 

Let uj,...,Up be positively homogeneous numerical functions defined 
on R”, such that the p functions g, = ug(fi,.--, fn) (1 < k < p) are 
locally A-integrable. Let v be a positively homogeneous numerical function 
defined on R? such that v(g1,...,9p) is locally \-integrable. Set 


W(S142s458n) = Ut (GIy. Gta) ees es Pee ea))< 


Then, the function w is positively homogeneous, w(f1,..., fn) is locally 
A-integrable and, by definition, 


w(H1,+-+) Hn) = 0 bi Pkg Pi e359 goa da) 


In the special case of the functions x*, z~, |z|, x+y, inf(z,y), 
sup(z, y) , the measures defined by the procedure just described coincide, re- 
spectively, with those that have been denoted u*, uw, |u|, u+v, inf(p,v), 
sup(p, ”) ; this follows at once from the Cor. of Prop. 2 of No. 2. If uw and v 


are two real measures, and 6 = w+ iv, then |0| = /u?+v?; for, let 
be a measure > 0 that is an upper bound for || and |v|, and let f,g be 
locally A-integrable functions such that w= f-A, v= g-A; then 


Jpretv2=/fr2+g?-d, 


6 =(f +ig)-A, therefore (No. 2, Prop. 2) || = /f2+g?-X. 


This method can be applied to the positively homogeneous function 
(a? +...4 z2)!/2 to define the length of a curve in R”. 


10. Diffuse measures; atomic measures 


DEFINITION 5. — A measure 0 on T is said to be diffuse if |6|({t}) =0 
for every te T. 


Example. — Lebesgue measure on R is diffuse (Ch. IV, §1, No. 3, Remark 1). 
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To say that 0 is a diffuse measure on T amounts to saying that every set 
with finite complement carries |6|, or again that |6| is alien to every point 
measure. The diffuse measures therefore form a band in .@(T) (Ch. II, 81, 
No. 5, Th. 1). 

Recall (Ch. III, §1, No. 3) that a complex measure p on T is said 
to be atomic if it is of the form 5° a(t)e:, where a is a complex func- 

teT 


tion on T such that 5° |a(t¢)| < +00 for every compact subset K of T, 
teK 


which expresses that the family (a(t)e:) ter 18 summable (§2, No. 1, Re- 

mark 2). It then follows from the remark following Cor. 3 of Th. 2 of No. 5 

that |p| = ¥> |a(t)lez. The function a that occurs in these formulas is 
teT 


uniquely determined, because a(t) = p({t}). An atomic measure and a 
diffuse measure are alien to each other. 


PROPOSITION 15. — Every complex measure o on T may be written 
in one and only one way in the form p+ 6, where p is an atomic measure 
and @ is a diffuse measure; one then has |o| = |p| + |6|. 

The uniqueness of the decomposition is obvious since, p being atomic 


and 6 diffuse, necessarily p= )> p({t})e: = DS o({t})e: and 0=a—p. 
teT t€T 
To establish existence, it suffices to observe that )> |a({t})| < |o|(K) < +o0 
teK 


for every compact set K, so that one can set 5° o({t})e, = p. The measure 
teT 


o — p is obviously diffuse, and the relation |o| = |p| + |o — p| follows at 
once from Cor. 3 of Prop. 13 of No. 7. 

One observes that this proof shows that if o is carried by a set M and 
if |o|({t}) > 0 for every t € M, then a is atomic. 


86. IMAGES OF A MEASURE 


1. Image of a positive measure 


Let X be a locally compact space, m a ys-measurable mapping of T 
into X. To say that the pair (7,1) is y-adapted (§4, No. 1) is equivalent to 
saying that for every function f € #(X), the function fo7 is essentially 
p-integrable. 


PROPOSITION 1. — Let m be a p-measurable mapping of T into a 
locally compact space X. The following two properties are equivalent: 
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a) for every function f € #(X), fom is essentially y-integrable. 


b) for every compact set KC X, ™(K) is essentially u-integrable. 
We have just observed that a) implies that the pair (7,1) is y-adapted. 
Consequently (§4, No. 4, Th. 2), for every compact set K C X, the function 


~K OT = ya, Where A= 7 (K) , is essentially y-integrable, in other words, 
a) implies b). 

Conversely, suppose that 7 (K) is essentially p-integrable for every 
compact subset K of X, and let us show that a) is verified. Indeed, let S 
be the support of f; since S is compact, setting A = 7(S) we have, by 
hypothesis, 


f leGee@y|aue < wa f “ps(nt@)) dutt) = It | eat duit) < +00. 


Since fo7 is u-measurable (Ch. IV, §5, No. 3, Th. 1), we see that fom 
is essentially y-integrable (§1, No. 3, Prop. 9). 


Property b) is obviously equivalent to the following (which is therefore 
also equivalent to a)): 
c) For every point x of X, there exists a neighborhood V of x such 


that 7(V) is essentially u-integrable. 


DEFINITION 1. — Let p be a positive measure on a locally compact 
space 'T. A mapping x of T into a locally compact space X is said to be 
p-proper (or proper for the measure yw) if the pair (1,1) is w-adapted, that 
is (§4, No. 1), if a is -measurable and satisfies the (equivalent) conditions 
of Prop. 1. The measure f Ex(t) du(t) on X is then called the image of u 
under m and is denoted 1(). 


Thus if v = (yu) then, by definition, for f € #(X) one has 
(1) [tea = | Fr) ane. 


Remarks. — 1) If w is bounded (in particular, if 4 has compact support) 
then every p-measurable mapping of T into X is yz-proper (Ch. IV, §5, No. 3, 
Th. 1 and No. 6, Th. 5). 

2) If m is u-measurable and if, for every compact subset K of X, 
a (K) is relatively compact, then 7 is y-proper (Ch. IV, §5, No. 5, Prop. 7 
and No. 6, Th. 5); in particular, every proper continuous mapping of T 
into X (GT, I, §10, No. 2, Th. 1) is y-proper for every positive measure 
p on T. More particularly, this is true of every homeomor, ism a of T 
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onto X; the measure v = (ju) is then none other than the measure on X 
that is the transport of uw by a (Ch. III, §1, No. 3). 

3) Suppose that the topology of X admits a countable base; then 
every mapping a of T into X that satisfies condition b) of Prop. 1 is 
pi-measurable, hence is y-proper. It suffices to apply Th. 4 of Ch. IV, §5, 
No. 5, on observing that X is then metrizable (GT, IX, §2, No. 9, Cor. of 
Prop. 16) and that, for any metric compatible with the topology of X , every 
closed ball is a countable union of compact sets. 


2. Integration with respect to the image of a positive measure 


Let 7 be a p-proper mapping of T into X, and let v = m(u). Applying 
the results of §4, one obtains the following statements: 


PROPOSITION 2. — For every numerical function f >0 defined on X, 


(2) [ seyavte) = [sorte ute. 


This follows from Th. 1 of §4, No. 2. 
COROLLARY 1. — For every subset A of X, 


1 


v*(A) = p*(7(A)). 
COROLLARY 2. — For a subset A of X to be locally negligible for v , 
it is necessary and sufficient that 7 (A) be locally negligible for p. 


COROLLARY 3. — If the measure ju is concentrated on a set M, then 
m(4s) ts concentrated on m(M). 

For, if N =X — 7(M) then 7 (N) does not intersect M, therefore is 
locally p-negligible, consequently (Cor. 2) N is locally v-negligible. 


COROLLARY 4. — Let S be the support of w. If m is continuous, then 
the support of m(u) is m(S). 
For, it follows from Cor. 3 that m() is concentrated on 7(S), there- 


fore if S’ is the support of (yu) then S’ c m(S). On the other hand, 
a (X — 5S’) is a locally p-negligible open set (Cor. 2), hence is p-negligible 
(Ch. IV, 85, No. 2, Cor. 2 of Prop. 5). Therefore a (X —S’)c T-S, 
consequently 1(S) C S’, which proves the corollary. 


PROPOSITION 3. — For a mapping f of X into a topological space G 
to be v-measurable, it is necessary and sufficient that fom be p-measurable. 
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This is an immediate consequence of Prop. 3 of §4, No. 3. 


COROLLARY. — For a subset A of X to be v-measurable, is is necessary 
and sufficient that (A) be -measurable. 


However, the image under 7 of a p-measurable subset M of T is not nec- 
essarily v-measurable, even if 7 is continuous and M is p-negligible (Exer. 7 and 
§8, Exer. 1). 


THEOREM 1. — Let f be a function defined on X with values in R or 
in a Banach space F. For f to be essentially v-integrable, it is necessary 
and sufficient that fom be essentially -integrable, in which case 


(3) / iae= / £(n(t)) du(t). 


Suppose, moreover, that x is continuous and proper. Then, for f to be 
v-integrable, it is necessary and sufficient that fom be s-integrable. 
It suffices to apply Th. 2 of §4, No. 4. 


COROLLARY. — For a subset A of X to be essentially v-integrable, it 
is necessary and sufficient that 7 (A) be essentially p-integrable, in which 
case v(A) = u(m(A)) 


In particular, for every compact set K C X, v(K) = u(m(K)) . It 
follows from this and Cor. 3 of Prop. 2 that if y is atomic (§5, No. 10) then 
so is +(u) =v. For, let M be the set of t € T such that p({t}) 40; since 
pu is carried by M, v is carried by 7(M); moreover, for every x € 7(M) 
we have v({x}) = u(x (2) >0, since 7(z) contains at least one point 
of M. Therefore v is atomic (§5, No. 10, Prop. 15). 


3. Properties of the image of a positive measure 


PROPOSITION 4. — Let T,T’,T” be three locally compact spaces, a 
positive measure on T, m a@ u-measurable mapping of T into T’, 7m’ a 
mapping of T’ into T”, and an” =7' on. 

a) Suppose that a is y-proper and let p' = m(u). For x’ to be 
u'-proper, it is necessary and sufficient that n” be -proper, in which case 
n(n) =n’ (x(u)) (‘transitivity of the image of a measure’). 

b) Suppose that 7’ is continuous, and that m” is u-proper; then 7 is 
p-proper, 1’ is m(j)-proper and m”(p) = 1'(m(u)) - 

Under the hypotheses of a), for 7” to be p-measurable it is necessary 
and sufficient that 7’ be y’-measurable (No. 2, Prop. 3). On the other hand 
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= og eA -1 
if K is a compact subset of T”, then a”(K) = = (1'(K)); for 2’(K) 


=i 
to be essentially -integrable, it is necessary and sufficient that m’(K) be 
essentially p/-integrable, by the Cor. of Th. 1. Finally, if 7” is u-proper 
then, setting py” = 7’’(u), we have, for every function f € “(T”), 


jf renaeter = [ #0") ante 
= [ #(' mw) due = f rere) ave) 


by Th. 1 of No. 2, which completes the proof of a). 
Under the hypotheses of b), let K’ be a compact subset of T’. Then 


4 
K” = 7’(K’) is compact, therefore 7’(K’) is essentially p-integrable, 
1 


therefore a (K! L€ nl (K”) is essentially y-integrable (Ch. IV, §5, No. 5, 
Prop. 7), so that a is u-proper. The proof is then concluded by applying 
part a) of the statement. 


COROLLARY. — Let T and T’ be two locally compact spaces, 1 a pos- 
itive measure on T, 1 a bijective mapping of T onto T’, and m7! the 
inverse mapping. Suppose that m is u-proper, and let pu’ = m(w). Then 
m1 is p!-proper and m~'(m(u)) = pb. 

PROPOSITION 5. — Let T and X be two locally compact spaces, [1 a pos- 
itive measure on T, 7 ap-proper mapping of T into X, g a finite numer- 
ical function > 0, defined on X and such that gon is locally integrable 
for uw. In order that g be locally integrable for m(y), it is necessary and 
sufficient that « be proper for the measure (go7)-, in which case 


(4) m((gom)- mw) =9-m(u). 


Set v = m(u). For g to be locally v-integrable, it is necessary and 
sufficient that gf be v-integrable for every function f € #(X); since gf 
has compact support, it comes to the same to say that gf is essentially 
v-integrable, and this is equivalent to saying that (go7)(foz) is essentially 
p-integrable (Th. 1). But, by Th. 1 of §5, No. 3, this signifies that fom is 
essentially integrable for p = (go 7) - uw, and, by definition, this says that 
m is p-proper (since 7 is obviously p-measurable). Moreover. 


i: fav = / f(m(t)) 9(n(t)) du(t) = / f(m(t)) dp(t) 


(No. 2, Th. 1 and 85, Th. 1), which proves the relation (4). 
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PROPOSITION 6. — Let T and X be two locally compact spaces, (Ax)acA 
a family of positive measures on T, directed for the relation <, admitting 
in M(T) a supremum p. In order that a mapping n of T into X be 
pi-proper, it is necessary and sufficient that it be A-proper for all ac A, 
and that the family (7(Aa)) ca_ be bounded above in .@(X). In this case, 


(5) 7 (pu) = sup T (Xa) - 


For a to be p-measurable, it is necessary and sufficient that 7 be 
Ae-measurable for all a € A (81, No. 4, Cor. 2 of Prop. 11). Suppose that 
this condition is satisfied; to say that 7 is u-proper is then equivalent to 
saying that, for every function f € .44(X), 


u’(fom) < +00. 


Now, 
[rondu=sup [ (Fon) dq =sup f Fa(n(0n) 


(§1, No. 4, Prop. 11); the first member is thus finite for every f € #4(X) if 
and only if the family (7(Aq)) admits a supremum @ in @(X), in which 
case [(fom)du= f fd0, a relation equivalent to (5). 


COROLLARY 1. — Let (tta)aca be a summable family of positive mea- 
sures on T, such that u = >> Ua; for a mapping 1 of T into a locally 
A 


ae 
compact space X to be p-proper, it is necessary and sufficient that it be 
La-proper for every a € A, and that the family ((Ha)) ca be summable. 
In this case, 


(6) n(u) = > t(Ha)- 


acA 


COROLLARY 2. — Let T and X be two locally compa spaces, (ri )i<i<n 
a finite sequence of positive measures on T, and let w= y Ai. For a map- 


ping w of T into X to be u-proper, it is necessary and supe that it be 
Ai-proper for every index i, in which case 


Sonn) = (30%). 


i=1 
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4, Image of a complex measure 


Let @ be a complex measure on T, and let 7 bea mapping of T intoa 
locally compact space X ; suppose that 7 is 6-measurable, and that for each 
f € 4#(%;C), fom is essentially 0-integrable. Since it is equivalent to say 
that a function is measurable (resp. essentially integrable) with respect to 6 
or with respect to |6|, this means that 7 is |@|-proper. If f € #(X;C), 


(7) [[romae 


< / (|| on) did); 


it follows at once that the linear form f+ [(fom)d@ on #(X;C) isa 
complex measure on X (Ch. III, §1, No. 3, Prop. 6), and one can make the 
following definition: 


DEFINITION 2. — Let 6 be a complex measure on a locally compact 
space T. A mapping a of T into a locally compact space X is said to be 
6-proper if it is |0|-proper. The measure f ++ [(f.o7)d0 is then called the 
image of 0 under m and is denoted 7(0). 


The relation (7) may then be put in the following form: 


(8) (9)| < m([8]). 


The measure 7(9) may be zero without 0 being zero, as one sees immediately 
on taking for T a space reduced to two points a,b, for 6 the measure €q — &€p, 
and for 7 a constant mapping. 


Let @ and 6’ be two complex measures on T; if a is 6-proper and 
6’-proper, it follows from Cor. 2 of Prop. 6 that a is (6 + 6’)-proper since 
|6 + 6’| < |0| + |6’|, and obviously (6+ 6’) = 1(6) + 1(6’). 

In particular, if @ is a real measure and 7 is 6-proper, then 


(9) n(0) = 1(0*) —7(07). 


Several results established earlier extend at once to complex measures; 
we cite the most important among them. 


PROPOSITION 7. — Let @ be a compler measure on T, 1 a 0-proper 
mapping of T into a locally compact space X, v the image measure 1(6). 

a) Let A be a subset of X; if 7 (A) is locally 6-negligible , then A is 
locally v-negligible. 

b) Let f be a mapping of X into a topological space; if fon is 
0-measurable, then f is v-measurable. 
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c) Let f be a function defined on X, with values in a Banach space F ; 
if fom is essentially 0-integrable, then f is essentially v-integrable and 


(10) / £(n(t)) d0(t) = / (2) dv(2). 


Taking into account formula (8), these results may be deduced from 
Cor. 2 of Prop. 2, from Prop. 3, and from Th. 1 of No. 2. 


5. Application: change of variable in the Lebesgue integral 


Let I be an interval (bounded or not) of R, a its left end-point and 
b its right end-point in R, and p the Lebesgue measure on I. For every 
p-integrable function f and every interval H CI, with left end-point a and 
right end-point 3, we write f is f(t) dt instead of f,, f(t)dt = f,fdu, and 
we set ff = f(t)dt = — fe f(t) dt; the meaning thus given to these symbols 
coincides with that attributed to them in FRV, II, §81 and 2, when f isa 
regulated function with compact support (Ch. IV, §4, No. 4, Example). 

Let g be a numerical function defined on I and locally p-integrable, 
Lo a point of I; for every x €1, set 


(11) G(z)=c+ ie g(t) dt (c a constant). 


xo 


The numerical function G is continuous on I; this follows at once 
from Lebesgue’s theorem (Ch. IV, §4, No. 3, Cor. 1 of Th. 2), since the 
product of g and the characteristic function of the interval with end-points 
x and x+h tends to a negligible function as h tends to 0. Therefore G(I) 
is an interval of R. Throughout this No., we will regard G as a mapping 
of I onto the locally compact space G(I). We denote by the measure 
g:ponl. 

Suppose first that g is .-integrable. Then, the same reasoning as above 
shows that the limits G(a+) and G(b—) exist and are finite; moreover, 
the measure |A| is bounded (§5, No. 3, Cor. of Th. 1), and the mapping G 
of I into G(I) is A-proper. 


PROPOSITION 8. — Suppose g is p-integrable. If J denotes the open 
interval in R with end-points G(a+) and G(b—), the image under G 
of the measure g-j is the measure yy-v if G(at+) < G(b—) and the 
measure —yj-v if G(at+) > G(b—) (where v denotes Lebesgue measure 


on G(I)). 
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It suffices to prove that, for every function f € # (G(D), 


G(b-) b 
(12) | (eae = | #6) g(t) at. 


G(a+) 

Now, this formula has already been proved for g € (I) (FRV, II, 
§2, No. 1, formula (1)). Let us pass to the general case; there exists a 
sequence (gn) of functions in .#(I) such that: 1° the sequence (gn(t)) 
tends to g(t) almost everywhere in I; 2° there exists a ju-integrable function 
h >0 such that |gn| <A for all n (Ch. IV, §3, No. 4, Th. 3). It follows 
at once from Lebesgue’s theorem that, setting G,(rz) = c+ 1 9n(t) dt, 
the sequence (G,,) converges uniformly to G on I, and that the numbers 
Gn(a+) and G,(b—) tend respectively to G(a+) and G(b—). Let f’ be 
a function in #(R) that extends f ; the foregoing proves that f’(G,(t)) 
tends to f’ (G(t)) = f(G(t)) for all ¢ € I; applying Lebesgue’s theorem, 
one sees that the formula (12) results from the formula 


Gn(b—) b 
t f' (ade = / f’ (Gn(t)) gn (t) dt 


Gn(at) 
by passage to the limit. 


CoROLLARY. — If a function f defined on G(I), with values in R. or 
in a Banach space, is such that the function t+ f(G(t))g(t) is integrable 
on I for Lebesgue measure, then f is integrable on J for Lebesgue measure 
and 


G(b-) b 
(13) [ t@a= [ ecw)aeae 


G(a+) 


(formula for change of variable in the Lebesgue integral). 

For, f(G(t)) is integrable for the measure |g|- 1, hence also for the 
measures gt +4. and g~ -; it follows from Th. 1 (No. 2) that f is integrable 
for the image measures G(gt-) and G(g~ -y), hence also for the measure 
yy -v, and that (13) holds, on taking into account Prop. 8 and formula (9). 


It can happen that f is integrable on J for Lebesgue measure, but that 
t+ f(G(t))g(t) is not integrable on I for Lebesgue measure (Exer. 10). 


Now suppose that g maintains a constant sign almost everywhere (and 
is locally p-integrable); one may suppose for example that g(t) > 0 al 
most everywhere in I. Then G is an increasing continuous function on I, 
therefore G(a+) and G(b—) exist (but may be infinite). Moreover, G is 
a A-proper mapping of I into G(I): for, if G(b—) € G(I), there is an 
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Z1 > such that G is constant for xz > x, and then the inverse image 
under G of the compact interval [G(zo),G(b—)] is A-integrable; if, on the 
contrary, G(b—) ¢ G(I), then the inverse image under G of every com- 
pact interval with left end-point G(x), contained in G(I), differs from a 
compact interval by at most a A-negligible interval. One argues similarly 
for the compact intervals with right end-point G(zo) , whence our assertion. 
Moreover: 


PROPOSITION 9. — Suppose g >0 and locally -integrable. Then, the 
image under G of the positive measure g-p is Lebesgue measure on Gil). 
For a function f , defined on G(I), with values in R or in a Banach space, 
to be integrable on G(I) for Lebesgue measure, it is necessary and sufficient 
that the function t++ £(G(t)) g(t) be integrable on I for Lebesgue measure, 
in which case the relation (13) holds. 

The first part of the statement follows from the fact that the formu- 
la (12) is valid for every function f € #(G(I)); for, the support of the 
function t ++ f(G(t)) is contained in an interval K CI on which g is 
integrable, by virtue of the above remarks, and it suffices to apply Prop. 8 
to K. The second part is a consequence of Th. 1 of No. 2. 


6. Decomposition into slices. Inverse image of a measure under a 
local homeomorphism 


Let X be a locally compact space, 7 a mapping of X into a locally 
compact space T, p a positive measure on T, A:tt+ ; ascalarly essen- 
tially y-integrable and vaguely u-measurable mapping of T into .4;(X). 
Let v= f A: du(t). If Az is carried by 7 (t) for every t € T, the equality 
v = f Az: du(t) is said to be a decomposition into slices (or a disintegration) 
of v relative to 7. This concept will be studied in detail in Ch. VI. 


PROPOSITION 10. — With the above notations, suppose that a is 
v-measurable. Let g be the function t + AF(1) on T. For wm to be 
v-proper, it is necessary and sufficient that g be locally p-integrable, in which 
case 


(14) n(v) = 9° H. 


We begin by arguing on the assumption that g is finite locally y-almost 
everywhere; we will rid ourselves of this auxiliary hypothesis at the end of the 
proof. Since 7 is by hypothesis v-measurable, to say that a is v-proper is 
equivalent to saying that v*(fo7) <+oo for every function f € %4(T); 
g being finite locally almost everywhere, we are under the conditions for 
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applying assertion c) of Prop. 5 of §3, No. 2. Therefore 
[rona= [due [ roma= f toanan, 


from the fact that A, is concentrated on z(t). We know that g is 
p-measurable, since A is p-adequate (§3, No. 1, Def. 1). To say that the 
first member is finite for every f € .#4(T) is therefore equivalent to saying 
that g is locally p-integrable (§5, Prop. 1), and in this case (14) follows at 
once from the above relations. 

It therefore only remains to eliminate the auxiliary hypothesis. If g is 
locally p-integrable, then g is finite locally p-almost everywhere, and the 
hypothesis is indeed satisfied. Let us assume that a is v-proper, and let 
us show that g is finite locally almost everywhere. Let A be the p-dense 
set of compact sets K such that A|K is vaguely continuous; since g is 
measurable, we are reduced to showing that every compact set K € R 
such that g|K = +oo is p-negligible. Now, let # be the set of func- 
tions h € #4(X) such that h <1; set gn(t) = r4(h), denote by Ap, the 
p-adequate mapping tt> h- Az, by vp», the integral of A,, and by f an 
element of .#4(T) such that f > yx. Applying formula (14) to A, , which 
does satisfy the auxiliary hypothesis, we obtain: 


[itomar> [ifenan= f fondu. 


But the functions f gn|K form an increasing directed set of continuous 
functions on K , whose upper envelope has the value +00; by Dini’s theorem 
(GT, X, §4, No. 1, Th. 1), one can choose h so that fon|K is greater than 
or equal to an arbitrary positive number 7, and it follows that [(fom) dv > 
nu(K). Since the first member is finite because 7 is v-proper, it then follows 
that w(K) =0. 


COROLLARY 1. — Suppose that 7 is v-measurable. 

a) If NCT is locally p-negligible, then 7 (N) is locally v-negligible. 

b) If f is a u-measurable mapping of 'T into a topological space G, 
then fom is v-measurable. 

We take up again the notations A, , v_, gp of the end of the preceding 
proof: v, being a bounded measure for every h € #, 7 is vp-proper, gp is 
locally p-integrable, and m(vp_,) = gn: , a measure with base yw. It follows 
that N is locally negligible (resp. that f is measurable) for the measure 


m(vp) (85, No. 3, Cor. 1 of Prop. 3 and Prop. 4). Consequently 7 (N) is 
locally negligible (resp. f oa is measurable) for the measure 1, (Cor. 2 of 
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Prop. 2, resp. Prop. 3). Finally, one notes that the measures »;, form an 
increasing directed family of positive measures whose supremum is v, and 
one applies Cor. 1 (resp. Cor. 2) of Prop. 11 of §1, No. 4. 


COROLLARY 2. — Suppose that a is v-proper; let f be a mapping 
defined on T, with values in a Banach space or in R. For fon to be 
essentially v-integrable, it is necessary and sufficient that gf be essentially 
p-integrable. 

Taking into account Prop. 10, this follows immediately from Th. 1 of 
§5, No. 3 and Th. 1 of No. 2. 


Example. — Let X and T be two locally compact spaces, and let 7 be 
a local homeomorphism of X into T. In other words (GT, I, §11, Exer. 25), 
we assume that every point x € X admits a neighborhood V such that 
n|V is a homeomorphism of V onto a neighborhood of z(x) ; if necessary 
replacing V by a relatively compact open neighborhood W of « such that 
W CV, one deduces that the set Y of relatively compact open subsets U 
of X, such that n|U is a homeomorphism of U onto its image, is an open 
covering of X. Now let be a positive measure on T; if U is an element 
of Y, then 7(U) is an open set in the compact space 7(U), therefore is 
a locally compact subspace of T, and one knows how to define the measure 
p|(U) induced by 4 on x(U) (Ch. IV, 85, No. 7). Let vy be the image 
of y|7(U) under the homeomorphism inverse to 7|U ; we are going to show 
that there exists one and only one measure v on X that induces the measure 
Vy on every open set U € Y. This measure is called the inverse image of 
under the local homeomorphism 1 , and is denoted 7 (u) - 

The uniqueness of v follows at once from the principle of localization 
(Ch. III, §2, No. 1, Cor. of Prop. 1). To establish existence, we note that 


if t€ T, then every point xz € T(t) admits a neighborhood that intersects 


7(t) only at the point x, so that 7 (t) is a discrete subspace of X, and 
that the family (¢,) ay is summable; we denote its sum by A;. We next 
ren 


show that the mapping t+> , is scalarly essentially p-integrable, and that 
its integral v = [ Ay dyu(t) is the sought-for inverse image. This will result 
at once from the following lemma: 


Lemma. — a) Let f be an element of #4(X); the function tr A.(f) 
is positive, upper semi-continuous, with compact support, and its restriction 
to m(X) is continuous. 

b) Let U be an element of YW, v the integral of the scalarly essentially 
p-integrable function t+ Az; the image of the measure y|U under |U 
is equal to p|(U). 

To establish a), one may reduce by means of a partition of unity (Ch. III, 
§1, No. 2, Lemma 1) to the case that the support S of f is contained in 
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an open set U € Y. Let g be the mapping t+ A,(f); |U being a 
homeomorphism, g|7(U) belongs to #4 (7(U)) , consequently ((U) being 
an open set in 7(X)) the restriction of g to 1(X) is continuous. Since g is 
positive and the restriction of g to the compact set 7(S) is continuous, one 
sees that g is upper semi-continuous on T. It follows that g is ju-integrable. 

To establish b), denote by g an element of .#(7(U)), by g° its exten- 
sion by 0 to T, by f the function go(n|U), and by f° the extension by 0 
of f to X. The assertion b) is equivalent to the equality f g° du = f f° dv. 
But f € #(U), therefore f° € .#(X), and the second integral is there- 
fore equal to f Ax(f°) du(t). Finally A.(f°) = g°(t), which completes the 
proof. 


We now observe that 7(X) is open in T, hence is si-measurable; the 
mapping A:t+>+ ; is vaguely u-measurable, because its restriction to each 
of the sets ™(X) and (7(X) is vaguely continuous. Under these conditions, 
the formula 7 (Ut) = f{ A: du(t) defines a decomposition into slices of 7 (jt) 
relative to 7, and Prop. 10 yields the following result: 

PROPOSITION 11. — Let a be a local homeomorphism of a locally com- 
pact space X into a locally compact space 'T, and let ys be a positive measure 
on T. Let n be the numerical function that associates to every t € T the 
number of elements of T(t) if this number 1s finite, and +00 in the con- 
trary case. For m to be 7 (|) -proper, it is necessary and sufficient that n 
be locally ps-integrable, in which case 


(15) m(m(y)) =m. 


87. INTEGRATION WITH RESPECT TO AN INDUCED MEASURE 


1. Integration with respect to an induced measure 


Let X bea locally compact subspace of T, a positive measure on T, 
and px the measure induced on X by yp (Ch. IV, §5, No. 7). For every 
t € T, let us define a measure 4; on X_ in the following way: A; = & if 
teX, »» =0 if te CX. For every finite numerical function g defined 
on X, fg(x)dA:(z) = g(t) if te X and fg(x)d\(z) = 0 if te CX. 
If g is a function in .(X) we therefore have, by the definition of px , 


(1) uxc(g) = f(g, eb dul). 
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This means that one can write 
(2) ux = i: rz dyu(t) 


(§3, No. 1). 

Let us now define a mapping a of T into X by setting a(t) =t for 
t€X,and x(t) =to fort €€X, to being an arbitrary point of X; one can 
write 4 = yx(t)ex) for every t € T. The mapping 7 is p-measurable, 
because its restrictions to X and (X are (Ch. IV, §5, No. 10, Prop. 16); it 
follows at once that the pair (7,yx) is -adapted (§4, No. 1). We therefore 
have the following results: 


PROPOSITION 1. — For every numerical function g >0 defined on X, 


(3) [sdux= [oa 


(cf. §5, No. 3, Example, for the notation ff ). 
Taking into account the preceding remarks and (2), the relation (3) 
follows from Th. 1 of §4. 


COROLLARY 1. — For every subset B of X, wS(B) = °(B); for B 
to be locally ux-negligible, it is necessary and sufficient that B_ be locally 
p-negligible. 

COROLLARY 2. — Let M be a subset of T. If w is concentrated on M, 
then x is concentrated on MNX. 


COROLLARY 3. — For the measure [x to be zero, it is necessary and 
sufficient that X be locally u-negligible. 

Remark. — If S is the support of , then SMX (which is closed in X) 

contains the support of x by Cor. 2, but may be distinct from it. For example, 

if w is a diffuse measure and X is a subspace reduced to a point, then the induced 


measure [1x is zero, hence its support is empty. Note, however, that the support 
of ux is equalto SNX if X is open in T. 


PROPOSITION 2. — For a mapping g of X into a topological space to 
be ux-measurable, it is necessary and sufficient that g be u-measurable in X 
(§5, No. 3, Example). 

This follows from Prop. 3 of §4. 


COROLLARY. — For a subset B of X to be px-measurable, it is neces- 
sary and sufficient that B be u-measurable. 


THEOREM 1. — Let g be a function defined on X, with values in R 
or in a Banach space. For g to be essentially ux-integrable, it is necessary 
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and sufficient that g be essentially u-integrable in X (§5, No. 3, Example), 
in which case 


(4) [etux= [ey 


This follows from Th. 2 of §4. 


COROLLARY 1. — For a subset B of X to be essentially px -integrable, 
it is necessary and sufficient that it be essentially p-integrable, in which case 


x (B) = w(B). 
COROLLARY 2. — Let g be a complex function defined on T and locally 
p-integrable; the restriction gx of g to X is then locally ux -integrable, and 


(5) (9° M)x = 9x Ux. 


This follows at once from Th. 1, applied to the functions fgx 
(f € #(X;C)), and the definition of the measure induced on X by a 
complex measure (Ch. IV, §5, No. 7). 


COROLLARY 3. — Let 6 be a complex measure on T; then 
(6) lx = |@x|. 


Set |@] = u and apply Cor. 2 on taking g to be a complex function 
of absolute value 1 such that 6 = g-p (85, No. 5, Cor. 3 of Th. 2); then 
#x = gx ‘px; but gx is a function of absolute value 1, and the formula (6) 
follows from Prop. 2 of §5, No. 2. 


Remarks. — a) Cor. 3 has already been proved by another method (Ch. IV, 
§5, No. 7, Lemma 3). 

b) By virtue of Cor. 3, the corollaries 1,2,3 of Prop. 1, Prop. 2, Theorem 1 
and its corollaries 1,2 extend at once to a complex measure. 


Scholium. — For every function f (resp. g) defined on X (resp. T) 
with values in the Banach space F or in R, let us denote by ¢(f) (resp. p(g)) 
the extension by 0 of f to T (resp. the restriction of g to X). Then 
C(oe(g)) = vx -g, p(C(f)) = f. We denote by py’ the measure 
yx: pon T. For every P € [1,+00], Props. 1 and 2 2 imply that ¢ 
maps Bix ux) into Yp(T,p’), and that p maps Y,(T, 1’) onto 
L P(X, ux), with preservation of norm in both cases, as well as of the in- 
tegral when p = 1 (Th. 1); passing to the associated Hausdorff spaces, 
we obtain two isomorphisms inverse to each other. Similarly, if ¢ and p 
are applied to positive numerical functions, the essential upper integral is 
preserved (Prop. 1). Thus, if we agree to identify a function on X with 
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a function on T that is zero on X— T, aud the wweasure vx with the 
measure yp’, problems concerning induced measures are reduced to prob- 
lems concerning measures defined by densities, treated in §5. This sort of 
reasoning is applicable to complex measures as well, by Cor. 3 of Th. 1. 


2. Properties of induced measures 


PROPOSITION 3. — Let X be a locally compact subspace of T, and X 
a complex measure on X. The following properties are equivalent: 

a) the canonical injection 1: X > T 1s A-proper; 

b) for every compact subset K of T, KNX is essentially -integrable; 

c) every point t € T admits a neighborhood V such that VN X is 
essentially -integrable; 

d) there exists a measure 9 on T such that 0x =X. 

If these equivalent conditions are satisfied, we have, with notations as 
in d), 


(7) (i()) = and i(d) = i(0x) = ox -8. 


The injection i being continuous, the equivalence of the properties a), 
b) and c) follows from Prop. 1 of §6, and the remark that follows it, applied 
to the positive measure |A|. If A is induced on X by a measure @ on T, 
then |A| = |@|x (formula (6)), consequently |A|(K MX) = |@\(KNX) < 
|0|(K) < +00 (Prop. 1) for every compact subset K of T, so that d) im- 
plies b). Suppose that a) is satisfied, and let us show that (i(A)), =A, 
which will imply d). Let g be an element of .#(X;C); denoting by g’ the 
extension by 0 of g to T we have, by the definition of induced measure 
and then hy Pron. 7 of 86, No 4 


[oar = fo’ ain) = [(oiar= f gaa. 


This completes the proof of the equivalence of the four properties. If 4 = 0x 
and g € £#(T;C), then 


[satitx)) = (oon) a(x) = f aex a0, 


because gyx is the extension by 0 of got to T. This proves the second 
formula of (7). 


COROLLARY 1. — If X is closed, then every compler measure A on X 
is induced by a measure on T. 
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For, if K is a compact set in T then KMX is compact, hence A-inte- 
grable. 


COROLLARY 2. — Let 6 be a complez measure on T, 7 a 0-proper 
mapping of T into a locally compact space Y , and tx its restriction to X. 
Then mx is 0x-proper, and mx(0x) = m(px - 8). 

For, ™x = 701, where 7 is the canonical injection X — T. When 6 
is positive the corollary may therefore be deduced from Prop. 3 and the 
transitivity of image measures (§6, No. 3, Prop. 4). The case of a non- 
positive complex measure then follows by linearity. 


PROPOSITION 4. — Let X and Y be two locally compact subspaces of T 
such that Y C X. If @ is a complex measure on T, then the measure (0x)y 
induced by 0x on Y is equal to Oy (‘transitivity of induced measures’). 

It suffices to observe that if g is an element of .#(Y;C), then the 
extension by 0 of g to T may be obtained by extending by 0 the extension 
by 0 of g to X, or again, making use of the identifications of the Scholium, 
that yy -6 = py(yx - 8) (85, No. 4, Prop. 8). 


PROPOSITION 5. — Let (Aa)aea be an increasing directed family of 
positive measures on T, admitting a supremum 2, and let X be a locally 
compact subspace of T. The family of induced measures Na|X is then 
bounded above in M(X), and 


(8) sup(Aa|X) = A|X. 
acA 


In view of the identifications in the Scholium, this proposition is a special 
case of Prop. 5 of 85, No. 4. 


COROLLARY. — Let (ui)iey be a summable family of positive measures 
on T, with sum ww. The family of induced measures pi |X is then summable, 
and 


(9) So (ui|X) = pI|X. 
iE] 


PROPOSITION 6. — Let A:t++ 4 be a -adequate mapping of T into 
M,(X), where X is a locally compact space that is countable at infinity, 
and let Y be a locally compact subspace of X. Set {rx du(t) =v. The 
mapping tr AY of T into M,(Y) is then p-adequate, and 


(10) Jo du(t) =v Y. 


Taking into account the identifications in the Scholium, this proposition 
is a special case of Prop. 7 of §5, No. 4. 
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§8. PRODUCTS OF MEASURES 


1. Interpretation of the product measure as an integral of measures 


Throughout this section, T and T’ denote two locally compact spaces, 
pL a positive measure on T, p’ a positive measure on T’, and v=p@p' 
the product measure on X = T xT’ (Ch. III, §4, No. 1). 


For every t € T, the mapping ¢t’+ (t,t’) of T’ into X is continuous 
and proper. Let »; be the image of y’ under this mapping; 2; is a positive 
measure on X, andif f € #(X) then, denoting by f; the partial mapping 
t' + f(t,t’), we have 


(1) fram f teen’, 


which is also expressed by the relation A; = €; ® py’. 

Moreover, the mapping t+ »;(f) is continuous, with compact sup- 
port (Ch. III, §4, No. 1, Lemma 2), therefore the mapping t+ , of T into 
Md (X) is vaguely continuous (and, a fortiori, vaguely y-measurable); conse- 
quently, the family of measures t+> i, is -adequate (§3, No. 1, Prop. 2a)). 
The integral of f with respect to the measure f Aj; dyu(t) is by definition 


[raul = f aul of ee )dy' (t y= [ ree) 


(Ch. III, §4, No. 1, Th. 2); thus v = f X, du(¢) 

Similarly, for every element t’ € T’, let Ay be the image of y under the 
mapping tt (t,t’) of T into X. The mapping t’+ , is y’-adequate 
and vaguely continuous, and v = f Ay dy’(t’). We shall need the following 
lemmas: 


Lemma 1. — For every numerical function f >0 defined on X, 


(2) [tean' = [rar 


Since t' + (t,t’) is a continuous and proper mapping, this follows from 
Prop. 2 of §4, No. 2. 
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Lemma 2. — Let f be a mapping of X into a topological space. For f 
to be \.-measurable, it is necessary and sufficient that f, be u'-measurable. 
This is a consequence of Prop. 3 of §6, No. 2. 


Lemma 3. — Let f be a function defined on X, with values in R or in 
a Banach space. For £ to be Xj,-integrable, it is necessary and sufficient that 
f, be pu'-integrable, in which case 


(3) ; pant = i: fd, 


This follows from Th. 2 of §4, No. 4, on taking into account the fact 
that t’ + (t,t’) is continuous and proper. 


Remark. — Lemmas 1,2,3 can be proved very simply without making use 
of the results of §§4 and 6, by a direct argument. For example, the relation (2) 
is obvious by definition if f € “(Tx T’). If f is lower semi-continuous on 
X = T x T’, it suffices to observe that t’ ++ f(t’) is the upper envelope of the 
functions t’ +> g(t’) = g(t,t’), where g runs over the set of functions in (X) 
such that 0 < g < f. Finally, for arbitrary f, one notes that if h > f is 
lower semi-continuous on X, then t/ ++ A(t,t’) is lower semi-continuous on T’; 
and conversely, if t’ ++ u(t’) is lower semi-continuous on T’ and is such that 
u(t’) > f(t,t’) for all t/ € T’, then the function h such that A(t,t’) = u(t’), 
h(ti,t’) = +00 for t; # t’, is lower semi-continuous on X and satisfies h > f. 
Once Lemma 1 is proved, one deduces from it that the set (T — {t}) x T’ is 
X,-hegligible, and it is then every easy to prove Lemmas 2 and 3. 


The relation (3) permits denoting its two members by f f(t, t’) dy’(t’) 
without risk of confusion. The analogous results obviously hold for the 


measures Ay =  @ Ep. 
Instead of the notations 


[redewe, ff eotnante), [teryavtet), 


we shall employ the notations 


/ / “Fé dy(t) du'(t’), / ip ; f(t,t’) du(t) du’ (t’), / / f(t, t’) du(t) du’ (t’), 


consistent with the notations adopted in Ch. III, §4, No. 1. 

The interpretation of the measure vy as an integral fd; du(t) will allow 
us to translate the results of §3 into the language of product measures. On 
the other hand, the measure ; is carried by {t} x T’ = pr ,(t), so that this 
integral defines a decomposition of v into slices, relative to the projection 
pr, of T x T’ onto T (86, No. 6). Before giving a list of the results so 
obtained, here is a useful property: 
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PROPOSITION 1. — Let (Ha)aca (resp. (4g) gen ) be a summable family 
of positive measures on T (resp. on T’), with sum denoted by pw (resp. 
by w’). The family (Ua ®'g)(a,8)eAxB 18 then summable on T x T’, and 


(4) exp = > pe ® Ug. 
(a,B)EAXB 


These properties are obvious when A and B are finite. It follows that 
if A’ (resp. B’) is a finite subset of A (resp. of B), then 


SS Ha B Hg <pOp’. 
(a,8)€A! xB’ 


The family (4a ® fg) is therefore summable. To show that the two 
members of (4) are equal, it suffices to prove that the second member satisfies 
the characteristic property of product measures (Ch. III, §4, No. 1, Th. 1), 
which is shown by the following calculation. 

Let f be an element of .%.(T), f’ an element of .%4(T’); recall that 
f@f' denotes the function (t,t’) + f(t)f’(t’) on T xT’, which belongs to 
H,(T x T’) (A, II, 87, No. 7). Then, by the definition of product measures, 


So ae Bug, f@FY= SY) (Coes F) ue» f’)) 


(a,B)EAxB (a,B)EAxB 
= (Def) (Ss, f'Y) 
acA BEB 


= (uf), f’) 
= (uO, fef'). 


2. Functions measurable with respect to a product of two measures 


PROPOSITION 2. — Let f be a v-measurable function defined on TXT", 
with values in a topological space G, and let M be the set of t€ T such 
that the mapping t’ +> f(t,t’) is not p'-measurable. 

a) If f is constant on the complement of a v-moderated subset of TxT’, 
then M is p-negligible. 

b) Jf ’ is moderated, then M is p-negligible. 

The assertion a) follows from Prop. 4b) of §3, No. 2 and the remarks of 
No. 1. To treat b), note that py’ is the sum of a sequence ju;, of bounded 
measures (§2, No. 3, Prop. 4); f is measurable with respect to w@yy, <v, 
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and the set M is the union of the sets M, associated with the measures j/, 
(§2, No. 2, Prop. 2). One is thus reduced to the case that p’ is bounded, 
which follows from Prop. 4c) of §3, No. 2. 


This statement extends immediately to complex measures (Ch. III, §4, No. 2, 
Prop. 3). 


COROLLARY. — Let A be a v-measurable subset of Tx'T’, and let M be 
the set of t€ T such that the section A(t) of A at t is not p’-measurable. 

a) If A is v-moderated, then M is p-negligible. 

b) If the projection of A on T’ is w'-moderated, then M is locally 
p-negligible. 

The assertion a) follows immediately from Prop. 2. To establish b), 
denote by B a set, the union of a sequence of z/-integrable open sets in T’ , 
that contains the projection of A on T’, and denote by yu the moderated 
measure ~p - yt’; since A is measurable with respect to u@pi < wey’, 
Prop. 2 implies that A(t) is y\-measurable, except for ¢t forming a locally 
-negligible set. But since A(t) C B, to say that A(t) is y-measurable is 
equivalent to saying that A(t) is y’-measurable (§5, No. 3, Cor. of Prop. 4). 


PROPOSITION 3. — Let f be a mapping of T into a topological space F . 
If f is u-measurable, then the mapping (t,t’) + f(t) is v-measurable. 
Conversely, if pu’ #0, and if this mapping is v-measurable, then the func- 
tion f is u-measurable. 

The first assertion follows from Cor. 1 of Prop. 10 of §6, No. 6. Suppose 
that py’ #0, denote by py, a nonzero measure with compact support that 
is bounded above by yu’, by 4 the measure  ® y,, and set a = || ||. 
The projection pr; of T x T’ onto T is then 14-proper, and the image 
measure pr,(¥,) is equal to ap (§6, No. 6, Prop. 10). If (¢,t’) 1 f(t) 
is y-measurable, then it is also v;-measurable, therefore f is measurable 
with respect to the measure ay (§6, No. 2, Prop. 3), whence the result 
since a £0. 


The preceding statement extends immediately to complex measures (Ch. III, 
84, No. 2, Prop. 3), as do the following corollaries. 


CoroLLary 1. — Let F, F’ and G be three topological spaces, and 
let u be a continuous mapping of F x F’ into G. Let f (resp. f’) be a 
function defined on T (resp. T’) with values in F (resp. F’) and measurable 
for yw (resp. yu’). Then the function (t,t’) > u(f(t), f(t!) is measurable 
for p@p'. 

The mappings (¢,t’) +> f(t), (t,t!) > f’(’) being v-measurable by 
Prop. 3, this follows from Th. 1 of Ch. IV, §5, No. 3. 
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CoROLLARY 2. — If ACT and A’ CT’ are measurable (for wu 
and pu’, respectively), then A x A’ is measurable for 1® p’. 
This follows at once from Cor. 1. 


COROLLARY 3. — Consider two positive numerical (resp. complez- 
valued) functions f defined on T and f’ defined on T’. If these func- 
tions are measurable for uw and yw’, respectively, then the function 


FOF (tt) fOF(E) 


is measurable for w@ p'. 

The case of complex functions, or of finite real functions, is an immediate 
consequence of Cor. 1. To treat the case of positive numerical functions, for 
every integer n > 0 we set f, = inf(f,n), f, = inf(f’,n), and we have 
(with the usual convention 0-(+oo) =0) f @ f’ =sup(f, ® f/), whence 

n 


the result. 


PROPOSITION 4. — Let A be a subset of T. If A is locally p-negligible, 
then A x T’ is locally v-negligible. Conversely, if A x T’ is locally 
v-negligible and if pu’ #0, then A is locally p-negligible. 

The first assertion follows from Cor. 1 of Prop. 10 of §6, No. 6. To 
establish the second assertion, let us take up again the notations in the 


proof of Prop. 3; A x T’ = pry (A) is locally negligible for the measure 1 , 
therefore A is locally negligible for au (§6, No. 2, Cor. of Prop. 2), whence 
the result since a £0. 


The preceding statement extends at once to the product of two complex mea- 
sures (Ch. III, §4, No. 2, Prop. 3), as does the following corollary. 


COROLLARY. — If the measure ps (resp. py’) is concentrated on M 
(resp. M’), then w@yp’ is concentrated on M x M’. 

For, (T x T’) — (Mx M’) is the union of the sets (T — M) xT’ and 
T x (T’ — M’), which are locally negligible for x yu’ by Prop. 4. 


3. Integration of positive functions 


Recall that we have agreed to define the product 0- (+00) to be equal 
to 0. This convention has in particular the following consequence: if f 
is a numerical function > 0 defined on a locally compact space equipped 
with a positive measure \, then A*(af) = a-A*(f) for every constant a 
such that 0 < a < +oo. This is obvious if a = 0; if a = +co, then 
A*(af) = a-A*(f) =0 or A* (af) = a- A*(f) = +00 according as f is 
A-negligible or not; finally, if 0 < a < +00, one knows that A*(af) = a-A*(f). 
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PROPOSITION 5. — Let f be a numerical function > 0, lower semi- 
continuous on T x T’. Then, the function 


Be ‘, “f(tst!) dy (t") 


is lower semi-continuous on T, and 


@) [fre eyautyau'e) = [ae ) {Hee ay’). 


This is a consequence of Prop. 2 of §3, No. 1, taking into account 
Lemma 1 of No. 1. 


COROLLARY 1. — Let f (resp. f’) be a lower semi-continuous func- 
tion >0 defined on T (resp. T’); the function f @ f’: (t,t!) f(t) f(t) 
is then lower semi-continuous on T x T’, and 


[[sor@amate= (roam) (freracey. 


Let G (resp. G’) be the set of functions g € .#4(T) (resp. 
g € #4(T’)) such that g < f (resp. g’ < f’); then 


fef'= sup g@q@J. 
gEG, g’EG’ 


Since the functions g®qg’ belong to %4(T xT’), f @ f’ is indeed lower 
semi-continuous, and (6) follows at once from Prop. 5 (or directly by passage 
to the limit in the preceding formula). 


COROLLARY 2. — Let A be a p-moderated subset of T, and A’ a 
'-moderated subset of T’; then A x A’ is v-moderated in T x T’. 

In view of the definition of moderated set (§1, No. 2, Prop. 5), it suffices 
to show that if B is an integrable open set in T, and B’ an integrable open 
set in T’, then the open set B x B’ is integrable. This follows at once from 
Cor. 1. 


COROLLARY 3. — Let A be a p-negligible subset of T, and let B’ be a 
'-moderated subset of T’; then A x B’ is v-negligible. 

For, A x B’ is locally v-negligible (Prop. 4) and v-moderated (Cor. 2), 
hence is v-negligible (§1, No. 2, Cor. 1 of Prop. 7). 


Cors. 2 and 3 may be extended to the product of two complex measures, on 
applying the statement to their absolute values (Ch. III, §4, No. 2, Prop. 3). 
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PROPOSITION 6. — Let f be a numerical function > 0 defined on 
T xT’. Then 


ae F (t,t) du(t) du'(t > [aut Omics) du (t 


This follows from Prop. 3 of §3, No. 2, on taking (2) into account. 


PROPOSITION 7. — Let f be a v-measurable positive numerical function 
defined on T x T’. 

a) If f is v-moderated, then the functions t > f ¥ f(t,t’) du'(t’), 
t' + f*f(t,t’) du(t) are measurable and moderated for ~ and wp’, respec- 


tively, and 
[fseeraue ante) = Pane [reeyau'e) 


(7) ee 
= fate) [Hee due. 


b) If the measure p' is moderated, then the function t+ f° f(t,t') du’ (t’) 
is -measurable, and 


® | “Feed. ayte) = [auto f° see) au'@). 


The assertion a), as well as the assertion b) when p’ is bounded, are 
consequences of Prop. 5 of §3, No. 2. To treat the case that py’ is moderated, 


let us represent yp’ asasum )_> py, of asequence of bounded measures (§2, 
nen 


No. 3, Prop. 4). The function tr f° f(¢,t’) dus,(t’) is then y-measurable, 


and 
/ f(t,t!) du(t) dy, (t') = ‘ y(t) / f(tyt!) dy,(t’). 


But w@p' = >> (w@uy!,) (Prop. 1); the assertion b) is then obtained by 
neN 
summing on n (82, No. 2, Prop. 1). 


COROLLARY 1. — Let H be a subset of T x T’, and let A be the set 
of t€T such that the section H(t) of H at t is not p'-negligible. 

a) If H is v-negligible then A is u-negligible. 

b) If H ts locally v-negligible and p' is moderated, then A is locally 
p-negligible. 

The property a) follows at once from Prop. 7 (or from Prop. 6). Under 
the hypotheses of b), it comes to the same to say that H(t) is locally 
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w’-negligible or that it is y/-negligible, since p’ is moderated (§1, No. 2, 
Prop. 7). Thus property b) follows from the formula (8). 


This corollary extends at once, by passage to absolute values, to the product 
of two complex measures. The same is true for the following corollary: 


COROLLARY 2. — If a set AC Tx’ is v-integrable, then the sec- 
tion A(t) of A at t is p’-integrable for almost every t € T, the function 
th pl’ (A(t) is p-integrable, and 


(9) (a) = fw (A()) du). 


PROPOSITION 8. — For every pair of numerical functions f > 0 
f' >0 defined on T and T’, respectively, 


ao) ff seorerauoarie) = (f° st ante») (free). 


We begin by treating the case that and p’ are measures with compact 
support; the same is then true of 4 @ py’, and all of the symbols [*, {f° 
may be replaced by upper integrals. By Prop. 6, 


il "f(t)f'(t!) dult) dul(t!) > / “du(t) | “(t)f'(t) dy'(t') 


= (fre an()) (f'rera'ey) 


To establish the reverse inequality, let us choose a function h > f (resp. 
h' > f'), the lower envelope of a sequence (h,) (resp. (hi,)) of lower semi- 
continuous functions, such that 


/ “a(t) du(t) = i "F(t) du(t) 


(resp. f *ni(t) dul (t! | * f(t) du’ (t! )); the existence of such functions 
follows immediately from the definition of upper integral (Ch. IV, 81, No. 3, 
Def. 3) and Lebesgue’s theorem. Applying Prop. 7 to the measurable func- 
tion h@h’, we have 


/ [sos f(t)f'(t’) du(t) du’ (t ey ic t)h'(t') du(t) du’ (t’) 
= ( ye ie) aut) ( ie We) dul) 
7 ( if “F(t) an()) ( / “re) de) 
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which is the sought-for inequality. Thus the proposition is established when 
p and p’ are measures with compact support. To treat the general case, 
it suffices to represent p (resp. ’) as the sum of a family (Ua)aca (resp. 
(4g)acB ) of measures with compact support (§2, No. 3, Prop. 4), write the 
formula (10) for each measure pa ® wz, and sum on (a, 3), taking into 
account Prop. 1 (§2, No. 2, Prop. 1). 


COROLLARY 1. — With notations as in Prop. 8, 


0 [Prorwavae- (frome) ([roaee) 


except possibly when one of the factors of the second member is equal to 0 
and the other is equal to +oo. 

When the two factors of the second member are finite, the functions f 
and f’ are moderated (§1, No. 2, Prop. 7), therefore the function f ® f’ is 
moderated (Cor. 2 of Prop. 5); the above equality therefore reduces to the for- 
mula (10) (§1, No. 2, Prop. 7). When one of the factors of the second member 
has the value +oo and the other is not zero, then the second member has 
the value +oo, and the above equality follows from Prop. 6. 


COROLLARY 2. — Let f and f’ be two functions with values in C or 
in R, defined on T and T’, respectively, and essentially integrable (resp. 
integrable) for the measures and p', respectively. The function f® f' is 
then essentially integrable (resp. integrable) for the measure “4 ® w', and 


19 [Jroreransany=(Jroa0)([romie) 


When f and f’ are positive, f@f’ is measurable by Cor. 3 of Prop. 3, 
and the statement follows from formula (10) (resp. (11)) and the criterion for 
essential integrability (§1, No. 3, Prop. 9) (resp. the integrability criterion of 
Ch. IV, §5, No. 6, Th. 5). The general case then follows immediately. 


Corollary 2 extends at once to the product of two complex measures. 


4. Integration of functions with values in a Banach space 


THEOREM 1 (Lebesgue-Fubini). — Let f be a function defined on 
T x T’, with values in a Banach space F or in R; let N be the set of 
t€T such that the function t'+> f(t,t’) is not p’-integrable. 

a) Suppose that f is v-integrable; then N is p-negligible, the function 
tro f£t(t,t’)dy'(t’) (defined for t ¢ N) is p-integrable, and 


a3) ff eceeyaue aye) = f due f eee) ante). 
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b) Suppose that f is essentially v-integrable, and that the measure p' is 
moderated; then N is locally p-negligible, the function t+ f{ f(t,t’) dy'(t’) 
(defined for t ¢ N) ts essentially j-integrable, and (13) holds. 

The assertion a) follows at once from Th. 1 of §3, No. 3. To estab- 
lish b), let us denote by g a v-integrable function equal to f locally almost 
everywhere, and by H the set of (¢,t’) such that f(t,t’) 4 g(t,t’). By 
Cor. 1 of Prop. 7, the section H(t) is y’-negligible, except for t € T forming 
a locally p-negligible set. The result pertaining to f may then be deduced 
from the statement a) applied to g. 


Scholium. — Let f be a function defined on T x T’, with values in R 
or in a Banach space, that is v-measurable and v-moderated. For the three 
integrals 


[fr (t, t’) du(t) dy’ (t ), | duce ) fe (t, t’) du'(t ), fau'e) [ety ante) 


to exist and be equal, it is necessary and sufficient that one of the two numbers 


[rae ) Peeenae), fare ) fie.) duce 
be finite. 


This is an immediate consequence of Th. 1, Prop. 7 and the integrability 
criterion (Ch. IV, §5, No. 6, Th. 5). 


Remarks. — 1) When the measure yp’ is not moderated, it can happen 
that f is essentially v-integrable and the function t’ +> f(t,t’) is not essentially 
p’-integrable for any value of t € T (§3, Exer. 4). 

2) Let w and yp’ be two complex measures, and let v = p@uy’. If f is 
v-integrable (in other words, |v|-integrable), then application of the theorem to the 
measures |j| and |y’|, whose product is |v| (Ch. III, §4, No. 2, Prop. 3), implies 
that t’+> f(t,t’) is y’-integrable for y-almost every t. From this one deduces, on 
decomposing the measures yp» and yp’ as a linear combination of positive measures, 
that the statement of a) extends to complex measures. One can argue similarly 
for b). 


PROPOSITION 9. — Let F, F’ and G be three Banach spaces, and 
let (x,y) + [x-y] be a continuous bilinear mapping of F x F’ into G. 
Let f (resp. f’) be a function defined on T (resp. T’) with values in F 
(resp. F’) and essentially integrable for js (resp. ys’). Let g be the function 
(t,t') + [f(t) -f’(t’)]; then g is essentially integrable for u@ wu’ , and 


04 [feo ronaoscer-[(Jea) (fee) 


If, moreover, f and f’ are integrable, then g is integrable. 
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The function (¢,t’) + [f(¢) - f’(t’)] is (uw @ p’)-measurable by Cor. 1 of 
Prop. 3. On the other hand, if b denotes the norm of the bilinear mapping 
(x,y) + [x-y], then 


[fee Pen due aut) <0 [fol ee) duce aw) 
=o(f olan) (fee au'(t)) 


by virtue of Prop. 8. This shows that [f(t) -f’(¢’)] is essentially integrable 
for u®p' (§1, No. 3, Prop. 9). Suppose that f and f’ are integrable: then 
f and f’ are moderated, and g is moderated (Cor. 2 of Prop. 5) therefore 
integrable (§1, No. 3, Cor. of Prop. 9). In this case the formula (14) follows 
from the Lebesgue-Fubini theorem and the linearity of the integral (Ch. IV, 
§4, No. 2, Th. 1). To complete the treatment of the case that f and f’ are 
essentially integrable, one then applies (14) to two integrable functions f;, 
and f;, equal locally almost everywhere to f and f’, on observing that 
[f - f’] = [f, - £{] locally almost everywhere in T x T’ (Prop. 4). 


This result extends to the product of complex measures. 


5. Operations on the product of two measures 


PROPOSITION 10. — Let g (resp. g’) be a complex function (or a 
function with values in R.) defined on T (resp. T’). 

a) If g (resp. g’) is locally integrable for (resp. ps’), then the function 
g98q' : (t,t') + g(t)g’(t’) is locally integrable for v = 1 p’, and 


(15) (g-W OQ -v')=(98g'):-(U@p’). 


b) Conversely, if g® 4g’ is locally v-integrable, and if g’ is not locally 
t’-negligible, then g is locally y-integrable. 

a) Let K and K’ be two compact subsets of T and T’, respectively; 
Cor. 2 of Prop. 8 shows that the function (¢,t’) + g(t)g’(t’)yxxx(t,t’), 
equal to (gyx) ® (9’~xK’), is v-integrable. Consequently, g ® g’ is locally 
v-integrable. One then verifies immediately that the second member of (15) 
satisfies the characteristic property of product measures (Ch. III, §4, No. 1, 
Th. 1). 

b) Now suppose that g@gq’ is locally v-integrable, and that g’ is not 
locally '-negligible. Let pz; be a positive measure with compact support 
such that wi < uw; g @g’ being (1 @ p’)-measurable, t + g(t)g'(t') is 
j41-measurable except for a locally y’-negligible set of values of t’ (Prop. 2). 
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Since g’ is not zero locally p’/-almost everywhere, from this we deduce that 
that g is 1;-measurable, then p-measurable on decomposing pz into a sum 
of a family of measures with compact support (§2, No. 3, Prop. 4 and §2, 
No. 2, Prop. 2). Having established this point, we may reduce to the case 
that g and g’ are >0, on replacing g and g’ by their absolute values if 
necessary. Let K be any compact subset of T, and let K’ be a compact 
subset of T’ such that f gp: du’ #0. By Prop. 8, 


(/ wex du) (/ g' Px ay’ = ff (9 @9')vKx« dudp’ < +00. 


The first factor of the first member is therefore finite, and this completes the 
proof. 


This proposition extends to complex measures, thanks to Prop. 3 of Ch. III, 
§4, No. 2. 


PROPOSITION 11. — Let a (resp. 1’) be a mapping of T (resp. T’) 
into a locally compact space T, (resp. T} ). 

a) If m (resp. 1’) is -proper (resp. pu'-proper), then the mapping mx’ 
is (u® p')-proper and (mx n')(u@p') =7(w) @n'(u'). 

b) Conversely, if mx nm’ is (4 @ p’)-proper and p’ # 0, then m is 
p-proper. 

a) For, 7 x 7’ is (x p’)-measurable by Cor. 1 of Prop. 3 of No. 2. On 
the other hand, if K (resp. K’) is a compact subset of T; (resp. T’ ), then 


Y ae 
T (K) and 7z’(K’) are essentially integrable for 4 and wy’, respectively, 


‘¢ zi 
therefore 7(K) x m’(K’) is essentially integrable for ~ @ p’ (Cor. 2 of 
Prop. 8). This proves that mx 1’ is (uw x w’)-proper. Now let pi, = m(p), 
M=w (Ww), 1 =(t xa )\(w@p); for fe “(T1) and f’ € #(T}), we 
have 


/ | f(m(t)) f(n'(t")) dqi(t) dy!(t") 


= ( / F(n(t))du() ( F'(n')) au) 


(Cor. 2 of Prop. 8), which proves that 1 = p, ® uw (Ch. IL, §4, No. 1, 
Th. 1). 

b) Now suppose that mx’ is 1 @y’-proper and that py’ #0. Let py 
be a measure < y with compact support. The function a x 7’ being 
measurable for p; @ py’, the mapping t +> (x(t),7’(t')) is u-measurable 
except for t’ forming a locally p’-negligible set (No. 2, Prop. 2). Since 
uw’ #0, it follows that 7m is 4;-measurable, and finally that 7 is y-measurable 
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(§2, No. 3, Prop. 4 and §2, No. 2, Prop. 2). It remains to show that 
ue(fom) < +00 for every function f € #,(Ti). If yu is zero, this prop- 
erty is obvious. If yu is not zero, then neither is  @ p’, consequently 
(x x m’)(u@ p’) £0 (§6, No. 2, Cor. 1 of Prop. 2). By Lemma 1 of Ch. III, 
§4, No. 1, there exist two functions g € #4(T1), 9’ € #4(T{) such that 


(ax m')(u@ p'),9 @g') £0. 


This expression being equal to (u® p’,(go7) ®(g’o7’)) by the definition 
of image measures, Prop. 8 implies that ’*(g' om’) #0. We then have, by 
Prop. 8 and by Prop. 2 of §6, No. 2, 


(f roman) (fon ie) [[ fone! on)duay 
= [[ Fas) a(x ®)(u@n)) < 400. 


The first integral in the first member is therefore finite, which completes the 
proof. 


This result extends at once to the product of two complex measures (apply the 
statement to their absolute values). The same is true for the following proposition. 


PROPOSITION 12. — Let X (resp. X’) be a locally compact subspace 
of T (resp. T’). Then, the induced measure (4 @ w')xxx: on the locally 
compact subspace X x X' of T xT’ is equal to the product px @ py, of 
the measures induced on X and X' by w and yp’, respectively. 

For, if f € #(X) and f’ € #(X’), then 


[for eraneane = (f roan) (feat) 


by Cor. 2 of Prop. 8, which proves, by the definition of induced measures 
(Ch. IV, §5, No. 7) that 


(u®@ w')xxx! = Ux @ py 
(Ch. III, §4, No. 1, Th. 1). 


6. Integration with respect to a finite product of measures 


The preceding results may be extended without difficulty to a product 
of a finite number of measures. For example, let T ,,T2,T3 be three lo- 
cally compact spaces, 4; a positive measure on T; (i = 1,2,3), and let 


INT V.92 INTEGRATION OF MEASURES 88 
V = [1 ® fa ® pg _be the product measure on T = T; x Tp x T3. Let f 
be a v-integrable function with values in R or in a Banach space; a first 
application of the Lebesgue-Fubini theorem shows that, except at points 


(t;,t2) € T, x Tz forming a negligible set (for p41; @ fz), the function 
tz ++ f(t, t2,t3) is w3-integrable, the function 


ene / £(ty, ta, ts) dus(ts) 


defined almost everywhere in T, x T2, is (141 ® f/2)-integrable, and 


[ff steer tot) = ff dutty) duotte) [ £(¢atasta) duals). 


A second application of the same theorem shows that, for almost every 
ty € T,, the function to f f(t1,t2,t3) dug(t3) is defined almost every- 
where in Ty» and is p2-integrable; moreover, the function 


tbh [ euatta) | (tr tayts) dualta), 


defined almost everywhere in Tj, is j11-integrable, and 


One proves similarly that, for almost every t; € T,, the function 
(to, t3) + £(t1, te, tz) is (ug ® wg)-integrable, that the function 


ty ke i f(t, te, t3) du(te) dui3(ts) , 


defined almost everywhere, is ju)-integrable, and that 


[ff tetrstaste) dott tat) = [euntts) ff #ttast0,t0) dutta) dat) 


We leave to the reader the task of generalizing in the same way the 
other results proved above for the product of two measures. 
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7. Application: Measure of the Euclidean ball in R” 


Let be Lebesgue measure on R, and py, Lebesgue measure on R”, 
the product of n factors equal to 4. We propose to calculate the measure 
Vn = Mn(Bn) of the Euclidean unit ball. By Cor. 2 of Prop. 7, 


+41 
(16) Vn =f bn—1(Bn(Zn))dzn - 


Now, the section B,(zp) is the subset of R"~! defined by the relation 
n—-1 
> 2? < 1-22, in other words, it is the transform of the ball B,_1 by the 
i=1 


homothety with ratio \/1— 22. But it follows immediately from Prop. 11 


and the formula 
+00 +00 


a f(ax) dx = f(z) dz 


—0o — 


for f € #(R), that the image of u»_1; under the homothety x ax is 
the measure a1~"pin_1. Therefore 


Hn-1(Bn(2n)) = (VI=22)” Va. 


Substitution in (16), and making the change of variable z, = siny (with 
—= <v< fF), yields 


42 z 
(17) Ve= Vn f ° cos” pdp = 2Vn_1 [ cos” ydy. 
0 


= 
2 


But (FRV, Ch. VII, §1, No. 3, formula (20)) 


and on substituting in the relation (17) and taking into account the expres- 
sion for (5) (FRV, VII, §1, No. 3, formula (21)), one obtains finally 


n/2 


Exercises 


§1 


1) Show that if f and g are two numerical functions > 0, then 


u*(sup(f,g)) + u*(inf(f,9)) < u*(f) + H°(9) 


(cf. Ch. IV, §1, Exer. 1). 


2) Show that, for every function f > 0 defined on T, the mapping w+ p*(f) 
of @4(T) into R is lower semi-continuous for the quasi-strong topology (Ch. III, §1, 
Exer. 8; cf. Ch. IV, §1, Exer. 6 6)). Under what condition is this mapping continuous? 


q 3) a) Let (fa)aea be a family of numerical functions > 0, directed for the 
relation <, such that the mapping t+> (fo(t)) of T into R4 is aiinessirable, Let f 
be the upper envelope of the family (fa). Then f is u-measurable and 


(1) eae wn [ fo dp. 


b) Let (fa)aea be a family of numerical functions > 0 defined on T and having 
the following property: for every compact subset K of T and every « > 0, there exists 
a compact set K’ C K such that p(K — K’) <« and such that the restrictions to K’ 
of all the functions f are lower semi-continuous. Let f be the upper envelope of the 
family (fa). Show that f is measurable and satisfies the relation (1). 

Give an example of a mapping t+ (fa(t)), satisfying the above condition, that is 
not p-measurable. 
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4) Let T and yp be the locally compact space and measure defined in Exer. 5 of 
Ch. IV, §1. 

a) Show that py is the supremum of a sequence of measures with finite support, but 
that p* # w®, and that yu is not moderated. From this, deduce that Prop. 11 becomes 
false when the symbol f * therein is replaced by f ie even when the set A is countable. 

b) For every real number y, let fy be the characteristic function of the set reduced 
to the point (0,y) of T. Show that the mapping t+ ( ful) yer is y-measurable, but 


that if f = sup fy then w*(f) = +00 and sup p*(fy) =0. 
yEeR yEeR 


5) Let (un) be a sequence of positive measures on T that converges quasi-strongly 
to uw in (T) (Ch. III, §1, Exer. 8). 

a) Show that if a mapping f of T into a topological space G is jzn-measurable for 
every 7, then it is u-measurable (make use of Exercise 6 6) of Ch. IV, §1). 

b) Let f bea mapping of T into a Banach space F,, that is essentially n-integrable 
for every n. Show that if the sequence (°(|f|)) is bounded, then f is essentially 
p-integrable (Exer. 2). Show by means of an example that one does not necessarily have 
f fd = lim f fdun (take for fn a point measure on a compact space, such that 

n—-oo 


lim ||4n|| = 0); however, this relation holds when f is bounded and has compact support. 


6) Let & be a y-dense set of compact subsets of T. Let f be a function defined 
on T,, with values in a Banach space F, such that fyx is y-integrable for every K € &. 
If the integrals f fyx du havea limit in F with respect to the directed set & (for C), 
then f is essentially p-integrable. 


§2 


1) Let (Aq) be a family of complex point measures on T. For the family (Aq) 
to be summable in the vector space .@(T;C) equipped with the vague topology, it is 
necessary and sufficient that the family (|Aq|) be so. 


2) Let (An) be asequence of complex measures on T. For the sequence (An) to be 
summable in .@(T;C) equipped with the vague topology, it is necessary and sufficient 
that, for every function f € .#(T), the series with general term An(f) be absolutely 
convergent (make use of the Banach-Steinhaus theorem; cf. TVS, III, §4, No. 2, Cor. 2 
of Th. 1). 


3) Let T be the compact interval [0,1] of R; for every integer n > 0, let An be 
the measure 


1 
fr ai f(x) sin 2nrzx dx 
"Jo 


on T. Show that, in the space .@(T) equipped with the vague topology (or with the 
quasi-strong topology (Ch. III, §1, Exer. 8)), the sequence of measures (An) is summable, 
but the sequence (|An|) is not. (Observe that if an = n-An(f) then > a2 < +00, 


n 
by making use of Bessel’s inequality, and deduce from this that ‘> |An(f)| < +00 by the 
n 


Cauchy—Schwarz inequality.) 
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4) Let ys be a positive measure on T, and (vj)jc; a summable family of positive 
measures on T such that wp < 4. There exists a summable family (s;)ie1 of 


u 
measures on T such that p= De py and p, <, for all ie 1. (Using Prop. 4, reduce 


i 
to the case that T is compact, then to the case that I= N. Then construct the p; by 
induction.) 


§3 


1) Let T be the compact interval [0,1] of R, and let » be Lebesgue measure 
on T. Let X be the locally compact space obtained by equipping the interval [0, 1] 
with the discrete topology. The mapping t +> »% = e¢ of T into -4(X) is scalarly 
essentially integrable, with integral »y = 0. For the constant function f equal to 1 
on X, the formula (6) of Prop. 3 fails. From this, deduce that the mapping t+ Az is 
not pi-adequate. 


2) Let T and yp be the locally compact space and the measure 2 0 defined in 
Exer. 5 of Ch. IV, §1. Take for X the set T equipped with the topology induced by 
that of R?, so that X is locally compact and countable at infinity. Let t +> At be 
the mapping of T into @(X) such that Az = et for t = (0,y), and Ax = ez/n> for 
t = (1/n,k/n”). Show that the mapping t+ Az is p-adequate, vaguely p-measurable, 
not vaguely continuous, and that, if v = f At du(t) and f = yy, where I is the square 
in R? with center 0 and sides 2, then 


/ f(a) dv(z) < / du(t) i f(z) dde(2) = +00. 


3) Let T,T’ be two locally compact spaces, ps a positive measure on T, and p’ 
a positive measure on T’. On the product space X = T x T’, set As = €¢ Oy’, 
Ny = HOE for te T, t’€T’. The mapping t+ rz (resp. t'++ \,) of T (resp. T’) 
into .@(X) is vaguely continuous and p-adequate (resp. p.’-adequate), and 


yanon'= [r ame = f% dp'(t’) 


(Ch. III, §4, No. 1; cf. 88). Take for T the interval [0,1] of R,, for 1 Lebesgue measure, 
for T’ the interval [0,1] equipped with the discrete topology, and for py’ the measure 
on T’ defined by the mass +1 at every point of T’. Let f be the characteristic function 
of the ‘diagonal’ of X (the set of points (t,t), were ¢ runs over [0,1]). Show that f is 
upper semi-continuous and that 


=f ano | Fe) deta) < f f(x) dv(x) = +00 


o- | pears) < [ ao | f(z) dre(z) = 1. 


and 
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4) With the spaces T,T’,X and the measures p,p’,v having the same meaning 
as in Exer. 3, consider the product space Y = T xX X = T x (T x T’), and on Y the 
product measure w = w@v. If, for t€ T, one sets pe = €:@v,onehas w= ff pt du(t) . 
Let H be a subset of T that is not measurable for yw (Ch. IV, §4, Exer. 8), and let A 
be the subset of Y formed by the points (t1,t2,t3) satisfying the conditions t) = t3, 
ta € H. Show that the characteristic function ya, is locally negligible for w, but that 
ya is not pe-measurable for any value of t€ T. 


5) Give an example of a p-adequate family t + Az and a numerical function f 
defined on X, such that f is A¢-measurable for all t € T but is not measurable for the 


measure v = fre du(t) (take X=T and Xx =e forall te T). 


6) a) Show that in all of the results of §3 in which the concept of a vaguely continuous 
mapping t+ > 4 intervenes, one can replace this hypothesis by the following: for every 
function g € #%1(X), the function t++ ¢(g) is lower semi-continuous on T. 

b) Consider a scalarly essentially integrable mapping t+ rx of T into 4(X) 
that satisfies the following condition: 

For every compact subset K of T and every ¢ > 0, there exists a compact set 
Ki C K such that w(K — Ki) < € and such that the restrictions to K, of all the 
functions t+ (f,At), where f runs over #4(X), are lower semi-continuous. 

Show that the mapping tt> A; is p-adequate. 


7) a) Let A:t++ 2 beascalarly essentially integrable mapping of T into .44(X), 
and let v= f At du(t) . Show that for every lower semi-continuous function f > 0 defined 


on X, 
i f(a) dv(x) < / du(t) ‘| f(x) dd2(a) . 


b) Suppose that A is p-pre-adequate, denote by yu’ a positive measure < yp, and 
write w= pity", v= f At du’ (t) . Deduce from a) that, for every lower semi-continuous 
function f 20 that is v-integrable, 


if f(a) dv'(x) = i dy’ (t) / F(z) dre(z). 


Extend this result to a lower semi-continuous function f 20 that is y-moderated. From 
this, deduce that if v is a moderated measure (in particular, if X is countable at infinity), 
then A is p-adequate. 


8) Let A:tt+¢ bea mapping of T into .44(X). 

a) Let p,...,4n be measures on T, and w = wi+-::+ pn. For A to be 
p-adequate, it is necessary and sufficient that A be p;-adequate for every i (make use of 
the decomposition lemma). 

b) Suppose that yw is the supremum of an increasing directed family (f4;)ie1. For A 
to be y-adequate, it is necessary and sufficient that A be p;-adequate for all i € I and 
scalarly essentially p-integrable. 

c) Suppose that y is the sum of a summable family (14;)j;¢3 of positive measures. 
For A to be p-adequate, it is necessary and sufficient that A be y;-adequate for all j € J 
and that A be scalarly essentially p-integrable. 

d) For A to be p-adequate, it is necessary and sufficient that A be scalarly essentially 
p-integrable and that A be p’-pre-adequate for every measure p’ < y with compact 
support. 
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9) a) Let T and X be two locally compact spaces, €}(T) the convex cone of all 
positive continuous functions on T, and V a mapping of .#4(T) into @,(T) having 
the following properties: 


Vift+g)=VfF+Vag — if fig © #4(X) 
V(tf) = t(Vf) if fe #4(X), teR,. 


Show that there exists a unique diffusion A of T into X such that Af = Vf for all 
f € 4(X). Show that this result is again true if the cone @;(T) is replaced by the 
cone of lower semi-continuous functions on T that are positive and locally bounded (cf. 
Exer. 6). 

b) Suppose that the topology of X admits a countable base. Show that the above 
result is again true if the cone @;(T) is replaced by the cone of universally measurable 
functions on T that are positive and locally bounded. 


10) Let T,X,Y be three locally compact spaces that are countable at infinity, 
A:tt Az adiffusion of T into X,and H: r+ nz adiffusion of X into Y; A and H 
are said to be composable if the function A(Hg) is locally bounded on T for every 
g € 4#4(Y). Show that if A and H are composable, then »; belongs to the domain 
of H for all t € T, and the mapping t+> A¢H is a diffusion of T into Y. Extend to 
this situation the formulas (15) (Prop. 13). 


11) Let t+ Az bea p-adequate mapping of T into -#4(X) satisfying the following 
condition: for every compact subset K of T, there exists a compact subset Lx of X 
such that Supp(A:) C Lx for all te K. 

a) Show that for every function f >0 defined on X, 


il see) dota) > f ante) [1 dete 


(make use of Prop. 3 a)). 

b) If f 20 is locally v-negligible, then the set of t € T such that f is not locally 
At-negligible is locally p-negligible. 

c) If f is a v-measurable mapping of X into a topological space X , then the set of 
t€T such that f is not \z-measurable is locally p-negligible. 


d) For every v-measurable function f > 0, the mapping t f fdrt is 


p-measurable and 
Hf playa) = f ante) [ 12) arte. 


e) Let f be a function defined on X, with values in a Banach space or in R, and 
essentially v-integrable. Show that the set of t € T such that f is not A¢-integrable is 
locally p-negligible, the function t + Ee f(x) dAt(x) (defined locally almost everywhere 
for 2) is essentially y-integrable, and 


[re dv(x) = owe fre dA1t(z). 
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1) Let T and X be two compact spaces, 7 a continuous mapping of T into X, 
and g a continuous and finite numerical function defined on T. For every x € X, 


let f(z) be the infimum of g(t) on the set w(x). Give an example where f is not 
continuous. (Take T = [0,1] in R, and for 7 the canonical mapping of T onto the 
quotient space X obtained by identifying 0 and 1 in T.) 


2) Let X and v be the locally compact space and the measure defined in Exer. 5 of 
Ch. IV, §1; let f be the characteristic function of the set D of points (0,y) in X. Show 


that, in the following two cases, v = f g(t)én(t) du(t) and 


i F(x(t)) g(t) du(t) < i f(a) du(x) = +00. 


a) Take T = X, and for p» the measure defined by the mass logn/n? at each of 
the points (1/n,k/n?). Take for 7 the identity mapping, and g defined by the following 


conditions: 
9(0,y) =0, g(1/n,k/n?) = 1/logn; 


g is continuous, but g(t) > 0 does not hold for every t€ T. 

b) Take for T the set X equipped with the discrete topology, and for » the measure 
defined by the same masses as v. Take g(t) = 1 for all ¢, and for 7 the identity mapping: 
the latter is continuous, but not proper. 


§5 


1) Let T and X be two locally compact spaces, ~ a measure > 0 on T, A: tr At 
a p-adequate mapping of T into .@4(X), and g a function locally integrable for the 
measure v = f At du(t). Give an example showing that if X is not countable at infinity, 
g may not be locally Az-integrable for any value of t (cf. §3, Exer. 4). 


2) Let g be a positive function on T, measurable and essentially bounded for p, 
and let v = g-y. Show that if a function f defined on T, with values in a Banach space 
or in R. is p-integrable, then f is v-integrable. (Observe that v < ap for some constant 
a > 0, and make use of Prop. 15 of Ch. IV, §1, No. 3.) 


3) Let X be a locally compact space, A: t+ Az~ and A’:t+ XA two p-adequate 
mappings of T into @+(X), and let v = af At dp(t), vu’ = f Xi, du(t). Show that if, 
locally almost everywhere for , A; is a measure with base ;, then v’ is a measure 
with base v. (Consider a v-negligible compact subset K of X. It is A¢-negligible locally 
almost everywhere, hence A/-negligible locally almost everywhere. Apply Prop. 5 of §3.) 


4) a) Let » be a moderated measure > 0 on T. Show that there exists a function 
h > 0, continuous on T, such that h- py is bounded and is equivalent to » (argue as for 
Prop. 11). 

b) Let (un) be a sequence of moderated measures > 0 on T. Show that there 
exists a measure yp > 0 on T such that each un has base py (reduce to the case that 
each of the fn is bounded). 


5) Let p,o be two atomic measures on T, and let M,N be the smallest sets 
carrying |p| and |o|, respectively. For p and o to be alien, it is necessary and sufficient 
that MNN = JS. From this, deduce an example of an atomic measure v on the interval 
I= [0,1] of R, such that I is the support of v+ and of v~. 
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6) a) Let p be a positive measure on T. If AC T is universally measurable and 
not locally p-negligible, show that there exists a positive measure v carried by A such 
that v #0 and v <p. (Take vy = yx - pu, where K is a compact subset of A that is 
not p-negligible.) 

b) Let M be a universally measurable subset of T. In order that a positive meas- 
ure \ on T be carried by M, it is necessary and sufficient that A be alien to every 
positive measure carried by CM (make use of a)). 

c) Deduce from 6) that the measures p on T,, such that |p| is carried by M, form 
a band in .#(T). This band is vaguely closed in .@(T) if M is a closed subset of T 
(Ch. II, §2, Prop. 6). 

d) Show that Lebesgue measure on I = [0,1] is the vague limit of a sequence 
of atomic measures carried by a fixed countable set A C I (cf. Ch. III, §2, Th. 1 and 
Prop. 13). The band of measures carried by A is therefore not vaguely closed. 


4 7) a) Let w bea positive measure on T, and let A be a p-integrable set such 
that u(A) > 0. Show that if, for every p-integrable set B C A, either p(B) = 0 or 
u(B) = (A), then there exists a point a € A such that pu({a}) = (A). (Consider 
the intersection of the compact sets K C A such that w(K) = p(A); show that it is 
nonempty, has measure equal to y(A), and reduces to a single point.) 

b) Suppose that jp is a diffuse measure. For every p-integrable set A such that 
u(A) > 0, and every « > 0, show that there exists a p-integrable subset B of A such 
that 0 < p(B) <.« (observe, with the help of a), that there exists a y-integrable subset C 
of A such that 0 < p(C) < 5u(A) ). From this, deduce that when X runs over the set 
of printegrable subsets of A, the set of values of u(X) is the closed interval [0, u(A)] 
(for every number ( such that 0 < 6 < p(A), let y be the supremum of the measures 
of the measurable subsets X of A such that p(X) < §; first show that y = @, using the 
preceding result, then prove that there exists an increasing sequence (Xn) of measurable 
subsets of A such that lim u(Xn) = 8). 

n— Co 


{ 8) a) Let v be a positive atomic measure on T, and let A be a v-integrable 
subset of T. Show that the set of values of v(X), as X runs over the set of v-integrable 
subsets of A, is closed in R. (Let M be the smallest set carrying v. Assuming AMM 
infinite and arranging the points of AMM in a sequence (an), consider the mapping y 
of the product space {0,1}N into R defined by y((en)) = S>env({an}), and show 

n 


that it is continuous.) 

b) Deduce from a) and Exer. 7 b) that if ys is any positive measure on T, and A 
is a p-integrable subset of T, then the set of values of u(X), as X runs over the set of 
p-integrable subsets of A, is closed in R. Extend this result to the case that yw is any 
real measure on T. 

c) Deduce from Exer. 7 b) that if yu is a diffuse real measure on T’, then the set of 
values of u(X) = wt(X) — w(X), where X runs over the set of |y|-integrable subsets 
of T, is a closed interval of R (bounded or not). 

d) Give an example of an atomic positive measure yv on a noncompact locally 
compact space T, such that the set of values of v(X), where X runs over the set of 
v-integrable subsets of T,, is not closed (take v to be such that inf v({t}) > 0). 

€ 


9) Let and v be two alien positive measures on T. Show that, for every num- 
ber p such that 1 < p < +00, the topological vector space L?(T, +1) is isomorphic 
to the product space of the topological vector spaces L?(T,u) and L?(T,v). 


10) a) Let yu be a diffuse positive measure # 0 on a locally compact space T. 
Show that there exists in 1(T,) a sequence of functions fy such that Ni(fn) =1 
for all n and such that the sequence of diffuse measures fn + converges vaguely to 
a point measure €a. From this, deduce that L1(T,) (hence also L©(T,,)) is not 
reflexive. 
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b) Let v be an atomic positive measure on T, whose support is infinite. Let A 
be the smallest set carrying v, B a countable infinite subset of A, and A the measure 
yp -v. Show that the dual of L©(T,A) is not separable, hence cannot be isomorphic 
to L1(T, A) (cf. TVS, I, §2, Exer. 1). 

c) Deduce from a) and 6) that, for a positive measure yz on a locally compact 
space T to be such that L1(T,) is reflexive, it is necessary and sufficient that the 
support of yu be finite (make use of Exer. 9). 


{ 11) Let S be a compact Stone space (Ch. II, §1, Exer. 13 f)); a positive measure 
on § is said to be normal if, for every increasing directed family (fa)eea of continuous 
functions on S that is bounded above in @(S) , and whose supremum in the fully lattice- 
ordered space @(S) is f (which supremum is not necessarily equal to the upper envelope 
of the family (fa)), one has u(f) = sup (fa). A real measure » on S is said to be 

acA 


normal if the positive measures A+ and A~ are normal. 

a) For a positive measure 4 on S to be normal, it is necessary and sufficient that 
every nowhere dense subset A be p-negligible (to see that the condition is necessary, 
consider the sets in S containing A that are open and closed; to see that the condition 
is sufficient, observe that the upper envelope and the supremum in @(S) of an increasing 
directed family (fa) that is bounded above are equal on the complement of a meager 
set (cf. Ch. II, §1, Exer. 13 f)). From this, deduce that the support of yu is both open 
and closed. 


b) Let be a normal positive measure on S, f a ys-measurable numerical function, 
and g the largest lower semi-continuous function on S that is < f. Show that f and g 
are equal almost everywhere for pu (cf. Ch. IV, §5, Exer. 16 b)). From this, deduce that 


° = 
for every p-measurable subset A of S, A— A and A—A are p-negligible. 
c) Show that, in the Banach space .#(S) of measures on S, the set of normal 
measures is a closed linear subspace and is a band for the fully lattice-ordered space 
structure of 4(S). 


g 12) A compact Stone space H is said to be hyperstonian if the union of the 
supports of the normal positive measures on H (Exer. 11) is dense. 

a) Let T bea locally compact space, ws a positive measure on T. Show that there 
exists an isomorphism ut 6, of the Banach space L®(T,) onto the space @(H) 
of continuous real-valued functions on a hyperstonian space H, such that 6f = + (cf. 
Prop. 14 and Ch. II, §1, Exer. 13). 

b) Let H be a hyperstonian compact space, and let (t.),¢1 be a family of normal 
positive measures on H such that the union of the supports of the py, is dense in H. 
Show that, for a set to be nowhere dense in H, it is necessary and sufficient that it be 
p,-negligible for all » € I (observe that if A is p.-negligible, then so is A (Exer. 11 6)). 
Deduce from this that in a hyperstonian space, every meager set is nowhere dense. 

c) The hypotheses being the same as in b), show that if f is a numerical function 
j.-measurable for all 4 € I, there exists a continuous function g on H such that f and g 
coincide on the complement of a nowhere dense set (use b) and Exer. 11 6)). 


d) Let H be a hyperstonian space. Show that there exists a family (Ga)aca of 
nonempty open and closed subsets of H , pairwise disjoint, whose union T is dense in H, 
and such that for every a € A, there exists a normal positive measure fq on Gq with 
support Gq (apply Zorn’s lemma to the set of families of normal positive measures on H 
whose supports are mutually disjoint, and use Exer. 11 a)). Let ys be the measure on T 
whose restriction to each Go is ta (Ch. III, §2, Prop. 1). Show that the mapping that, 
to every function f € @(H), makes correspond the class in L®(T,) of its restriction 
to T, is an isomorphism of the Banach space @(H) onto L©(T, 4) (use c) to show that 
the mapping is surjective). 
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q{ 13) Let T be a locally compact space, ys a positive measure on T, and (fn) a 
sequence of functions in @1(T,); set fn = fn and, for every y-measurable set A, 


bn(A) = wt (A) — by (A) = i fn dp. 
A 


a) Show that if T is not compact, it can happen that the sequence (fn) is not 
bounded in .£1(T,) but the sequence of integrals if fngdp is bounded for every 
gEX(T). 

b) Show that if the sequence (un(A)) is bounded for every subset A of T re- 
duced to a point and for every open set A such that the measure induced by p on 
the boundary of A has finite support, then the sequence (fn) is bounded in #!, or, 
what amounts to the same, the sequence of norms (||jun/||) is bounded. (Show first that 
every point to of T admits an open neighborhood U such that the sequence of num- 
bers |un|(U) is bounded. For this, one argues by contradiction by proving that, in the 
contrary case, one could construct a strictly increasing sequence (n,) of integers, a de- 
creasing sequence (U,) of neighborhoods of to, and a sequence (W;,) of open sets 
quadrable for p (Ch. IV, 85, Exer. 17) having the following properties: U, C Ug-1, 
bwUn — {to}) <1/k, |un,|(Ur — {to}) <1 for i<k, We C Up — Up4i, and finally 


Inn, (We) > +S ny (Wa)l- 
ti<k 


Finally, consider the union W of the W,, to obtain a contradiction (the ‘gliding hump 
method’). Then show by an analogous argument that there exists a compact subset K 
of T such that the sequence |un|(T — K) is bounded.) 

c) Deduce from }) that if, for every open set A of T, the sequence (jn(A)) is 
bounded, then the sequence (fn) is bounded in #?. 

d) On the interval [0,1], if one takes for zn the measure defined by the mass n 
at the point t = 0 and the mass —n at the point t = 1/n, then the sequence (fin(A)) 
is bounded for every open set A that is quadrable for all the measures |j1n|; however, 
the sequence of norms ||/n|| is not bounded. Similarly, if one takes for un the measure 
defined by the mass n at the point t = 1/n and the mass —n at the point t = 1/(n+1), 
then the sequence (jin(A)) is bounded for every interval A contained in [0,1] (hence 
for every finite subset A) without the sequence (||un||) being bounded. 


14) Let @ be a linear form on the space ¥(T,,); in order that 0 be of the 
type fte f fgdu, where g € ¥1(T, 2), it is necessary and sufficient that @ satisfy the 
following conditions: 1° for every € > 0, there exists a 5 > 0 such that the relation 
p*(A) <6 implies |@(h)| < € for every -measurable function h such that |h| < ya; 
2° for every € > 0, there exists a compact set K such that, for every p-integrable set 
BcT—K, one has |O#(yp)| < €. (Use the Lebesgue-Nikodym theorem.) 


15) Let H be a bounded subset of the space #1(T, p), H its canonical image in 
the Banach space L1(T, 1). Show that the following conditions are equivalent: 

a) The following set of two conditions holds: 

a) for every € > 0, there exists a compact set LCT such that eee, lfldu<e 
for all f € H; 

a2) for every ¢ > 0, there exists an 7 > 0 such that, for every open set U of T 
such that p*(U) < 7, one has ie \fldu<e forall feH. 

8) Both condition a1) and the following condition 62) hold: 

2) for every compact set K C T and every ¢ > 0, there exists an open neighbor- 
hood U of K such that Sece lfldu<e forall f cH. 
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7) For every sequence (gn) of functions in “© , uniformly bounded and convergent 
in measure to a function g, one has’ lim f fond = f fgdu uniformly as f runs 
n—-co 


over H. 
6) For every sequence (hn) of functions continuous on T and tending to 0 at the 
point at infinity, uniformly bounded and such that lim hn(t)=0 for every t € T, one 
n—- oo 


has lim 7s fhndy=0 uniformly as f runs over H. 


n—oo 

¢) For every infinite sequence (Un) of pairwise disjoint open sets of T, one has 
lim is fd =0 uniformly as f runs over H. 
n—0o n 

(To show that ¢) implies @) and that @) implies a), use a ‘gliding hump method’ in 
the same way as in Exer. 13 6). Then prove that a) implies +), that y) implies 5), and 
that 6) implies ¢).) 

If it is assumed moreover that, for every t € T such that p({t}) 4 0, the set of f(t) 
is bounded in R as f runs over H, show that the preceding conditions are equivalent to 
the condition: 

6) H is a relatively compact subset of L1 for the weakened topology o(L?,L©). 

(To show that @) implies 8), argue by contradiction, using Smulian’s theorem (TVS, 
IV, §5, No. 3, Th. 2) and a ‘gliding hump method’. To show that a) implies 6), show 
that H is bounded in #1, then apply Eberlein’s theorem (TVS, IV, §5, No. 3, Th. 1), 
and make use of Exer. 14.) 


16) a) Let (fn) be a sequence of functions in #1(T, 1). Show that the following 
conditions are equivalent: 


a) The sequence (fn) is convergent in L! for the weakened topology o(L!,L®). 


B) The set of fn is relatively compact in L! for the weakened topology, and the 
sequence of measures fy - 4 converges vaguely in “@(T). 

) For every open subset U of T, the sequence of numbers f . fndp is convergent 
in R. 

(To prove that 8) implies a), use criterion a) of Exer. 15 and the definition of 
measurable function. To prove that +) implies 8), consider first the special case of the 
space L1(N) (for the discrete measure defined by the mass +1 at each point) using 
Exer. 15 of TVS, IV, §2. In the general case, apply the criterion ¢) of Exer. 15 to reduce to 
the case of L1(N), by associating to each fn the summable sequence ( a fn dt) men -) 


b) Deduce from these results that, in L1, every Cauchy sequence for the weakened 
topology is convergent for that topology. 

c) On the interval T = [0,1], let y2 be Lebesgue measure and, for every integer 
n > 1, let pn be the measure defined by the mass 1/n at each of the points k/n 
(0 <k <n); let v bea positive measure on T such that uw = g-v, un = fn-v (Exer. 4 5)). 
Show that the sequence (jn) converges vaguely to uw, Un(A) tends to u(A) for every 
finite subset A of T and for every open set A such that the measure induced by v on 
the boundary of A has finite support, but that jzn(U) does not tend to y(U) for all of 
the open sets U C T (cf. Exer. 13 8)). 


17) a) Let y be Lebesgue measure on the interval T = [0,+o00[. Show that if 
1<r<s< _+oo, the topologies induced on L” NL® by the weakened topologies of L” 
and L* are not comparable (cf. Ch. IV, §6, Exer. 8). If fn is the characteristic function 
of the interval [n,n + 1], show that the sequence (fn) tends to 0 for the weakened 
topology of all the L? such that p> 1, but not for the weakened topology of L!. 

b) Let A be Lebesgue measure on the interval T = [0,1]. Show that if r < s, 
the weakened topology of L® is strictly finer than the topology on L® induced by the 
weakened topology of L” (cf. Ch. IV, §6, Exer. 8). 
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c) Let pw be the positive measure on a discrete space for which every point has 
measure 1. Show that if 1 < r < s < +00, the weakened topology of L” is strictly finer 
than the topology induced on L” by the weakened topology of L® (Ch. IV, §6, Exer. 9). 


18) Let A be a set contained in L”ML* that is bounded in both L” and L*® 
(1 <r<s< _+oo). Show that for every p such that r<p<s, A is bounded in L?, 
and that the topologies induced on A by the weakened topologies of the L? are identical 
(note that (T) is dense in all of the spaces L? where 1 < q < +00). Show that the 
property ceases to be valid if r = 1 (cf. Exer. 17 a)). 


4 19) Let pz be a positive measure on T. 

a) Let (fn) be a sequence of functions in ¥? (1 <p < +00) bounded in ? and 
convergent in measure to 0. Show that the sequence (fn) converges to 0 in L? for the 
weakened topology. 

b) Give an example of a sequence (fn) of functions in 2 1 bounded in 1! and 
convergent in measure to 0, but such that the sequence ( fn) does not converge to 0 for 
the weakened topology of L! (take to be Lebesgue measure on T = [0,1], and use 
criterion a) of Exer. 15). 

c) Let y be Lebesgue measure on T = [0,1]. Show that, if fn(¢) = sinnt, 
the sequence (fn) converges to 0 for the weakened topology of all the L? such that 
1<p< _+oo, but fn does not converge in measure to 0. 


20) a) Let (fn) be a sequence of functions in £ such that: 1° the sequence 

(fn) converges in measure to 0; 2° for every € > 0, there exists an 1) > 0 such that the 

relation p*(A) <7 implies lim sup fal fn| du < €; 3° for every € > 0, there exists an 
n—-co 


integrable set B such that ie 
converges in mean to 0. 
b) Let y be Lebesgue measure on T = [0,1]. For 1 < p< +00, denote by fn the 


a |fn|du <e for all n. Show that the sequence (fn) 


1 1 
function equal to n2/P in the interval Fest =| , and to 0 elsewhere. Show that the 
n n 


sequence (fn) satisfies the three conditions of a) and that the sequence (Fn) converges 
to 0 for the weakened topology of L? , but not for the topology of convergence in mean 
of order p. 


{ 21) a) Let (fn) be a sequence of functions in #1, such that: 1° lim inf f(t) 20 
n—-oco 


almost everywhere in T; 2° for every € > 0, there exists an 7 > 0 such that the relation 
p*(A) <7 implies lim sup sl fn| dw < €; 3° for every ¢ > 0, there exists an integrable 


n—-oco 


set B such that edie |fnldu < e for all n; 4° lim f fn du = 0. Show that the 
n—-oo 


sequence (fn) converges in mean to 0. (Observe that, for every ¢ > 0, if Cm is the 
set of t€ T such that fn(t) > —e for at least one n >m, then the sequence (Cm) is 
decreasing and has negligible intersection.) 
b) Let (fn) be a sequence of functions in # 1 such that: 1° there exists an inte- 
grable function g such that fn 2g for all n; 2° liminf f,(t) 20 almost everywhere; 
n—-oco 


3° lim sup f fn dp < 0. Show that the sequence (fn) converges in mean to 0. (First 


n—-oo 
show that, for every measurable set A, lim inf f A fn du > 0; then observe that, for every 
n—-oo 


measurable set A, 


limsup | fndu>limsup | fn dw +t lim inf fn du.) 
n—00 noo JA NCO Ira 
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q 22) In the Banach space E=.#1(T) of bounded measures on a locally compact 
space T, let H be a compact set for the weakened topology. 

a) Show that, for every ¢ > 0, there exists a positive measure ue on T such that 
every measure v € H is the sum of a positive measure with base ye and a measure A 
alien to we and of norm < €. (Make use of the fact that the space E, equipped with 
its norm and its order structure, is isomorphic to a space L1(S, p), where S is the union 
of compact Stone spaces and p is a positive measure on S (Ch. IV, §4, Exer. 10), and 
apply in L1(S,p) the criterion a1) of Exer. 15.) 

b) Deduce from a) that there exists a positive measure ys on T such that all of the 
measures v € H_ have base pw (use Exer. 4 b)). 


23) Let be a positive measure on a locally compact space T, p a number such 
that 1 < p< +00, and gq the conjugate exponent. Show that if g is a finite measurable 
function such that, for every function f € ?, the function fg is integrable, then 
g is locally almost everywhere equal to a function in 7. (Show that the mapping 
fr fg of Y? into Y' is continuous, using the closed graph theorem (TVS, I, §3, 
Cor. 5 of Th. 1).) 


24) Let p,q be two conjugate exponents. If B (resp. C) is a bounded subset of L? 
(resp. L9), show that the mapping of B x C into L!, deduced from (f,g) + fg by 
passage to quotients, is not necessarily continuous when L?, L’ and L! are equipped 
with the topologies o(L?,L’), o(L4,L?) and o(L1,L°), respectively (cf. Exer 10). 


4 25) a) If u and v are any two real numbers, prove, for 1 < p < +00, the 
inequality 
[p] 


lu + ol <ul? + poululP-? +a) Jul" ul? + dol, 


r=2 


where a and 6 are two constants depending only on p, and [p] is the integral part of p 
(FRV, ITI, §2, Exer. 6). 


b) Let (Fn) be a sequence that converges to 0 in L? for the weakened topology 
(1 < p < +00). Show that there exists a subsequence (fn,) of (fn) such that, on 
™ n 


setting Sm = ae fn, » one has 
k=1 


 [sm-slem- du| <1 


(define the sequence (nx) recursively). Deduce from this, using a) and Hélder’s inequality, 
that if p > 2 there exist two constants a,b such that 


Ni(|sn|?) < Ni(|8n—1|?) + @ + ONi(|sn—1l?~7), 
and that if 1 < p< 2 there exists a constant c such that 
Ni(|snl?) < Ni(|sn—1|?) +. 


Conclude that 
Np(Sn) = O(n'/?) for p> 2 
Np(sn) = O(n?) for 1<p<2. 


c) Show that the preceding results cannot in general be improved upon (cf. Exers. 
19 and 20 6)). 
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{ 26) Let p1,...,f4m be a finite number of measures on a locally compact space T, 
which one can write in the form ux, = f, ~~, where w is a measure > 0 and |f,| < 1 
(No. 9). 


a) Let ® be a set of functions defined and positively homogeneous on R”™ and 
such that u(fi,...,fm)_ is locally p-integrable for every function u € ®. Show that if a 
sequence (tn) of functions in ® converges uniformly on every compact subset of R™ toa 
function u, then u(f1,...,4m) is the limit of the sequence of measures un(t1,..-, 2m) 
for the quasi-strong topology on .@(T) (Ch. III, §1, Exer. 8). 

b) Suppose that u€ ® is continuous on R™. Show that the mapping 


(H1,-++;Hm) > U(f1,--- 5m) 


of (4(T))™ into .@(T) is continuous for the quasi-strong topology (begin by considering 
the case that u is Lipschitz; then use a) and the Stone-Weierstrass theorem). 

c) Suppose that u is continuous on R™. Let g be any function in “(T), and K 
its support. For every ¢ > 0, show that there exists a finite open covering (A;) of K 
formed of relatively compact sets, such that for every finite open covering (B;) of K, 
finer than (A;), and for every family (h;) of continuous mappings of T into [0,1] such 


that hj has its support in B; and such that yo hj (t) =1 on K, one has 
j 


[ordi tmee- So (forsian fstna) Ke 


j 


(consider first the case that u is Lipschitz and the f, are continuous, then pass to the 
case that u is Lipschitz and the f, are locally integrable, and finally the general case 
using the Stone—Weierstrass theorem). 


d) In R?, let u(xi,22) be the positively homogeneous function equal to \/ x? + x3 


when 21/22 is irrational, and to 0 in the contrary case. Let 4s be Lebesgue measure on 
T = [0,1], and let v be the measure on T defined by dv(t) = tdy(t). Show that if g 


is a continuous function 20 on T, then x uf if gh; dp, ‘ gh; dv) does not tend to any 
j 
limit with respect to the directed set of finite open coverings of the support of g. 


27) Let X bea locally compact space, A:t+> Az ascalarly essentially y-integrable 
mapping of T into .4;(X). Suppose that A is pre-adequate for every measure yxK : LL, 
where K is compact. 

a) Show that A is pre-adequate for every measure ya-4, where A is a p-measurable 
subset of T (consider the compact subsets of A ). 

b) Show that A is pre-adequate for every measure f -, where f is positive, 
p-measurable, and takes on only finitely many values. 

c) Show that A is pre-adequate for every measure f+, where f is sz-measurable, 
between 0 and 1. From this, deduce that A is -adequate. 


28) Let X be a locally compact space, A: t+ At a p-adequate mapping of T into 
M4(X). Let pp’ = g-p bea positive measure with base yz, such that A is scalarly 
essentially y’-integrable. 

a) Show that A is y’-integrable (use Exer. 27 b), or the relation y’ = sup (inf(y’, nu)) 

n 


and Exer. 9 of §3). 
b) Show that v’ = fre du'(t) is a measure with base v = fart du(t) . 
c) Show that the mapping t+> g(t)Az is u-adequate, and that its integral is v’. 
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29) Let X be a locally compact space. Let A:tt+ Az be a p-adequate mapping 
of T into .@,(X). Let g be a function on X, positive, universally measurable, and 
locally bounded. Show that the family t++ g-z is p-adequate, and that 


[oo roaue =a: f rau 


under each of the following conditions: a) g is moderated for the measure f At dp(t) ; 
b) the measures Az are bounded. 


30) a) Let M be a bounded subset of C. Show that the closed convex envelope 
of M is the intersection of the closed disks containing M. 

b) Let X be a locally compact space, 4 a complex measure on X such that 
lu|| = (1) = 1, f a bounded, continuous complex function on X. Show that u(f) 
belongs to the closed convex envelope of f(X) in C. (Use a).) Deduce from this a new 
proof of Prop. 9. : 


31) Let 9 be a complex measure on T, and F a Banach space. 
a) Show that the space Li (T,6;F) is complete. (Write |6| in the form > Ha 


loc 


a 
where (ft) is a summable family of measures > 0 on T whose supports form a locally 
countable family of pairwise disjoint compact subsets. This defines a continuous mapping 
of L! (T,0;F) into TI Li(T, Ha). Let ¥ be a Cauchy filter on L! (T,6;F). Its image 


loc loc 


a 
in I] LL(T, 4a) converges to an element (fa). Show that the fa define a 6-measurable 
a 


function f on T, then that f is locally 6-integrable, and that f is the limit of ¥ in 
Lie(T, 9 F) -) 

b) Let p be a real number > 1. Denote by EY, 0;F) the vector space of 
0-measurable functions f on T with values in F, such that |f|? is locally 6-integrable. 
Equip it with the semi-norms f + ( f \fex|? dl@|)!/P , where K runs over the set of 
compact subsets of T. Let Li <(T,9;F) be the associated Hausdorff space. Show that 
this space is compete. (Same method as in a).) 


§6 


1) Let T and X be two locally compact spaces, ws a positive measure on T,, 
® a continuous and p-proper mapping of T into X, and let vy = m(p). 

a) Show that for every numerical function g > 0, defined and lower semi-continuous 
on X, go7 is lower semi-continuous on T and v*(g) = p*(gom). 

b) Show that if f is a v-integrable function with values in a Banach space, then for 
is p-integrable and f fdv = f (f o 2) dw. Is the converse valid without a supplementary 


condition (cf. §4, Exer. 2b))? 


4 2) Let T and X be two locally compact spaces, # the set of proper continuous 
mappings of T into X, equipped with the topology of compact convergence. Let H bea 


subset of # such that, for every compact subset K of X, the union of the sets € (K), 
where 7 runs over H, is relatively compact in T. 

a) Show that the mapping (7,A) +> a(A) of Hx -4&(T) into .4(X) is not nec- 
essarily continuous when each of the spaces .4#(T) and .@(X) is equipped with the 
quasi-strong topology (Ch. III, §1, Exer. 8). 
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b) If B is a bounded subset of .@(T), show that the restriction to H x B of the 
mapping (7,A) ++ (A) is continuous when each of the spaces .@(T), @(X) is equipped 
with the vague topology (make use of Prop. 15 of Ch. III, §1). 

c) Show that the mapping (7,A)+> a(A) of Hx.4#1(T) into .#4(X) is continuous 
when .@(T) and .@(X) are equipped with the vague topology (cf. Ch. II, §1, Exer. 10). 

d) Give an example where T = X is compact and the mapping (7,A) + (A) of 
Px MT) into 4(X) = 4(T) is not continuous, when .4(T) is equipped with the 
vague topology (take for T the torus T and use Exer. 2 b) of Ch. III, §4). 


4 3) Let T be a noncompact locally compact space, a positive measure on T, 
and ¥ the group of homeomorphisms of T. Give an example showing that the mapping 
mr+n(u) of Y into (T) is not necessarily continuous when ¥ is equipped with the 
topology of compact convergence and .@(T) with the vague topology (take for T the 
subspace of R formed by 0 and the points n and 1/n (n an integer 21) and for p 
the measure defined by p({0}) =0, p({1/n}) = 1/n?, u({n}) = 1). 


4) For every locally compact space T, let .@°(T) be the subspace of .#(T) formed 
by the real measures with compact support. If T and X are two locally compact spaces, 
and 7 is a continuous mapping of T into X, then w is A-proper and 7(A) € &°(X) 
for every measure A € 4@°(T). Give an example showing that the mapping +> 7(A) 
of .4°(T) into .@°(X) is not necessarily continuous when .@°(T) and .@°(X) are 
equipped with the vague topology (or with the quasi-strong topology (Ch. III, §1, Exer. 8)) 
and that 7 is not a proper mapping (cf. Ch. III, §2, Exer. 1). 


5) a) Let p and o be two positive measures on R.. Show that if p(Ja, b]) = o(Ja, 6) 
for every semi-open interval ]a,b], then p=o. 

b) Let I be an interval of R, with left end-point a and right end-point 6, and 
let w be an increasing finite numerical function defined on I; extend 7% to R in any 
way whatsoever. In order that ~ be proper for the measure y 1 - (1 Lebesgue measure 
on R), it is necessary and sufficient that the following two conditions hold: 1° either a 


is finite, or a@ = —oco and lim 7(x) = —co; 2° either @ is finite, or G = +oo and 
w~*%*~ OO 


lim (x) = +00. 
xZ—>+00 


Suppose these conditions verified. For every y € R, let 6(y) be the supremum 
of the set of z €I such that (x) < y (the supremum being equal to a if this set is 
empty). Show that 6 is a finite numerical function, increasing and right-continuous in R. 
If v is the image of yy-~ under 7, then v(]a,b]) = 6(b) — O(a) for every semi-open 
interval Ja,b] in R. 

c) Conversely, show that for every finite numerical function @, increasing and right- 
continuous in R, there exists one and only one positive measure vy on R such that 
vy (Ja, b]) = 0(b) — O(a) for every semi-open interval Ja,b] of R (the ‘Stieltjes measure 
on R defined by 6’; one writes f f dO instead of f f dv); moreover, every positive 
measure on R may be obtained in this way. Under what condition is the measure v 
diffuse? What is then the image of v under 0? 


6) a) Let K be the Cantor triadic set in the interval [0,1] (GT, IV, §2, No. 5). 
Show that there exist a diffuse positive measure vy on R, with support K and total 
mass 1, and a continuous increasing function 0, defined on R, such that 0(R) =I and 
O(v) = yr: (p the Lebesgue measure; cf. GT, IV, §8, Exer. 16). 

b) Deduce from a) that there exists a diffuse positive measure on R, alien to 
Lebesgue measure, whose support is all of I (in each interval J contiguous to K and 
contained in I, take a measure proportional to the image of v under an affine mapping 
of I onto J; then proceed by recursion). 
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7) Let » be Lebesgue measure on R, I the interval [0,1] of R. If one sets 
O(x) = |x|, 9 is proper for the measure y,- and one has O(y, -u) = yy -w. Give an 
example of a set negligible for yj - 4, whose image under @ is not measurable for yy - u 
(cf. Ch. IV, §4, Exer. 8). 


4 8) Let T be a compact space, yw a diffuse positive measure on T of total mass 1. 


a) Show that there exists a continuous mapping a of T onto E = [0,1] such that 
the image of yw under 7 is the Lebesgue measure on E. (Proceed as in the proof of 
Urysohn’s theorem (GT, IX, §4, Th. 1) by defining, for every t such that 0 <t <1, 
an open set U(t) C T, quadrable for (Ch. IV, §5, Exer. 17), such that U(0) = @, 
U(1) = T, U(t) C U(t’) for t < ¢’, and finally u(U(t)) = t; one uses Exer. 7 of 
§5 to prove that if V,W are two quadrable open sets in T such that V C W and 
u(V) < p(W), then there exists a quadrable open set U such that VC UCUCW 
and such that 


GHW — V) <(U = V) < Sa(W — V). 


Finally, one applies Exer. 5 a).) 

b) Deduce from a) that there exist subsets of T that are not -measurable (Ch. IV, 
§4, Exer. 8), that there exist sequences in -£?(T,) that convergence in mean of order p 
to 0 but do not converge to 0 at any point of T, for 1 < p < +00 (Ch. IV, §3, 


Exer. 1), and sequences (fn) such that (fn) converges to 0 for the weakened topology 
of L?(T,) but does not converge in measure to 0 (§5, Exer. 19). 

c) Suppose, moreover, that T is metrizable. Show that there exist a p-negligible 
subset N of T, a A-negligible subset M of E, and a homeomorphism 7 of E—M 
onto T—N such that, if one extends (arbitrarily) 7 to a mapping y of E into T, 
and «~! toa mapping » of T into E, then y(A) = and (yu) = A. (Using Exer. 17 
of Ch. IV, §5, show that for every integer n > 0, there exists a finite partition of T 
formed by a p-negligible set and by quadrable open sets, of diameter < 1/n (for a metric 
compatible with the topology of T) and of measure < 1/n. Proceeding recursively, 
deduce therefrom, by passage to the limit, the existence of a continuous mapping f of 
E —D into T, where D is a countable subset of E, such that f(A) = 1; show that one 
can arrange that f be a homeomorphism of E —D _ onto a subset of T of measure 1 
(cf. §8. Exer. 14).) 


4 9) Let » and v be two diffuse positive measures on a locally compact space T. 
Show that, for v to be a measure with base s, it suffices that every -measurable subset 
of T be also v-measurable (argue by contradiction using Th. 3 and Prop. 13 of §5, and 
Exer. 8 b) of §6). 


10) In the interval I = JO,1[ of R, define the function g by g(t) = —/n for 


a(- + wa) <t< and g(t) = Vn for ati <t< 3(4 + aa) (n = 1,2,...), and 
extend g by 0 in R —J; g is integrable for Lebesgue measure. Set 


G(x) = ia g(t) dt ; 
ie) 


show that the function f , equal to 1/\/z on [—1,+1] and to 0 elsewhere, which is 
integrable for Lebesgue measure, is such that t+» f(G(t))g(t) is not integrable on I. 
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4 11) The notations are those of No. 5; g isa locally p-integrable numerical function 
on I. 

a) For G to be a A-proper mapping of I into G(I), it is necessary and sufficient 
that the following conditions be fulfilled: 1° the limits G(a+) and G(b—) exist in R; 
2° if G(a+) € G(I) then g is p-integrable on the interval Ja,xo[; 3° if G(b—) € G(I) 
then g is p-integrable on the interval ]zo, b[. 

b) Suppose that the limits G(a+) and G(b—) exist in R. Show that if f is such 
that t++ f(G(t))g(t) is integrable for Lebesgue measure on I, then f is integrable on 
the interval with end-points G(a+) and G(b—) for Lebesgue measure, and formula (13) 
holds. (Reduce to the case that xo is one of the numbers a,b; if, for example, ro = a, 
observe that there exists in I a strictly increasing sequence (bn) tending to b, such that 
the sequence (G(bn)) is either increasing or decreasing; apply Prop. 4 of Ch. IV, §4, No. 3 
and Lebesgue’s theorem). 


{ 12) a) Let g bea finite numerical function defined on a compact interval I = [a,b] 
of R. One calls right-erpansion set (resp. left-expansion set) of g in I the set of x EI 
such that there exists y € I for which x <y (resp. x > y) and g(x) < g(y). Show that 
if g is continuous, then the right- (resp. left-) expansion set of g in I is open in I and 
that, if Ja, 6[ is a connected component! of this set, then g(a) = g(B) and g(x) < g(a) 
for a<2z<f. 

b) Let r1,r2 be two real numbers such that 0 < ri < rg. Let g be an increasing 
continuous function on I; let E’ be the left-expansion set of g(x) — riz in I, E” the 
union of the right-expansion sets of g(x)—r2x in each of the intervals that are the closures 
of the connected components of E’. If 4, is Lebesgue measure on I, show, using a), that 


u(B!’) < — ME’). 


c) One calls the upper and lower right derivates at a point x € I, of a finite numerical 
function f defined on I, the respective numbers 


D7 f(z) = limsup (f(a +h) — f(x))/h 
h—0, h>0 


Dy f(z) = limin€ (fle +h) ~ f(@))/h. 


Similarly, one calls the upper and lower left derivates of f at the point x, the 
respective numbers 


Di f(z) = hin eub (f(a+h) — f(x))/h 


‘D,; f(a) = plein o Fle +h) — f(@))/h. 


Show that if f is continuous and increasing, then the set of z €1 where D7? f(x) = 
+oo and the set of x € I where D, f(z) < Dj f(x) have measure zero for p (for 
every rational number r > 0 (resp. for every pair (71,72) of rational numbers such that 
0<ri < rg), consider the set of « €1 such that D7 f(x) >r (resp. D; f(z) < ri and 


D7 f(x) > r2 simultaneously), and apply b)). From this, deduce that for almost every 
x €lI, f admits a finite derivative (‘Lebesgue’s theorem’) (apply the preceding result also 


to —f(-2)). 


1 Composante conneze, also translated as “component” (GT, I, §11, No. 5). 
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q¢ 13) In a compact interval I= [a,b] of R, let (fn) be a sequence of continuous, 
increasing finite functions, such that fn(a) =0 for all n and such that the sum s(z) = 


co 

> fn(x) is finite on I. Show that there exists a set N C I, negligible for Lebesgue 
n=1 

measure, such that, for every z € I—N, the derivatives f/(x) and s’(x) exist and 


co 

s(x) = oe f(x) (‘Fubini’s theorem’). (Use Exer. 12. Observe that the series with 
n=1 

general term f/ (x) is convergent almost everywhere; setting 


sn(e) = > file), 
k=1 


consider next a subsequence (sn,) such that the series with general term s(x) — sn, (x) 
is convergent on I, and apply the preceding remark to this series.) 


14) Let f be a numerical function defined on a compact interval I = [a,b] of R, 
integrable on I for Lebesgue measure. If one sets F(x) = x f(t) dt, show that F admits 
almost everywhere in I a derivative equal to f (reduce to the case that f > 0; then, 


using Exer. 13, consider successively the case that f is lower semi-continuous then the 
general case (cf. Ch. IV, §4, No. 4, Cor. of Th. 3)). 


15) Denoting by » the Lebesgue measure on R, a point xz € R is said to bea 
density point of a subset A of R if, when h and k tend to 0 through values > 0, the 
quotient p*(ANM [x —h,x+k])/(h+k) tends to 1. Show that the set of points of an 
arbitrary subset A of R that are not density points of A is negligible for 4. (Reduce 
to the case that A is contained in a compact interval [a,b], and consider the function 
sa(x) = p*(AN [a,z]). Take a decreasing sequence (An) of open sets containing A, 
such that the series with general term s,,,(x) — sa(x) is convergent on [a,b], and use 
Exer. 13.) 


16) a) Let g be a function integrable for Lebesgue measure on E = [0,1]. Set 


G(a) = iP g(t) dt; show that at every point x € E where g is continuous, G admits a 


derivative equal to g. 
b) Give an example of a function g that is bounded and is continuous almost every- 
where in E, such that G has no right derivative at the points of an uncountable subset 


of E (cf. FRV, I, §2, Exer. 8). 
1 
c) Show that the function equal to z* sin = for x # 0, and to 0 for x = 0, 


admits a derivative at every point of E, but this derivative is not integrable for Lebesgue 
measure on E. 


2 


17) Let T and X be two locally compact spaces, 7 a continuous mapping of T 
into X. Show that if 7 is y-proper for every positive measure on T, then 7 is proper. 
(Argue by contradiction, using Prop. 7 of GT, I, §10.) 


18) In Prop. 4 b), the conclusion may fail if one omits the hypothesis that 7’ is 


continuous. (Take T=R, T’=R, T” = R;; take for Lebesgue measure, for 7 the 
canonical injection; set m/(x)=a for c€R and z’(+co) =0.) 


19) Let T,X,Y be locally compact spaces, 7: T — X, m’: X — Y mappings, 
nr = mn’ om, p areal measure on T. It can happen that 7 is y-proper and 7’ is 
m(u)-proper, without 7” being y-proper. (Take T = R x {0,1}, X= R, Y = {0}, 
mw = pr,; take for the measure that induces Lebesgue measure (resp. the opposite of 
Lebesgue measure) on R x {0} (resp. R x {1}) canonically identified with R.) 
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20) Let T,X,Y be three locally compact spaces, a positive measure on T, 
tt+ Az a p-adequate mapping of T into #4(X), v= fr du(t), and m a v-proper 
mapping of X into Y. Assume one of the following hypotheses: a) Y is countable at 
infinity and v is moderated; b) Y is countable at infinity and 4 is bounded locally 
almost everywhere in T. Then 7 is A¢-proper locally almost everywhere in T, the 
mapping t+ (Az) is u-adequate, and its integral is equal to (ps). 


21) Let T,X,Y be three locally compact spaces, 7 : T— X, m7’: X > Y 
universally measurable mappings. Then 7’ o 7 is universally measurable. (Let be a 
positive measure on T. To prove that 7’ o7 is -measurable, reduce to the case that T 
is compact and 7 is continuous, and use the fact that 7’ is measurable for 7(j) .) 


22) Let X,Y be two compact spaces, U a continuous linear mapping of the Banach 
space @(X;R) into the Banach space @(Y;R), 7: X — Y a continuous mapping. 
Assume that for every y € Y and every function f € @(X;R), 


iE Ie) SOLS sup f(z). 


7 ( n(x)=y 


Show that under these conditions there exists a vaguely continuous mapping o : y+ oy 


of Y into .#4(X) such that, for every y € Y, oy is carried by 7(y) and one has 
(U - f)(a(a)) = (f,0n(x)) for all x € X; converse. (Consider the transpose 'U.) 
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1) Let X be a locally compact subspace of a locally compact space T. Show that 
for every measure \ on T, the support of the measure Ax is the trace on X of the 
support of the measure yx - X. 

2) Let T be a locally compact space, X a locally compact subspace of T, and p a 
positive measure on T; set v = yx +p = j(ux) (7 the canonical injection of X into T). 

a) Show that every ux-negligible subset of X is v-negligible. 

b) For every numerical function g > 0 defined on X, show that f *9 dpx = - gdv 
(use a), as well as formula (7) of §3). 


c) Let g bea function defined on X, with values in R or ina Banach space, g’ the 
extension of g to T equal to 0 on T— X. For g to be px-integrable, it is necessary 


and sufficient that g’ be v-integrable, in which case f gdpx = i gdv (use b)). 


3) The notations being the same as in Exer. 2, assume that X is an open subset 
of T. 

a) For every numerical function g > 0 defined on X , show that f “9 dux = i gdu 
(use Exer. 2, Prop. 3 of §5 and Prop. 4 of §1). 


b) Let g bea function defined on X, with values in R or ina Banach space, g’ the 
extension of g to T equal to 0 on T— X. For g to be px-integrable, it is necessary 


and sufficient that g’ be p-integrable, in which case f gdpx = Le gdp (use a)). 


4) The notations being those of Exer. 2, show that if X is closed in T then, for 
every numerical function f > 0 defined on T, f *(f oj) dux = i *f dv (observe that 
the mapping j is proper, and use Prop. 2 of §4). Under the same conditions, if f is a 


mapping of T into R or into a Banach space, for foj to be yx-integrable it is necessary 
and sufficient that f be v-integrable, in which case I (fo j)px = f f dv (84, Th. 2). 
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5) Let T and yp be the locally compact space and the measure defined in Exer. 5 
of Ch. IV, §1, and let D be the (closed) set of points of T of the form (0,y). 


a) Show that the measure yp induced on D by yp is zero; however, f * op du = +00 


(cf. Exer. 3 a)). 
b) Let X = T—D, and let j be the canonical injection of X into T; then 


j(ux) =p, but J* (ep oj)dux =0, f* ep du = +00 (cf. Exer. 4). 


6) Let T bea locally compact space, X a locally compact subspace of T, and 7 the 
canonical injection of X into T. Let A be a positive measure on X such that, for every 
compact set K C T, KMX is essentially A-integrable. Show that the measure v = j(A) 
is the smallest positive measure p on T such that px = A, and that its support is the 
closure in T of the support of 2. 


7) Let X,Y be two locally compact spaces, m : X — Y a continuous mapping, 


T a locally compact subspace of Y, S = F(T) , mp :S—T the mapping that coincides 
with z in S, and v a positive measure on Y. Show that the following three conditions 
are equivalent: 

a) If wp is the measure induced by v on T, there exists a positive measure pT 
on S such that mp(ur) = vr. 

b) There exists a positive measure \ on X such that m(A) = vp. 

c) There exists a positive measure Ag on S such that (x|S)(As) = vr. 


8) Let X,Y be two locally compact spaces, 7 : X — Y a continuous mapping, 
and v a positive measure on Y that is concentrated on m(X). Assume that for every 


y € 7(X), there exist a neighborhood V of y in Y and a positive measure Ay on 7(V) 


such that the image of Ay under the mapping mv : 7 (V) — V that coincides with 7 
is equal to the induced measure vy. Show that under these conditions, there exists a 
positive measure ys on X such that m() =v. (Consider the set 6 of pairs (G, A) , where 
G is open in Y and 4 is a positive measure on X such that 7(A) = vq. Order 6 by the 
relation «G1 C Gg and Ai < A2)) between (G1,A1) and (G2, A2). First show that the 
ordered set © is inductive, then complete the argument with the help of Zorn’s lemma 
and Exer. 7.) 


9) Let X,Y be two locally compact spaces, 7 : X — Y a continuous mapping. 
The mapping 7 is said to be conservative if, for every positive measure v on Y that is 
concentrated on 7(X), there exists a positive measure on X such that v = (yp). 

a) Let X,Y,Z be three locally compact spaces, 7: X — Y and x’: Y + Z two 
continuous mappings; set 7’ = 7’ o7m and assume that the mapping 7 is surjective. 
Show that if 7 and 7’ are conservative, then so is 1” ; conversely, if 7” is conservative 
then so is 7’. 

b) Assume that for every y € 7(X) there exists an open neighborhood V of y 


in Y such that, if wy: 7(V) — V is the mapping that coincides with 7, there exists a 
continuous section associated with my (GT, I, §3, No. 5). Show that a is conservative 
(make use of Exer. 8). 

c) Let Y be the interval [0,1] of R, X the set Y equipped with the discrete 
topology, and a: X — Y the identity mapping. Show that the mapping 7 is not 
conservative. 


10) Let X,Y be two locally compact spaces. Show that every proper continuous 
mapping a of X into Y is conservative. (The hypothesis implies that the mapping 
fre fon of £(Y) into @(X) has its image E contained in %(X); then, for every 
positive measure v on Y, apply to the subspace E of .#(X) and to the positive linear 
form fom v(f) on E the Cor. of Prop. 1 of TVS, II, §3, No. 1.) 
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11) Let X,Y be two locally compact spaces, 7: X — Y a continuous mapping, 


-1 : ; F 
and M a subset of Y such that m(M) is contained in a countable union of compact 
sets. Then, for every positive measure vy on Y that is concentrated on M, there exists 
a positive measure 44 on X such that m(w) =v (use Exer. 10). 
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1) Let T,T’ be two locally compact spaces, u a positive measure on T, p’ a 
positive measure on T’. Show that if the measure p’ is bounded, then the projec- 
tion pr; of TxT’ onto T is a (w~®yp’')-proper mapping and pr,(u@p’) = a-p, where 
a = p'(T’). Deduce from this an example of a (w@p’)-negligible subset of T x T’ whose 
projection on T is not p-measurable. 


2) Let T be the interval [0,1] of R,, equipped with the topology induced by that 
of R, and T’ the interval [0,1] of R, equipped with the discrete topology; let be 
Lebesgue measure on T, pz’ the discrete measure on T’ defined by the mass +1 at every 
point of T’, and let y= @yp’ be the product measure on X = T x T’. 

a) For every t € T, the set {t} is p-negligible, but the set {t} x T’ is not 
v-negligible. 

b) The ‘diagonal’ A of T xT’ (the set of points (t,t), where t runs over [0,1] ) is 
a closed set in T x T’, locally v-negligible but not v-negligible, such that p/(A(t)) =1 


-1 
for all t€ T and p(A(t’)) =0 for all t’ € T’ (cf. §3, Exer. 3). 
c) On the space X x X = Y, consider the product measure p = vy X v. Show that 
there exists in Y a set A, locally p-negligible, such that for every c € X, A(x) and 


-1 
A(x) are v-measurable and not locally negligible. (If x = (t,t'), where t€ T, t’ ET’, 
take A to be such that A(x) contains all of the points (s,t) € X, where 0<s <1.) 


3) Let T be a locally compact space, a positive measure on T, f a numerical 
function > 0 defined on T. In the product space T x R, denote by Dy the set of points 
(t,z) such that 0< a < f(t); on the other hand let v be Lebesgue measure on R. 

a) Show that for f to be u-measurable, it is necessary and sufficient that Dy be a 
measurable set for the product measure A = p@v. (To see that the condition is necessary, 
prove that if f is u-measurable, then for every compact subset K of T, DsN(KxR+) is 
the union of a A-negligible set and a countable family of sets of the form A x1, where A 
is u-measurable and I is an interval of R4. To show that the condition is sufficient, 
prove that if it is satisfied then, for every compact subset K of T, there exists a dense 


-1 
set H C R such that, for every a €H, KN f ([a,+co]) is u-measurable, using Cor. 2 
of Prop. 7.) 
b) Show that, for f to be y-integrable, it is necessary and sufficient that Dy be 


A-integrable, and one then has (Dy) = f f du. Moreover, denoting by g the decreasing 


-1 
numerical function on R+ defined by g(t) = p( f ([t, +00])) (possibly equal to +00 for 
t = 0 (Ch. IV, 85, Exer. 29)), one has f fay = jeer g(t) dt. 


4) a) Let T,T’ be two locally compact spaces countable at infinity, a positive 
measure on T,, p’ a positive measure on T’. Show that for every (4 ® w’)-measurable 
mapping f of Tx T’ into R, the function F:tt> J* Fd, t’)| du’(t’) is u-measurable 
(consider T’ as the union of an increasing sequence of compact sets). 

b) Suppose, moreover, that for almost every t € T (for yz) the function f(t,-) 
is p’-integrable and that for almost every t’ € T’ (for pu’) the function f(-,t’) is 
p-integrable; finally, assume that the function (defined almost everywhere for p) 
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th f f(t,t’) du'(t’) is p-integrable. Show that the function (defined almost everywhere 
for p’) t! f f(t,t’) du(t) is then p’-integrable and 


/ dy (t') / f(t,t’) du(t) = / du(t) / f(t,t’) due’). 


(By virtue of a), there is a partition of T formed by a p-negligible set N and a sequence 
(Kn) of compact sets such that each of the functions fyx, x7 is (u ® p’)-integrable. 


Set 
gn(t') = > : F(t,t!) du(t) 
j=l Kj 


and apply Exer. 20 of §5.) 

c) Let T be the interval [0,1] of R, m Lebesgue measure on T. For every 
. ; 1 3 i 3 
integer n > 0, let A, = Espo » An = Qnti’ gn-1 
Tx T, let B, = A, x AL, BR = Ap x AZ, CL = AL x AN, Ch = AY XA. 
Set f(t,t’) = 4"+! in BY and BY, f(t,t') = “aml in Ci, and C/, for every inte- 
ger n> 0, and f(t,t’) =0 at the other points of T x T. Show that the two integrals 
faut’) f ft) du(t) and f dutty f F(t, t') du(t’) are defined and equal, but the func- 
tion f is not integrable for the measure pp ® pw. 


: and, in the product space 


4 5) Let T,T’ be two locally compact spaces, a positive measure on T, p’ a 
positive measure on T’; suppose that every compact subset of T is metrizable. Let f 
be a mapping of T x T’ into a metrizable space G, such that: 1° for every t € T, the 
mapping t’ +> f(t,t’) is u’-measurable; 2° for every t’ € T’, the mapping tr f(t, t’) 
is continuous. Show that, under these conditions, f is (js ® u’)-measurable. (Observe 
(using Egoroff’s theorem) that for every compact subset K of T, the restriction of f to 
K x T’ is the limit of a sequence of (44 ® y’)-measurable functions.) 


4 6) a) Let T bea locally compact space, v a positive measure on T,, I an interval 
of R, p a positive measure on I. Let A be a subset of the product I x T, such that: 
1° for every x € I, the section A(x) C T of A at x is v-measurable; 2° the relation 
x <y implies A(z) C A(y). Show that A is (u@v)-measurable. (Reduce to the case 
that I and T are compact and yp is diffuse; consider an increasing sequence (2; )o<i<n 
of points of I, zo and zn being the end-points of I, such that u([2;4,2141]) < € for 
0<i<n-—1, and form two subsets B,C of Ix T, measurable for \ = ~®v and such 
that BC ACC and \(C — B) <ev(t).) 

b) Deduce from a) that if f is a numerical function defined on I x T, such that: 
1° for each x EI, t+ f(z,t) is v-measurable, and 2° for each t€ T, r++ f(z,t) is 
increasing, then f is (4 @v)-measurable. 

c) Let g be a numerical function defined on I x T, such that: 1° for each x € 1, 
t+ g(x,t) is v-measurable; 2° for each t € T, x++ g(z,t) is monotone. Deduce from 6) 
that g is (u@v)-measurable. (Let T1 C T be the set of t € T such that the mapping 
z+ g(z,t) is increasing; show that T; is v-measurable. To that end, for every pair 
(1,172) of rational numbers belonging to I such that ri; < r2, consider the set Dr, jrz 
of points ¢ € T such that g(ri,t) < g(re,t) and express T as the intersection of 
sets Dry ro -) 


4 7) a) Let T,T’ be two locally compact spaces; assume that T’ admits a countable 
base. Let y be a positive measure on T, p’ a positive measure on T’. Let f bea 
numerical function > 0 defined on T x T’, bounded on every compact subset of T x T’ , 
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and such that: 1° for almost every t € T, the function t’ +> f(t,t’) is ys’/-measurable; 
2° for every function h € #(T’), the function 


toe f reermerrayte, 


defined almost everywhere, is u-measurable. Show that, under these conditions, there 
exists a function g, measurable for 4 @ yw’ , such that for every t€ T, one has f(t,t’) = 
g(t, t’) except at the points of a pu’-negligible set A; (depending on ¢t). (Show that for 
every function y € “(T x T’), the function t’ » f(t,t’)p(t,t’) is p’-integrable for 
almost every t € T, and that the function t > J f(t,t) et’) du'(t’), defined almost 
everywhere, is p-integrable; one makes use of Lemma 1 of Ch. III, 84, No. 1. Observe 
next that y f duct) f (t,t p(t, t) du’ (t’) is a positive measure on T x T’, with 
base 4 @ yp’, and apply the Lebesgue-Nikodym theorem; finally, use the fact that there 
exists a countable dense set in .#(T’).) 

b) Suppose, moreover, that T is metrizable. Show that the conditions of a) are 
satisfied if: 1° for almost every t’ € T’, the function t+> f(t,t’) is u-measurable; 2° for 
almost every t € T, the function t’ +> f(t,t’) is continuous almost everywhere (for wy’ ). 
(Use Exer. 13 of Ch. IV, §5.) 

c) Take T = T’ = [0,1]. Admitting the continuum hypothesis (S, Ch. III, §6, 
No. 4), let 2 < y bea well-ordering relation on T for which there is no greatest element, 
and such that for every x € T, the set of z < x is countable. If one takes for p = p’ 
Lebesgue measure, show that the characteristic function f of the set of pairs (t,t’) such 


that t~<t’' satisfies the conditions of a), but that f f(t,t) du(t) =0 for every t’€T’, 
and J f(t) dy'(t’) =1 forevery tET. 


8) Let T be a locally compact space, p a positive measure #0 on T, A a discrete 
space, the measure on A defined by mass +1 at each point of A. 

a) For a mapping f of AxT into a topological space to be (A®)-measurable, it is 
necessary and sufficient that, for every a € A, the mapping t+> f(a,t) be y-measurable. 

b) For a function f defined on A x T, with values in R or in a Banach space, to 
be (\ ® p)-integrable, it is necessary and sufficient that: 1° except for a countable set 
of values of a € A, the function t +> f(a,t) be identically zero; 2° for every a € A, 
the function t + f(a,t) be p-integrable; 3° oe f \£(a, t)| du(t) < +oo. For f to be 

acA 
essentially (A ® y)-integrable, it necessary and sufficient that: 1° for each a € A, the 
function t++ f(a,t) be essentially u-integrable; 2° S f |f (a, t)| du(t) < +00; one then 
acA 


[[taan- Y [tend 


acA 


has 


c) Let X be a locally compact space, (a,t) + pa,t a family of positive measures 
on X (a € A,t€T). In order that the family (a,t)'> pat be (u ® v)-adequate, it is 
necessary and sufficient that, for every a € A, the family t+> pa, be p-adequate, and 


that the family of measures (f Pa,t du(t)) ven be summable. 


9) Let wu and v be two increasing and right-continuous numerical functions on R,, 
such that u(x) = u(r) =0 for «<0. Let w be the increasing right-continuous function 
on R defined by w(t) = u(t)u(t) for t > 0, w(t) = 0 for t < 0; let A,pu,v be the 
Stieltjes measures associated with u,v,w respectively (§6, Exer. 5). 

To every function f defined on R, with values in R or in a Banach space F, one 
makes correspond the function f defined on R? by the conditions f(x,y) = f(x) if 
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y <a, f(x,y) = f(y) if y 2a. Show that, for f to be v-integrable, it is necessary and 
sufficient that f be integrable for the product measure A ® py, in which case f fdv = 
fj ff f dAdp (prove it first for the characteristic functions of intervals). From this, deduce 
the formula 


[re dw(x) = [rome du(x) + [romen dvu(a). 


In particular, if wu and v are continuous on R, one obtains the formula for inte- 
gration by parts 


b b 
/ u(x) du(x) = u(b)v(b) — u(a)v(a) — ‘i v(x) du(z) . 


10) Let T and X be two locally compact spaces, a positive measure on T, pw a 
bounded positive measure on X such that u(X) = 1. Let f be a numerical function > 0 
at every point of T x X, integrable along with log f for the measure 1 @ py. Prove the 


inequality 
log ( J exp(J log f du) da) < (log f f dd) dy 


and show that equality cannot hold unless f is equivalent to a function of the form 
g @h (apply the inequality of the geometric mean (Ch. IV, §6, Exer. 7 d)), for every 


t €T, to the function «++ f(t,x)/(f f(t, 2) dA(t))). 


11) Let p be a finite real number > 1, T and X two locally compact spaces, A a 
positive measure on T, yu a positive measure on X, and f a function > 0 defined on 
T x X, integrable along with f? for the measure \ ® yu. Prove the inequality 


( i; [sey'a) 1/p : ii [o v) a 


(For every t € T, apply Hélder’s inequality to the function x +> f(t,x), put into the 
form 


1/pq 
f(t,2) = o(t,2)( / J? (t,2) axle) 


where q is the exponent conjugate to p.) Show that equality cannot hold unless f is 
equivalent to a function of the form g @h. 


4 12) Let T; (1 <i <n) be n locally compact spaces, py; a positive measure 
on T; for 1 < i <n. For each index i, denote by E,; the product I] T;; let fi 
j#i 
n n 
be a function > 0 on T = Il T;,, measurable for wp = ® bi and not dependent 
i=l i=l 
on t;; show that if, for 1 < k < n, the function cae is integrable for the measure 
H1 @-+-@ Me_-1 @ Me41 @++-@pn, then fife---fn is p-integrable, and 


is 1/(n-1) 
[stad dea dun < ([] 5x) 
k=1 
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where, for each index k, one sets Jp = fie ag du -+: dup—14dup41°+: dun (proceed by 
induction on n, applying the Lebesgue—Fubini theorem and Hoélder’s inequality). 
Deduce from this that if A is a y-measurable subset of T, Aj its projection on BE, , 
and if A; is integrable and of measure m,; (for the measure ®& pj; on E,), then A is 
j#t 
p-integrable and 
w(A) < (mim - roma EAPO, 


Examine the case of equality in these two inequalities. 
Generalize to the case where, instead of considering the n products of n — 1 of 


the T;, one considers the i) products of p of the T; , and where one integrates over T 


a product of :) functions 2 0 each of which depends on only p of the variables t;. For 
example, if Fi; = T; x Tj (i < j) and if fj; depends only on the variables ¢; and t; , 


show that 
1/(n=1) 
J (T] 4) a dua din < (II [si tayctus) 


i<j i<j 


4 13) Let (T.),e1 be a family of compact spaces, and for each 1 € I, let py, bea 
positive measure on T, of total mass equal to 1. Let T be the product space Il Tits 
vel 
and yp the product measure ® bm on T (Ch. III, §4, No. 5). 
vel 
a) For every ue € I, let K, be a compact subset of T,; show that if K = I] K, 


vel 
then u(K) = [] u.(K.). 
vel 

b) Let M be a compact subset of T. Show that there exists a countable subset 

J of I such that, setting H=I-—J, Ty = [[T., wy = Qu, Tu = [] Tu, one 
LEI ved LEH 

has MCN x Tq, where N is a pzj-measurable subset of Ty such that pu3(N) = y(M). 
(Observe that for every n > 0, there exists an open neighborhood of M, the union of a 
finite number of elementary sets, whose measure differs from (M) by less than 1/n.) 
From this, deduce that for almost every x € N, the section M(x) C Ty (when T is 
identified with the product Ty x Ty) contains the product of the supports of the meas- 
ures pt, for u € H (make use of the Lebesgue—Fubini theorem). 

c) Show that if I is countable and if, for every 1 € 1, A, is a ys,-measurable subset 
of T,, then the set A= I] A. is u-measurable and p(A) = I] bi (A.). 

vel vel 

d) Suppose that I is uncountable. For every t € I, let A, be a s,-measurable 

subset of T,. For A = I] A, to be p-measurable, it is necessary and sufficient that one 
vel 
be in one of the following two cases: 1° I] L(A.) = 0; 2° A, contains the support of the 
vel 
measure ji, , except perhaps for the indices of a countable subset of I. In each of these 
two cases, u(A) = |] w.(A.). (Assuming that one is not in either of the two preceding 
vel 

cases, show that one can reduce to the case that p.(A.) = 1 for all » € I. Using 5), 
show that neither A nor T — A can contain a compact set of nonzero measure.) 


{ 14) Let K be the interval [0,1] of R, A the Lebesgue measure on K, A an 
uncountable set, and yz: the measure on T = K* that is the product of the measure \ 
on each of the factors. 
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a) Show that every closed and metrizable subspace X of T is p-negligible (make 
use of Exer. 13 6) above, and Exer. 8 of GT, IX, §2). 

b) Let Y be a locally compact space admitting a countable base, v a positive 
measure on Y, and 7 a y-proper mapping of Y into T. Show that the image z(v) is 
alien to (using a), show that 7(v) is concentrated on a p-negligible set). 


15) Let (T.),er be any family of compact spaces and, for each u € I, let py, be 
a positive measure on T, of total mass 1; let be the product measure ® um on 
vel 
T= II T,. For every partition (L,M) of I into two subsets, one identifies T with the 
vel 
product Ty x Tm, where Ty = I] T.; for every t € T, one writes ty, = pryt, so that 
veL 
t is identified with (t,,ty); let wy be the measure ® mm on Ty. Let p bea finite 
veL 
real number > 1; for every function f in we (T,) (F a Banach space or F = R), 
one writes f,(t) = f f(tL,tm) dum(tm). Show that, with respect to the directed set 
of finite subsets L of I, ft, tends in mean of order p to f, and fy tends in mean 
of order p to the constant function equal to f fdw. (Approximate f by a continuous 
function depending only on a finite number of variables.) 
From this, deduce that if a u-measurable subset A of T is such that, for all t€ A, 
every point t’ € T, whose coordinates are equal to those of t except for a finite number 
of indices, also belongs to A, then u(A) =0 or w(A) =1. 


4 16) Let (Tn) be an infinite sequence of compact spaces, fn a positive measure 


foe} co 
on Tn of total mass equal to 1, and yu the product measure ® Ln on T= I Th. 
n=1 n=1 
a) Let f be a function > 0, p-integrable on T. Let (Ln) be an increasing 
sequence of subsets of N, and, setting Mn = N — Ln, let g = supf,,, h = sup fm, 


(the notations of Exer. 15). For every a > 0, let Aq be the set of points t € T" where 
g(t) > a, and Ba the set of points t € T where h(t) > a. Showthat a-y(Aa) < fifa 
and a-pu(Ba) < f f du. (Observe that Aq is the set of t € T where at least one of 
the f.,,(¢) is > a, and express it as a countable union of sets Gn , pairwise disjoint and 
such that a-u(Gn) < fet. f dp.) 

b) Suppose that (Ln) is an increasing sequence of finite subsets of N, whose 
union is N. Show that f,,, tends almost everywhere to f, and that fy, tends almost 
everywhere in T to the constant f f du. (For every ¢ > 0, consider a continuous func- 
tion g depending on only a finite number of variables and such that f lf -—gldu<e, 
and apply a) to the function |f — g|.) 


4 17) Let (T.),er be any family of compact spaces; for each ze € I, let uw, bea 
positive measure on T,, of total mass equal to 1, and let py be the product measure 
® me on T = I] T.- For every « € I, let f, be a function > 0 defined on T,, 
vel vel 
p.-integrable and such that f fudu. <1; set pf} 


fu-m and yp’ =p! (Ch. II, §4, 
vel 
Exer. 6). Assume that p’ 40. 
a) For every finite subset J of I, set Ty = 1 83 by = Wm, By = ® ui, 
ved ces ved 
f(t) = [] fe(pr.t), gs = fs, wy = /uses (85, No. 9) and p(us,u4) = v4 (Ts) = 
ved 
f gj dy . Show that, for the functions gj to converge in the quadratic mean to a function 
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in ¥?(T, 2), with respect to the directed ordered set of finite subsets of I, it is necessary 
and sufficient that the product of the numbers p(j,, 1) be convergent in Ri, that 


is, > 0. (For two finite subsets J,L such that J C L, evaluate the norm Na(gs — gx) 
by means of the p(t.,)).) Deduce from this that the functions f; then converge in 
mean to a function f 20 such that p’ = f-p. 
b) Show that if the product I] p(t, ,) is zero, then the measures p and p’ are 
vel 
alien (consider the set Aj of points t € T such that gj(t) > 1, and evaluate the measures 
m(Ay) and p’(T — Aj)). 


4 18) The notations being the same as in Exer. 17, let », be a positive measure 
on T,, of total mass equal to 1, and let v= (@)u. 

vel 

a) Show that if one of the measures 1, is alien to the measure jz, with the same 
index, then v is alien to p. 

b) For every « € 1, write », = pi + yl’, where pi has base p,, and yl’ is alien 
to pw (§5, Th. 3); sippase that py) #0 for all » € 1. Show that, for v not to be alien 
to pL, it is necessary and sufficient that p/’ = 0 except for a countable family of indices, 
and that the product p’ = ® wi, be a measure #0 with base yp; yp” =v—p’ is then 

vel 
alien to pw. (If yi’ #0 for an uncountable infinity of indices, show that there exists a 
number a such that 0 <a< 1 and such that, for a countable infinity of indices tn , one 
has pi, (T.,) < a; show then that p is alien to v by using a); prove the second part of 
the proposition by using Exer. 17.) 


19) Let X be a locally compact space, Y a locally compact space countable at 
infinity, A a universally measurable subset of X x Y. 

a) For every x € X, show that the section A(x) is a universally measurable subset 
of Y. Moreover, for every positive measure p on Y, the function z +> p*(A(z)) 
universally measurable on X (make use of the Lebesgue—Fubini theorem). 

b) Let bea positive measure on Y such that, for almost every y € Y (for yw), the 


a 
section A(y) of A is countable. Show that the set N of xX such that pu*(A(x)) > 0 
cannot contain any countable compact set. 


20) a) Let v be a positive measure on the unit circle U : |zZ| = 1 in C, and 
let be the complex measure j-v, where j : z +> z is the canonical injection of U 
into C, so that |u| = v. Let p be the inverse image of v under the canonical local 


homeomorphism y:t+>+ e* of R onto U (§6, No. 6). Let A be a v-measurable subset 
of U; if (A) = |w(A)le™ , show that |y(A)| < | f?*" aed ? 6 do(9)|. 
b) Deduce from a) that, as A runs over the set is ates ule subsets of U, one 


wm /2 
i RleF*)) dp(6) 
Ww— 


has 


sup |M(A)| > yy 


nm /2 
Pe 
otf ao Re) do(8) 
w-1/2 

and conclude therefrom that 
. 1 
ee sup |u(A)| > —||HI| 

A us 


(evaluate the last integral with the help of the Lebesgue—Fubini theorem). 
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c) Show that the inequality (*) is true for every bounded complex measure on a 
locally compact space X, where A runs over the set of -measurable subsets of X . (Let 
uw = h- |p|, where h takes its values in U. Consider the image measure v = h(|u]) 
on U and show that h(u) =j-v; then apply b) to h(y).) 


21) Denote by the Lebesgue measure on R”. 
a) Let Co be acube (GT, VI, §1, No. 1) in R”, and let u be a numerical function 
on Co that is integrable (for 4). Let s be a real number such that 


1 
s> |u| dr. 
A(Co) a 


Show that there exists a sequence (I,) of open cubes contained in Co, pairwise disjoint, 
and satisfying the following conditions: 
1° |u(z)| < s almost everywhere in the set Co — Ik; 
k 


2° if one sets 


1 
ue = Taq) i: ju(x)| dA(z) , 


then uz < 2"s for all k; 


3° >> Ade) < ss ‘| Ju(a)| d(x). 

k 5 Joo 
(Dividing into two equal intervals each of the projections of Co, among the 2” pairwise 
disjoint open cubes choose the cubes I1; such that the corresponding ‘mean values’ uj; 
are all > s, and, because of the choice of s, show that ui; < 2%s. Similarly decompose 
into 2” cubes each of the cubes of the first subdivision that does not figure among the I}; , 
which yields a second finite family of cubes I; chosen among all of the new cubes obtained 
as those for which the corresponding mean value ug; is < s. Continue by recursion. To 
prove that the condition 1° is verified, argue by contradiction, noting that the subset Bm 
of Co — Ul where |u(x)| > s+1/m is, up to a negligible set, the intersection of a 

k 


decreasing sequence (U,) of open sets, where U; is the union of the cubes of the r-th 
subdivision that do not figure among the I, and that contain a point of Bm.) 

b) Let ¥ be the set of integrable numerical functions u on Co having the following 
property: for every cube C C Co, if mc(u) is the mean value 


1 
NG) [we dX(z), 


then ie ju(z) — mc(u)| dA(xz) < A(C); if u € F , the same is true of u—c for every real 


number c. For every function u € #, every number o > 0 and every cube C C Co, 
denote by S(o,u,C) the set of « €C such that |u(x) — mc(u)| 2 0. Finally, denote 
by G(c) the smallest number such that 


A(S(a, u, C)) < G(a) / [u(z) — mo(u)| dA(x) 


Cc 


as u runs over ¥, and C over the set of cubes contained in Co; one has G(a) < 1/o. 
Show that if o/2" >s 21 then 


G(o) < “clo — 2"s). 
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(One can restrict oneself to proving that, for a u€ #, one has 


\(S(o, uw, Co)) < ~G(o —2%3) | |u(e) — mop (u)lad(z), 
Co 


and one can suppose, to simplify, that mc, (u) = 0. Make use then of the decomposition 
of Co into a union of cubes I, and a set where |u(x)| < s almost everywhere, on noting 
that if « €1, belongs to S(c,u,Co), then |u(x) — my, (u)| 2 o—2"s and consequently 


Ip MS(o,u, Co)) < G(a — 2"s) / ju(x) — my, (u)| dA(z) .) 
Ik 


c) Deduce from 6) that there exist two constants B,b depending only on n, such 
that, for every function u € ¥ and every number o > 0, one has A(S(c,u,Co)) < 
Be~°? (Co). (Take s =e in 6).) 


HISTORICAL NOTE 


(Chapters II to V) 


(N.B. — The Roman numerals refer to the bibliography at the end of 
this note.) 


The development of the modern concept of integral is closely tied to the 
evolution of the idea of function, and to the deeper study of numerical func- 
tions of real variables, pursued since the beginning of the 19th century. It is 
known that Euler already conceived the notion of function in a quite general 
way, since for him the giving of an ‘arbitrary’ curve intersected in a single 
point by every line parallel to the Oy axis defines a function y = f(x) (cf. 
FRV, Hist. Note for Chs. I-III); however, like most of his contemporaries, 
he refused to admit that such functions could be expressed ‘analytically’. 
This point of view was scarcely to change until the work of Fourier; but the 
discovery, by the latter, of the possibility of representing discontinuous func- 
tions as sums of trigonometric series,* was to exercise a decisive influence on 
later generations. To tell the truth, Fourier’s proofs were completely lacking 
in rigor, and their domain of validity was not clearly apparent; however, the 
integral formulas 


7 T Jan 


Oy Ta ie 
(1) an == f p(x) cos nx dz, n= ef p(x) sinnxzdx (n>1), 


giving the coefficients of the Fourier series expansion of y, had an obvious 
intuitive meaning when y was assumed to be piecewise continuous and 


* Discovery’ only in a quite relative sense: Euler was already familiar with the 
representation by trigonometric series of non-periodic functions such as x and 2”, and the 
formulas (1) may be found in a work of Clairaut as early as 1754, and in a 1777 memoir by 
Euler. But where the 18th century, lacking a clear conception of the meaning of expansion 
in a series, neglected such results and kept intact the belief in the impossibility of obtaining 
such expansions for ‘discontinuous’ functions, Fourier, on the contrary, proclaimed that 
his expansions were convergent “whatever the curve corresponding to p(x), whether one 
can assign to it an analytical equation or not, whether it depends on any regular law or 
not” (Guvres, v. I, Paris (Gauthier—Villars), 1888, p. 210). 
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monotone.* Also, it is these functions to which Dirichlet restricts himself at 
the outset, in the famous memoir (II) in which he established the convergence 
of the Fourier series; but already, at the end of his work, he is preoccupied 
with the extension of his results to more extensive classes of functions. One 
knows that it is on this occasion that Dirichlet, making precise the ideas of 
Fourier, defined the general concept of function as we understand it today; 
naturally, the first point to clarify was to know in which cases it was again 
possible to attach a meaning to the formulas (1). “When the solutions of 
continuity [of y]| are infinite in number ...” says Dirichlet ((II), p. 169), “ct 
is then necessary that the function p(x) be such that, if a and b denote 
any two quantities between —nx and +7, one can always place between a 
and b other quantities r and s sufficiently close that the function remains 
continuous in the interval from r to s. One easily senses the need for this 
restriction on considering that the various terms of the [Fourier] series are 
definite integrals and on going back to the fundamental concept of integral. 
It will then be seen that the integral of a function has meaning only insofar 
as the function satisfies the condition just stated.” 

In modern terms, Dirichlet seems to believe that integrability is equiv- 
alent to the fact that the points of discontinuity form a nowhere dense set; 
he notes moreover, a few lines later, the famous example of the function 
equal to c for x rational, and to a different value d for x irrational, and 
he asserts that this function “cannot be substituted” into the integral. He 
also announced future works on this subject, but these works were never 
published,** and for 25 years no one seems to have sought to advance in 
that direction, perhaps because the consideration of functions so ‘pathologi- 
cal’ appeared at the time to be entirely devoid of interest; at any rate, when 
Riemann, in 1854 ((III), pp. 227-264), took up the question again (still in 
connection with trigonometric series***), he felt the need to justify his work: 
“Whatever may be our ignorance relating to the manner in which forces and 
the states of matter vary with time and place in the infinitely small, we 
can nevertheless take it as certain that the functions to which Dirichlet’s 
researches do not apply, do not arise in natural phenomena. However,” he 
continued, “it seems that these cases not treated by Dirichlet merit atten- 


* For Fourier, the integral is still defined by appealing to the concept of area; we 
recall that the analytic definition of integral appears only with Cauchy (cf. FRV, Hist. 
Note for Chs. I-III). 

** According to certain (rather obscure) indications of Lipschitz (J. de Crelle, 63 
(1864), p. 296; translated into the French by P. Montel in Acta. Math., 36 (1912), pp. 261- 
295), Dirichlet perhaps believed that if the set of points of discontinuity is nowhere dense, 
its ‘derived set’ is finite, and would in any case have limited his investigations to the case 
that this is so. 

*** From the time of Dirichlet and Riemann to the present, we shall see pursued the 
close association between integration and what is now called ‘harmonic analysis’, which 
constitutes in a sense its touchstone. 
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tion for two reasons. First, as Dirichlet himself remarks at the end of his 
work, this subject is very closely related to the principles of the infinitesimal 
calculus, and may serve to bring greater clarity and certainty to these prin- 
ciples. From this point of view, its study has immediate interest. Secondly, 
the application of Fourier series is not limited to research in Physics; they 
are at present also applied with success in a domain of pure mathematics, 
the theory of numbers, and it appears that it is precisely the functions whose 
expansion in trigonometric series was not studied by Dirichlet, that show 
some importance there ((III), pp. 237-238). 

The idea of Riemann is to begin from the approximation procedure of 
the integral, restored to a place of honor by Cauchy, and to determine when 
the ‘Riemann sums’ of a function f , in a bounded interval [a, 6], tend toa 
limit (as the maximal length of the intervals of the subdivision tends to 0), a 
problem whose solution he obtains without difficulty, in the following form: 
for every a > 0, there exists a subdivision of [a,b] into subintervals of 
maximal length sufficiently small that the sum of the lengths of the intervals 
of this subdivision on which the oscillation of f is > a, is arbitrarily small. 
He shows, moreover, that this condition is verified, not only for functions 
piecewise continuous and monotone, but also for some functions that may 
have a dense set of points of discontinuity.* 

Riemann’s memoir was not published until after his death, in 1867. 
This time, however, the epoch was more favorable to this type of research, 
and the ‘Riemann integral’ took its place naturally in the current of ideas 
then leading to an intensive study of the ‘continuum’ and of functions of real 
variables (Weierstrass, Du Bois-Reymond, Hankel, Dini) and which was to 
conclude, with Cantor, in the birth of the theory of sets. The form given by 
Riemann to the condition for integrability suggested the idea of a ‘measure’ 
for the set of points of discontinuity of a function in an interval; but nearly 
30 years were to pass before one succeeded in giving a fruitful and convenient 
definition of this concept. 

The first attempts in this direction are due to Stolz, Harnack and Cantor 
(1884-85); to define the ‘measure’ of a bounded subset E of R, the first two 
consider the sets F > E that are a finite union of intervals, take for each F 
the sum of the lengths of the corresponding intervals, and call ‘measure’ 
of E the infimum of these numbers; whereas Cantor, situating himself right 
away in the space R”, considers for a bounded set E and for p > 0 the 
neighborhood V(p) of E formed by the points whose distance to E is < p, 
and takes the infimum of the ‘volume’ of V(p) .** With this definition, the 


* However, H. J. Smith gave, as early as 1875, the first example of a function not 
integrable in the sense of Riemann, whose set of points of discontinuity is nowhere dense 
(Proc. London Math. Soc., (1), v. VI (1875), pp. 140-153). 

** Cantor does not give a precise definition of this ‘volume’ and limits himself to 
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‘measure’ of a set was equal to that of its closure, from which it follows in 
particular that the ‘measure’ of the union of two disjoint sets may be less 
than the sum of the ‘measures’ of these two sets. Undoubtedly to alleviate 
this last difficulty, Peano (V) and Jordan (VI) introduced, several years 
later, alongside Cantor’s ‘measure’ (A) of a set A contained in a box I, 
its ‘inner measure’ p(I) — u(I — A), and called ‘measurable’ the sets A 
(nowadays said to be ‘quarriable’) for which these two numbers coincide. 
The union of two disjoint quarriable sets A,B is then quarriable and has as 
‘measure’ the sum of the ‘measures’ of A and B; however, a bounded open 
set is not necessarily quarriable, nor is the set of rational numbers contained 
in a bounded interval, which deprived the Peano-Jordan concept of much of 
its interest. 

It is to E. Borel (IX) that is due the merit of discerning the deficien- 
cies of previous definitions and seeing how they can be remedied. It had 
been known since Cantor that every open set U in R is the union of the 
countable family of its ‘components’, which are pairwise disjoint open in- 
tervals; instead of seeking to approach U ‘from the outside’ by enclosing 
it in a finite sequence of intervals, Borel, basing himself on the preceding 
result, proposes to take as the measure of U (when U is bounded) the sum 
of the lengths of its components. He then describes very summarily* the 
class of sets (subsequently called ‘Borel sets’) obtainable, starting from the 
open sets, by indefinitely iterating the operations of countable union and 
the ‘difference’ A — B, and he indicates that for these sets, one can define a 
measure that possesses the fundamental property of complete additivity: if a 
sequence (A,,) consists of pairwise disjoint Borel sets, then the measure of 
their union (assumed to be bounded) is equal to the sum of their measures. 

This definition was to inaugurate a new era in Analysis: on the one 
hand, combined with the contemporary work of Baire, it formed the point 
of departure of a whole series of investigations of a topological nature on the 
classification of sets of points; and, above all, it was to serve as a basis for 
the extension of the notion of integral, carried out by Lebesgue in the first 
years of the 20th century. 

In his thesis (X a)), Lebesgue begins by making precise and developing 
the succinct indications of E. Borel; imitating the Peano—-Jordan method, 
the ‘outer measure’ of a bounded set A C R_ is defined as the infimum of 
the measures of the open sets containing A; then, if I is an interval contain- 


saying that it can be calculated by a multiple integral ((IV), pp. 229-236 and 257-258). 
It is easily seen that his definition is equivalent to that of Stolz-Harnack, by applying the 
Borel—Lebesgue theorem. 

* For Borel, measure is as yet only a technical means in the study of certain series 
of rational functions, and he himself emphasizes that, for the goal he sets himself, the 
usefulness of measure is due mainly to the fact that a set of nonzero measure is not 
countable ((IX), p. 48). 
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ing A, the ‘inner measure’ of A is the difference of the outer measures of I 
and I — A; one thus obtains a notion of ‘measurable set’, which differs from 
Borel’s original ‘constructive’ definition only by the adjunction of a subset of 
a set of measure zero in the sense of Borel. This definition extended at once 
to the spaces R”; the old conception of the definite integral ih f(t) dt of 
a bounded function > 0 as the ‘area’ bounded by the curve y = f(x) and 
the lines x =a, x = 6b and y = 0, thus provided an immediate extension of 
the Riemann integral to all of the functions f for which the measure of the 
preceding set happens to be defined. But the originality of Lebesgue does 
not reside so much in the idea of this extension* as in his discovery of the 
fundamental theorem on passage to the limit in the integral so conceived, a 
theorem that appears in his work as a consequence of the complete additivity 
of the measure;** he perceives at once its full importance, and makes it the 
cornerstone of the didactic exposition of his theory that he gives, already in 
1904, in his famous “Lecons sur l’intégration et la recherche des fonctions 
primitives” (X b)).*** 

We cannot describe here in detail the countless advances that Lebesgue’s 
results were to lead to in the study of the classical problems of the infinites- 
imal calculus; we shall have occasion to stress some of them in later Books. 
Lebesgue himself, already in his thesis, had applied his theory to extending 
the classical notions of length and area to sets more general than the usual 
curves and surfaces; for the considerable development of this theory during 
the last half-century, we refer the reader to the recent exposition by L. Cesari 
(XXVI). We mention also the applications to trigonometric series, developed 
by Lebesgue almost immediately after his thesis (X c)), which were to open 
new horizons to this theory, whose exploration is to this day far from be- 
ing completed (see (XXV)). Finally, and above all, the definition of the L? 
spaces and the Riesz—Fischer theorem ((XIII), (XV a)) and (XV })); cf. the 
Historical Note for Book V) brought to light the role that the new concept 
of integral could play in Functional analysis; a role that was only to increase 


* Independently of Lebesgue, W. H. Young had had this same idea for the semi- 
continuous functions (XI a)). 

** The special case of this theorem, for a sequence of functions integrable in the sense 
of Riemann on a compact interval, uniformly bounded, and whose limit is integrable in 
the sense of Riemann, had been proved by Arzela (VII). 

*** Among the most important consequences of this theorem in the general theory 
of integration, one should mention in particular Egoroff’s theorem on the convergence of 
sequences of measurable functions (XVI), making precise some earlier remarks of Borel 
and Lebesgue. On the other hand, the measurable (numerical) functions had at first 
been defined by Lebesgue by the property that, for such a function f , the inverse image 
under f of every interval of R is a measurable set. However, from 1903 onward, Borel 
and Lebesgue had drawn attention to the topological properties of these functions; they 
were put into definitive form by Vitali, who, in 1905 (XII a)) first formulated the property 
of measurable functions that we have taken as the definition in Ch. IV, §5 (a theorem 
rediscovered in 1912 by N. Lusin and usually known under his name). 
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with the subsequent generalizations of this concept, of which we shall speak 
in a moment. 

But first, let us dwell a little longer on one of the problems to which 
Lebesgue devoted the most effort, the connection between the concepts of 
integral and primitive. With the generalization of integral introduced by 
Riemann, the question naturally arose as to whether the classical correspon- 
dence between integral and primitive, valid for continuous functions, again 
subsisted in more general cases. Now, it is easy to give examples of func- 
tions f, integrable in the sense of Riemann, such that fr f(t)dt has no 
derivative (not even a right-derivative or a left-derivative) at certain points 
(cf. FRV, II, §2, Exer. 1); conversely, Volterra had shown, in 1881, that a 
function F(z) can have a derivative that is bounded in an interval I but 
is not integrable (in the sense of Riemann) in I. By an analysis of great 
subtlety (in which the theorem on passage to the limit in the integral is 
far from sufficient), Lebesgue succeeded in showing that if f is integrable 
(in his sense) on [a,b], then F(x) = [* f(t)dt has almost everywhere a 
derivative equal to f(x) (X b)): Conversely, if a function g is differentiable 
on [a,b] and its oe g' = f is bounded, then f is integrable and 
the formula g(x) — g(a = f° f(t) dt holds. However, Lebesgue ascertained 
that the problem is en more complex when g’ is not bounded; in this case 
g’ is not necessarily integrable, thus the first problem was to characterize 
the continuous functions g for which g’ exists almost everywhere and is 
integrable. Restricting himself to the case that one of the derivates* of g 
is everywhere finite, Lebesgue showed that g is necessarily a function of 
bounded variation.** Finally, he established a converse of the last result: 
a function g of bounded variation admits a derivative almost everywhere, 
and g’ is integrable; however, it is no longer necessarily the case that 


(2) ate) — (a) = fg ats 


* The right derivates of g at the point z are the two limits 


lim sup (g(a +h) —g(x))/h, liminf (g(a +h) — g(x))/h. 
h-0, h>0 h-0,h>0 


The left derivates are defined similarly. 

** These functions had been introduced by Jordan in connection with the recti- 
fication of curves (VI); he showed that one can give for them the following equivalent 
definitions: a) f is the difference of two increasing functions; b) for every subdivision 
of the interval [a, b] by an increasing finite sequence of points (r,)o<i<n, with a = zo, 


b= an, the sum 3 |f(ai) — f(zi-1)| is bounded by a number independent of the sub- 


1= 
division under donsidewanien! The supremum of these sums is the total variation of f 
on [a,d]. 
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the difference between the two members of this relation is a function of 
bounded variation that is nonconstant and has derivative zero almost every- 
where (a ‘singular’ function). It remained to characterize the functions g of 
bounded variation such that relation (2) holds. Lebesgue established that 
these functions (called ‘absolutely continuous’ by Vitali, who made a detailed 
study of them) are those having the following property: the total variation 
of g on an open set U (the sum of the total variations of g on each of the 
connected components of U) tends to 0 with the measure of U. 

We shall see below how these results, in a weakened form, were to 
acquire later on a much more general significance. In their original form, 
their field of application has remained rather restricted, not going beyond 
the framework of the ‘fine’ theory of functions of real variables; they too 
remain outside the scope of the present treatise.* All the more reason that 
the same is true of the later developments in the theory of primitives; we 
shall content ourselves with mentioning here the profound work of Denjoy 
and his emulators and continuers of his work (Perron, de la Vallée—Poussin, 
Khintchine, Lusin, Banach, etc.); the reader will find a detailed exposition 
of these matters in the book of S. Saks (XXIV). 

One of the essential advances brought forth by Lebesgue’s theory con- 
cerns multiple integrals. This concept was introduced towards the middle 
of the 18th century, initially in ‘indefinite integral’ form (by analogy with 


the theory of the integral of functions of a single variable, ff f(x,y) dx dy 
2 


denotes a solution of the equation sas = f(z,y)); but Euler, as early 


as 1770, had a very clear conception of the double integral extended to a 
bounded domain (limited by analytic arcs of curves), and he wrote cor- 
rectly the formula evaluating such an integral by means of two successive 
single integrals (I). It was not difficult to justify this formula in terms of 
‘Riemann sums’, as long as the function being integrated was continuous, 
and the domain of integration not too complicated; but as soon as one 
wanted to take up more general cases, the Riemann procedure met serious 
difficulties ( f(z, y) could be integrable in the sense of Riemann, without 
f dz f f(z,y)dy having meaning when the single integrals are taken in the 
sense of Riemann). These difficulties vanished when one passed to the def- 
inition of Lebesgue; the latter had already shown in his thesis that when 
f(x,y) is a bounded ‘Baire function’, so are the functions y+ f(x,y) (for 
every x) and r+ f f(z,y) dy, and one has the formula 


(3) [f tevardy = [eae f reu)ay 


* We mention, however, that the modern theory of ‘martingales’ in the calculus 
of probability makes constant use of arguments presenting a strong analogy with those 
employed in the study of differentiation. 
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(the integral being taken over a rectangle). A little later, Fubini (XIV) 
brought to this result an important complement by proving that if one only 
assumes f to be integrable, then the set of x such that yr f(z,y) is not 
integrable is of measure zero, which permitted immediately extending the 
formula (3) to this case. 

Finally, in 1910 (X d)), Lebesgue undertakes the extension, to multiple 
integrals, of his results on the derivatives of single integrals. He is thus led to 
associate to a function f , integrable on every compact subset of R”, the set 
function F(E) = J, f(x) dx, defined for every integrable subset E of R”, 
which generalizes the concept of ‘indefinite integral’; and he observes on this 
occasion that this function has the following two properties: 1° it is com- 
pletely additive; 2° it is ‘absolutely continuous’ in the sense that F(E) tends 
to 0 with the measure of E. The essential part of Lebesgue’s memoir con- 
sists in proving the converse of this proposition.* But he does not rest there, 
and, in the same direction, calls attention to the possibility of generalizing 
the concept of function of bounded variation, by considering functions F(E) 
of a measurable set, completely additive and such that )> |F(E,,)| remains 


bounded for every countable partition of E into measurable sets E,. And, 
if he in fact restricts himself to considering such functions only on the set 
of boxes of R”, it is quite clear that there remained only one more step to 
arrive at the general notion of measure that J. Radon was to define in 1913, 
encompassing in a single synthesis the Lebesgue integral and the Stieltjes 
integral, of which we must now speak. 


In 1894, T. Stieltjes published, under the title “Recherches sur les frac- 
tions continues” (VIII), a highly original memoir in which, starting from 
a seemingly quite special question, problems of an entirely novel nature in 
the theory of analytic functions and functions of a real variable were posed 
and solved, with rare elegance.** In order to represent the limit of a cer- 
tain sequence of analytic functions, Stieltjes was led, among other things, 
to introduce the concept of a positive ‘distribution of mass’ on the line, a 
concept long familiar in the physical sciences but which had only been con- 
sidered theretofore in mathematics under restrictive hypotheses (in general, 
the existence of a ‘density’ at every point, varying in a continuous manner); 
he observes that the giving of such a distribution is equivalent to that of the 
increasing function y(z) that gives the total mass contained in the interval 
with end-points 0 and x for x > 0, and this mass with the sign changed for 
x <0, the discontinuities of y corresponding to the masses ‘concentrated 


* The principal tool, in this proof, is a covering theorem proved sometime earlier by 
Vitali (XII b)) and which has remained fundamental in this type of question. 

** It is there, among other things, that the famous ‘moment problem’ is formulated 
and solved (cf. the Hist. Note of Book V). 
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at a point’.* Stieltjes then forms, for such a mass distribution in an inter- 
val [a,b], the ‘Riemann sums’ Ds f(&)(¢(i+1) — y(zi)) and shows that, 


7 
when f is continuous on [a, 6], these sums tend to a limit that he denotes 


fi. f(x) dp(x). Having no need to integrate functions other than continuous 
(or even differentiable) ones, Stieltjes did not push further the study of this 
integral** and for a decade the concept seems not to have attracted any at- 
tention.*** However, in 1909, F. Riesz (XV c)), solving a problem posed sev- 
eral years earlier by Hadamard (cf. the Hist. Note of Book V), proved that the 


Stieltjes integrals fH f i f dy are the most general continuous linear func- 
tionals on the space @(I) of continuous real-valued functions on I = [a, }] 
(@(1) being equipped with the topology of uniform convergence);**** and 
the elegance and simplicity of this result almost immediately brought forth 
various generalizations. The most felicitous was that of J. Radon, in 1913 
(XVII): combining the ideas of F. Riesz and Lebesgue, he showed how one 
could define an integral by Lebesgue’s procedures, starting from an arbi- 
trary ‘completely additive set function’ (defined on the measurable sets for 
Lebesgue measure) instead of starting from Lebesgue measure. In the con- 
cept of ‘Radon measure’ on R” thus defined, one found absorbed that of a 
function ‘of bounded variation’: the decomposition of such a function as the 
difference of two increasing functions is a special case of the decomposition 
of a measure as the difference of two positive measures; similarly, a ‘measure 
with base uz’ corresponds to the notion of ‘absolutely continuous’ function, 
and the decomposition of an arbitrary measure into a measure with base ps 
and a measure alien to py, to the Lebesgue decomposition of a function of 
bounded variation as a sum of an absolutely continuous function and a ‘sin- 
gular’ function. Moreover, Radon showed that the ‘density’ with respect 
to yw of a measure with base u again exists when yp is a measure having 
Lebesgue measure as base, by using an earlier idea of F. Riesz (taken up 
again later and popularized by J. von Neumann, among others), which con- 


* Stieltjes did not yet distinguish between the various types of intervals having the 
same endpoints a,b, which led him to conceive that at the points c of discontinuity 
of y, one part of the mass concentrated at c belongs to the interval with left end- 
point c, and the other part to the interval with right end-point c, depending on the 
value of y(c). 

** One should however note the first appearance, in Stieltjes’ work, of the idea of 
‘convergence’ of a sequence of measures ((VIIJ), p. 95; it is, in fact, the strong limit). 

*** However, it took on importance with the development of the spectral theory of 
operators, starting in 1906, by Hilbert and his school. It is at this occasion that Hellinger, 


around 1907, defined integrals such as the one he denoted f {adgy" and which seemed at 
first sight to be more general than those of Stieltjes, but in fact Hahn showed, as early as 
1912, that they reduced to the latter (these are special cases of the concept of ‘function 
of a measure’; cf. Ch. V, 85, No. 9). 

**** Tt is also in this work that the concept of vague limit of a sequence of measures 
appears ((XV c)), p. 49). 
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sists in constructing an image of the measure under a mapping @ of R” 
into R, chosen so that @(u) is Lebesgue measure on R (cf. Ch. V, 86, 
Exer. 8 c)). 

Almost immediately after the appearance of Radon’s memoir, Fréchet 
observed that nearly all of the results in that work could be extended to the 
case where the ‘completely additive set function’, instead of being defined for 
the measurable subsets of R” , is defined for certain subsets of an arbitrary 
set E (these subsets being such that the operations of countable union and 
of ‘difference’ yield sets for which the function is again defined). However, 
the expression of a measure with base yw in the form g-y rested, with 
Lebesgue and Radon, on arguments involving the topology of R” in an 
essential way (and we have seen that Radon’s proof is only applicable if y 
is a measure having Lebesgue measure as base); it was not until 1930 that 
O. Nikodym (XX) obtained the theorem in its general form, by a direct 
argument (notably simplified several years later by J. von Neumann, thanks 
to the use of properties of L? spaces ((XXII), pp. 127-130)). 

With Radon’s memoir, the general theory of integration may be consid- 
ered as completed in its broad outlines; as later substantial acquisitions, one 
can only scarcely mention the definition of an infinite product of measures, 
due to Daniell (XIX 6)), and that of the integral of a function with values 
in a Banach space, given by Bochner in 1933 (XXI), which paved the way 
for the study of the ‘weak integral’ which we shall treat in Chapter VI. But 
it remained to popularize the new theory, and to make of it a mathematical 
instrument for everyday use, when the majority of mathematicians, around 
1910, as yet viewed the ‘Lebesgue integral’ only as an instrument of great 
precision, delicate to manipulate, destined solely for research of extreme sub- 
tlety and extreme abstraction. That was to be the work of Carathéodory, 
in a book that has long remained a classic (XVIII) and which, moreover, 
enriched the theory of Radon with numerous original observations. 

But it is also with this book that the concept of integral, which had 
been in the forefront of Lebesgue’s preoccupations (amply indicated by the 
titles of his thesis (X a)) and his principal work on these questions (X 6))), 
for the first time gave way to that of measure, which had been an auxiliary 
technique with Lebesgue (as with Jordan before him). This change in point 
of view was undoubtedly due, for Carathéodory, to the excessive importance 
that he seemed to have attached to ‘p-dimensional measures’.* Ever since, 


* This is the generalization of the concept of ‘length of a plane curve’ to arbitrary 
values n and p of the dimension of the underlying space and the dimension of the space 
under study; one assumes, of course, that 0 < p< n, but it is not always assumed that 
p is an integer. This question has been the object of works of numerous authors since 
Minkowski, Carathéodory and Hausdorff; Lebesgue himself, who took up some special 
cases in his thesis, seems not to have seen anything in it other than an opportunity to put 
to the test the power of the tools that he had just forged. 
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authors who have treated integration have been divided between these two 
points of view, not without entering into debates that have caused the flow 
of much ink, if not much blood.* Some have followed Carathéodory; in their 
ever more abstract and ever more axiomatized expositions, the measure, 
with all the technical refinements to which it lends itself, not only plays the 
dominant role but also tends to lose contact with the topological structures 
to which it is in fact tied in most of the problems in which it arises. Other 
expositions, such as the present treatise, follow more or less closely a method 
already indicated in 1911 by W. H. Young, in a memoir unfortunately little 
noticed (XI b)), and subsequently developed by Daniell. The former, dealing 
with the Lebesgue integral, started from the ‘Cauchy integral’ of continuous 
functions with compact support, assumed to be known, in order to define 
successively (as we have done in Ch. IV, §1) the upper integral of lower 
semi-continuous functions, then of arbitrary numerical functions, whence a 
definition of the integrable functions, patterned after that of Lebesgue for 
sets, by purely ‘functional’ means. Daniell, in 1918 ((XIX a)), cf. (XXVII)) 
extended this exposition, with several variants, to functions defined on an 
arbitrary set; his principal merit was in perceiving the role played in the 
abstract theory by the condition Jim, J fndp = 0 for every decreasing 


sequence (f,,) tending pointwise to 0 (which could not appear as clearly in 
the theory of Radon measures, where this condition is automatically satisfied 
by virtue of Dini’s theorem). In the same order of ideas (and in strict relation 
to the methods used in spectral theory prior to Gelfand), we must also call 
attention to the memoir of F. Riesz (XV d)) that puts into a concise and 
elegant form the several results from the theory of ordered spaces that play 
a role in the theory of integration; we have followed his exposition quite 
closely in Ch. II. 

Rather than in expository works, more or less pleasant to read, but 
whose essential content can no longer vary much, it is on the side of applica- 
tions that one must search for the progress realized by the theory of integra- 
tion since 1920: the theory of probability (formerly a pretext for puzzles and 
paradoxes, and having become a branch of the theory of integration since 
its axiomatisation by Kolmogoroff (XXIII), albeit an autonomous branch 
with its own methods and problems); ergodic theory; spectral theory and 
harmonic analysis, since the discovery by Haar of the measure that bears his 
name, and the movement of ideas provoked by this discovery, have made of 
the integral one of the most important tools in the theory of groups. With 
these questions we leave the framework of the present Note; some of them 
will be treated in later chapters or Books. 

* Cf. the reviews by P. Halmos of the first volume of this Book (Bull. Amer. Math. 


Soc., 59 (1953), p. 249) and by J. Dieudonné of the book of Mayrhofer (zbid., 59 (1953), 
p. 479). 
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CHAPTER VI 


Vectorial integration 


In this chapter, if F denotes a Hausdorff locally conver vector space 
(over R or C), we denote by F’ its dual, by F” its bidual, and by F’* the 
algebraic dual of F’ (the space of all linear forms on F’); F” is a linear 
subspace of F’*, and F may be identified (as a vector space without topology) 
with a linear subspace of F”. We denote by F, the vector space F equipped 
with the weakened topology o(F,F’); the qualifiers ‘weak’ and ‘weakly’ refer 
to this topology. 

In this chapter, T denotes a locally compact space, #p(T) or X(T) 
(resp. 2#c(T)) the vector space of real (resp. complex) functions on T, 
continuous and with compact support; for every subset A of T, #(T, A) 
(resp. #c¢(T, A) ) denotes the subspace of X(T) (resp. #c(T)) formed by 
the functions whose support is contained in A. Absent express mention to 
the contrary, the space #(T) (resp. #o(T) ) will be equipped with the direct 
limit topology of the topologies of uniform convergence on each of the sub- 
spaces #(T,K) (resp. #c(T,K)), where K runs over the set of compact 
subsets of T. 

We recall that this topology is finer than the topology of uniform conver- 
gence, hence is Hausdorff; it induces on each .#(T,K) (resp. £c(T,K)) 
the topology of uniform convergence (TVS, II, §4, No. 4, Remark). The 
space £¢(T) may be identified with the space obtained from #(T) by 
extension of the scalars from R to C. To say that a linear form on %(T) 
is a measure means, by definition, that it is continuous (Ch. III, §1, No. 3, 


Def. 2). 
§1. INTEGRATION OF VECTOR-VALUED FUNCTIONS 


Throughout this section, j» denotes a positive measure on T, and F a 
Hausdorff locally convex vector space over R. For every mapping f of T 
into F, and every element z’ of the dual F’ of F, we denote by (f,z’) 
or (z’,f) the numerical function z’of on T. We shall say that f has a 


INT V1.2 VECTORIAL INTEGRATION gl 


property P scalarly if, for every z’ € F’, (z’,f) has the property P. For 
example, we shall say that f is scalarly essentially p1-integrable if, for every 
z' €F’, (z',f) is essentially y-integrable.' 


Note that in this definition, the topology of F intervenes only through the 
intermediary of the dual F’ of F. If a function f has the property P scalarly, 
then it again has the property P scalarly when the topology of F is replaced 
by any Hausdorff locally convex topology compatible with the duality between F 
and F’. 


1. Scalarly essentially integrable functions 


If f is a scalarly essentially p-integrable mapping of T into F, the 
mapping z’ +> {(f(t),z’)du(t) is a linear form on F’, that is, an element 
of the algebraic dual F’*. 


DEFINITION 1. — One calls integral of f with respect to 4, and denotes 
by ffdu or f £(t)du(t), the element of F’* defined by 


(z!, f tay) = fest du 
for all z' EF’. 


If f is continuous with compact support, it is scalarly integrable and 
Def. 1 coincides with the definition of the integral of f given in Ch. III, 
§3, No. 1. On the other hand, if F is a Banach space and f is essentially 
integrable (Ch. V, §1, No. 3, Def. 3), then f is scalarly essentially integrable 
and Def. 1 coincides with the definition of the integral of f given in Chap- 
ter V (Ch. V, §1, No. 3 and Ch. IV, §4, No. 2, Cor. 1 of Th. 1). 


Example. — Let X be a locally compact space, t++ Az a mapping of T into 
the space .@(X) of measures on X. To say that the family t+> Az is y-adequate 
means that it consists of positive measures and that the mapping t +> A; is scalarly 
essentially y-integrable and y-measurable for the topology o(.@(X),.#(X)).? Its 


1The special case F = .@(X) (X a locally compact space), equipped with the vague 
topology o(.#(X),.#(X)), yields the concept of ‘scalarly essentially p-integrable’, for a 
mapping f : T — .4,(X), defined in Ch. V, §3, No. 1. 

2This is the definition of ‘u-adequate’ in the first edition of Chapter 5 (Ch. V, 
Ist edn., §3, No. 1, Def. 1). In the second edition, of which the preceding chapter is 
a translation, the term ‘y-adequate’ defines a weaker (more general) concept (Ch. V, 
§3, No. 1, Def. 1); more precisely, a scalarly essentially p-integrable family t +> »4 of 
positive measures is p~adequate in the sense of the first edition of Chapter V if and only 
if it is p-adequate in the sense of the second edition and is vaguely y-measurable, that is, 
p-measurable for o(.4(X), #(X)) (Ch. V, §3, No. 1, Prop 2 b)). The two definitions are 
equivalent whenever the topology of X has a countable base (ibid. Prop. 2 c)), which is 
the case for the applications in Chapter VI (§3); consequently for the rest of the chapter, 
no distinction is made between the two interpretations of ‘u-adequate’, and the references 
to the first edition of Ch. V have been replaced by their nearest equivalent in the second 
edition. 
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integral with respect to ys is the measure that was denoted f At du(t) in Ch. V, 
§3, No. 1. 


Remarks. — 1) If F is finite-dimensional, then every scalarly essentially 
integrable mapping of T into F is essentially integrable (Ch. V, §1, No. 3). 
However, in the general case, a scalarly negligible function on a compact 
space T may even fail to be y-measurable (Exer. 12). 

2) It is clear that the integral of f depends only on the class of f modulo 
the space of mappings of T into F that are scalarly locally p-negligible. 
Note that a scalarly locally negligible function g is not necessarily zero 
almost everywhere (Exer. 12). However, this is indeed the case when there 
exists in F’ a sequence (z,,) that is dense for the topology o(F’,F): for, 
if H, is the locally negligible set of points t € T such that (g(t),z),) £0, 
the union H of the H, is locally negligible and, for every t ¢ H, one has 
(g(t), z;,) =0 for all n, whence g(t) =0. 


Let u be a continuous linear mapping of F into a Hausdorff locally 
convex space G; its transpose ‘u is a linear mapping of G’ into F’, and 
the (algebraic) transpose ‘('u) is a linear mapping of F’* into G’* that 
extends u, which we shall again denote by wu. With this convention: 


PROPOSITION 1. — If f is a mapping of T into F that is scalarly 
essentially p-integrable, then the mapping uof is scalarly essentially 


p-integrable and 
[twotyau =u( | tau). 


For every z’ € G’, (z/,uof) = (‘u(z’),f), whence the first assertion; 
the second follows from the formula 


(2!, [ (wot) du) = [esuotydu= (‘u(a!), [ tay.) = (z,u( [tdu)). 


In particular, if f is scalarly essentially p-integrable, then it remains 
scalarly essentially -integrable when the topology of F is replaced by a 
coarser topology. 


PROPOSITION 2. — Let f be a scalarly essentially p-integrable mapping 
of T into F. For every numerical function g > 0 that is u-measurable 
and bounded, the mapping t ++ g(t)f(t) (denoted gf or fg) of T into F 
is scalarly essentially p-integrable, £ ts scalarly essentially (g - w)-integrable, 


7 [tao-w = [ todn. 
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This is an immediate consequence of the formula (z’, gf) = g(z’,f) , for 
all z’ € F’, and the formula f[hd(g-y) = {hgdwp for every essentially 
p-integrable scalar function h (Ch. V, 85, No. 3, Th. 1). 


A great many propositions about essentially integrable numerical func- 
tions may be transposed word for word into propositions about scalarly 
essentially integrable vector-valued functions. Among the more important, 
we call attention to the conditions for a function to be essentially integrable 
with respect to a measure defined by a density (Ch. V, §5, No. 3, Th. 1), or 
with respect to the image of a measure (Ch. V, 86, No. 2, Th. 1), or with 
respect to an induced measure (Ch. V, §7, No. 1, Th. 1), or with respect 
to the sum of a summable family of positive measures (Ch. V, §2, No. 2, 
Props. 1 and 3 and Cor. 3 of Prop. 1). These transpositions are left to the 
reader. 

However, to obtain statements corresponding to the theorems on ‘double 
integrals’ (Ch. V, §3, No. 3, Th. 1 and §8, No. 4, Th. 1 (Lebesgue-Fubini 
theorem)), it is necessary to strengthen the hypotheses (cf. Exer. 1); on 
applying the previously cited theorems to each of the functions (z’,f) , where 
z' € F’, one thus obtains the following propositions: 


PROPOSITION 3. — Let X be a locally compact space, t + 4% 
a p-adequate® family (Ch. V, §3, No. 1, Def. 1) of positive measures on X, 
and let v = f[ Ax du(t). Let f be a mapping of X into F; assume that 
1° fis scalarly v-integrable; 2° there exists a locally u-negligible set N CT 
such that, for every t ¢ N, f is scalarly y-integrable and f fd; € F. 
Then, the function t > [fdd, defined for t ¢ N, is scalarly essentially 


p-integrable, and4 
{ f(a ways / Ait) / f(x) d(x) 


PROPOSITION 4. — Let T and T’ be two locally compact spaces, 
w (resp. pu’) a@ positive measure on T (resp. T’), v= w~@yp' the product 
measure on X = T xT’. Let f be a mapping of X into F. Assume that: 
1° f is scalarly v-integrable; 2° there exists a locally p-negligible set NC T 
such that, for every t ¢ N, the mapping t' + f(t,t') is scalarly p'-inte- 
grable, and f f(t,t’)dy'(t’) © F. Then, the function tr f f(t,t’) dy'(t’), 
defined for t EN, is scalarly essentially p-integrable and4 


[feceeraue arte) = faut) [rey ae. 


3It suffices to assume that the family is scalarly essentially pu-integrable, thus the 
proposition holds for either of the two interpretations of ‘u-adequate’. 
4Equality as elements of F’*. 
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2. Properties of the integral of a scalarly essentially integrable 
function 


PROPOSITION 5. — Let ys be a bounded positive measure on T, 
S a p-measurable set carrying u (Ch. V, §5, No. 7, Def. 4), f a@ scalarly 
p-integrable (*) function with values in F. Let D be the closed convex enve- 
lope of £(S) in the space F’* equipped with the topology o(F’*,F’). Then 
ffdpe€ p(T)D. 

Since D is the intersection of the closed half-spaces containing f(S) 
(TVS, II, §5, No. 3, Cor. 1 of Prop. 4), it suffices to prove that the relation 
(f(t), 2’) <a for all t © S (where z’ € F’,a€ R) implies (2’, ffdu) < 
a- p(T); but since ffdu = f,fdy, this follows from Ch. IV, §4, No. 2, 
Cor. 1 of Th. 1. 


COROLLARY. — Let p be a bounded positive measure on T, S a 
pe-measurable set carrying , and £ a mapping of T into F, scalarly 
pi-measurable and such that £(S) is contained in a weakly compact convex 
subset A of F. Then f is scalarly p-integrable, and [fdu€ p(T)ACF. 

For every z' € F’, (z’,f) is u-measurable and bounded in S, hence 
integrable, which proves that f is scalarly integrable. Moreover, since A is 
compact in F,, it is closed in F’*, and the closed convex envelope of f(S) 
in F’* is contained in A, whence the corollary. 


PROPOSITION 6. — Let f be a scalarly essentially y-integrable function 
with values in F, such that f fdu € F. For every lower semi-continuous 


semi-norm q on F, > 
a(_[ fax) ah (qo f) dy. 


Let D be the set of z € F such that g(z) <1; D is closed, convex, 
and contains 0, therefore D = D°° (TVS, II, §6, No. 3, Cor. 3 of Th. 1). 
It therefore suffices to prove that for every z’ € D°, one has |(z! ; f f du)| < 
J{°(qof) du; but this follows at once from the fact that |(z’, £(t))| < q(f(t)) 
for every tET. 


Note that the numerical function qof need not be y-measurable (Exer. 12). 


PROPOSITION 7. — Let f be a mapping of T into F, scalarly essentially 
p-integrable, such that for every compact subset K of T, f£(K) is contained 


(*) Recall that for a bounded positive measure ps, the concepts of py-integrable 
function and essentially y-integrable function are the same (Ch. V, §1, No. 3, Cor. of 
Prop. 9). eas. 

5The original notation for upper essential integral is { i , changed to f * in the 
second edition of Ch. V. 
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in a weakly compact, balanced, conver subset of F. Then ffdyu belongs to 
the bidual F” of F. 
For every compact subset K of T, 


[tex du = [tew)atox “B); 


the Cor. of Prop. 5 can be applied to the bounded measure yx-p and the 
function fy, , consequently ffyx du € F. For every z’ € F’, (z/,f) is 
essentially y-integrable, consequently (Ch. V, 81, No. 3, Prop. 10) 


fetta tim fe! Ae du, 


the limit being taken with respect to the increasing directed set of com- 
pact subsets of T. One concludes that, with respect to this set, f fyx du 
converges to ffdy for the topology o(F’*,F’). Now, 


[(2', f tex an)|=| fe',trer du] < [Mel tau, 


which proves that the set of elements [ fyx du is a bounded subset of F, , 
hence also of F (TVS, IV, §1, No. 1, Prop. 1). Proposition 7 is therefore a 
consequence of the following lemma: 


Lemma 1. — The closure in F’* (for the topology o(F’*,F’)) of every 
bounded subset of F is contained in the bidual F” . 

For, a bounded subset of F is contained in the polar (in F”) of a 
neighborhood of 0 in the strong dual F’ of F, hence is relatively compact 
in F” for o(F”,F’) (TVS, III, §3, No. 5, Prop. 7 and No. 4, Cor. 2 of 
Prop. 4); since o(F”,F’) is induced by o(F’*,F’), the lemma is proved. 


COROLLARY. — Suppose F is semi-reflerive, and let f be a scalarly 
essentially u-integrable mapping of T into F such that, for every compact 
subset K of T, f(K) is bounded. Then [fdy belongs to F. 

For, every bounded subset of F is relatively weakly compact (TVS, IV, 
§2, No. 2, Th. 1), and F=F”. 


PROPOSITION 8. — Let w be a bounded positive measure on T, S a 
pi-measurable set carrying 1, f a u-measurable mapping of T into F, such 
that £(S) is contained in a complete, bounded, balanced convex subset B 
of F. Then, f is scalarly p-integrable and ffdwe w(T)BCF. 

Since S is p-integrable, there exists a partition of S formed by a 
p-negligible set N and a sequence (K,,) of compact subsets such that the 
restriction of f to each K,, is continuous (Ch. IV, §4, No. 6, Cor. 3 of Th. 4 
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and §5, No. 1, Def. 1); f(K,) is therefore a compact subset of F. The 
closed, balanced convex envelope B, of f(K,,) is then pre-compact (TVS, 
II, §4, No. 1, Prop. 3) and is contained in the complete subset B of F, 
therefore it is compact, and a fortiori weakly compact. Consequently (Cor. 
of Prop. 5) fyx,, is scalarly y-integrable, and 


a [ te, dp € U(Kn)Bn C p(Kn)B 
For every continuous semi-norm p on F, it follows that 


P(Zn) < w(Kn) “mip p(x) ; 


since B is bounded and since the series with general term p(K,,) is con- 
vergent and has sum p(T), one sees that the sequence with general term 
Sp = Z1+Z2+---+Zn, is a Cauchy sequence in the complete subset p4(T)B 
of F. This sequence therefore converges to an element s of u(T)B; since 
one can suppose that f(t) = 0 on T—S, Lebesgue’s theorem applied to 
each of the functions (z’,f) (z’ € F’) proves that s= ffdp. 


3. Integrals of operators 


Let G and H be two Hausdorff locally convex spaces over R, and 
suppose now that F is the space &(G;H) of continuous linear mappings 
of G into H, equipped with the topology of pointwise convergence. Every 
continuous linear form on F may be extended to a continuous linear form on 
the product space H® (TVS, II, §4, No. 1, Prop. 2), hence may be written 


Ut xu (a;),b;), where the a; (resp. the bj) are elements of G (resp. 


of the saa H’ of H). To say that a mapping U of T into F is scalarly 
essentially u-integrable means that, for every a € G and every b€ H’, 
the numerical function t++ (U(t)-a,b’) is essentially y-integrable. 


PROPOSITION 9. — Let U be a scalarly essentially p-integrable mapping 
of T into F = ¥,(G;H). In order that [Udy € F, it is necessary and 
sufficient that the following two conditions be satisfied: 

a) For every x EG, f (U(t)-x) du(t) EH. 

ee For eid a subset B’ of H’, the set of linear forms 

xt f(U y’) du(t), where y’ runs over B’, is equicontinuous. 

The ae A and b) are necessary. For, since for every x € G, the 
mapping x:V+>+V-x of &(G;H) into H is linear, one sees (No. 1, 
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Prop. 1) that xoU : t+ U(t)-x is scalarly essentially p-integrable and 
that 


(1) S-x= / (U(t) - x) du(t), 


where S = fUdu € Y,(G;H). This proves a). Moreover, (1) may also be 
written 


(2) (S-xy') = | (U(t)-x,y') dult) = (x, uy’), 


in other words ‘Sy’ = uy. Since S is continuous, ‘S transforms every 
equicontinuous subset of H’ into an equicontinuous subset of G’ , whence b). 
Conversely, suppose a) and b) verified. By virtue of a), the formula (1) 
defines a linear mapping S of G into H, and, for every y’ € H’, this 
mapping satisfies (2) (No. 1, Prop. 1); but then, condition (b) says that S$ 
is continuous (TVS, II, §6, No. 4, Props. 5 and 6, and III, §3, No. 5, Prop. 7), 
therefore S € %,(G;H). Finally, formula (2) proves that S = fU dp. 


COROLLARY. — The condition b) of Prop. 9 is satisfied in each of the 
following two cases: 

1° The measure 1 is bounded, and if S is its support, then U(S) is an 
equicontinuous subset of £(G;H). 

2° The condition a) of Prop. 9 is satisfied, the space G is barreled, and, 
for every compact subset K of T, U(K) is a bounded subset of &(G;H). 

Let us first place ourselves in case 1°. We can restrict ourselves to the 
case that S = T (Ch. V, 87, No. 1, Th. 1). Then, for every equicontinu- 
ous subset B’ of H’, there exists an equicontinuous, convex, balanced and 
weakly closed subset A’ C G’ such that *tU(t)-y’ € A’ for all y’ € B’ 
and all t € T (TVS, II, §6, No. 4, Prop. 6). Since U is scalarly y-integrable, 
the mapping t +> ‘U(t)-y’ of T into the dual G’ of G equipped with 
o(G’,G), is scalarly p-integrable, and one may write 


tly = ', (‘U(t)- y’) du(t). 
Since A’ is convex and compact for o(G’,G), the Cor. of Prop. 5 of No. 2 
shows that uy € (T)A’ for every y’ € B’, which proves our assertion. 


Let us now place ourselves in case 2°. For every y’ € H’ and every 
compact subset K of T, set 


uy = f ex(t) (UW) -¥) auld), 
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an element of the algebraic dual G* of G. Since G is barreled, ev- 
ery bounded subset of .%(G;H) is equicontinuous (TVS, III, §4, No. 2, 
Th. 1); the first part of the argument, applied to the function yxKU and 
the bounded measure yx - 1, shows that ux, € G’. Moreover, for the 
topology o(G*,G), one has uy: = lim = ux,y’, the limit being taken with 


respect to the increasing directed set of compact subsets of T (Ch. V, §1, 
No. 3, Prop. 10). To verify condition b) of Prop. 9, it suffices, by Prop. 9, to 
prove that the linear mapping S of G into H defined by (1) is continuous; 
moreover, G is barreled, therefore it will suffice to prove that S is contin- 
uous when G and H are equipped with their weakened topologies (TVS, 
IV, §1, No. 3, Prop. 7); finally, by virtue of (2), one is reduced to showing 
that uy € G’ for every y’ € H’. Since uy is in the closure, for o(G*,G), 
of the set M’ of the ux,y, where K runs over the set of compact subsets 
of T, it suffices to prove that M’ is equicontinuous (TVS, III, §3, No. 4, 
Prop. 4); and since G is barreled, it comes to the same to say that for every 
x € G, the set of (x,ux,y’) is bounded (TVS, III, §4, No. 2, Th. 1). But 
this follows at once from the relations 


Kucrll=| fecQUO xy’) dul] < [MU ¥/)du(t. 


PROPOSITION 10. — Let U be a mapping of T into F = Y,(G;H). In 
each of the following three cases, U is scalarly essentially y-integrable and 
fUdue %(G;H): 

a) H is quasi-complete, is bounded and, if S is its support, U is 
p-measurable and U(S) is equicontinuous. 

b) H is semi-reflezive, is bounded and, if S is its support, U is 
scalarly -measurable and U(S) is equicontinuous. 

c) H is semi-reflexive, G is barreled, U is scalarly essentially 
p-integrable, and, for every compact subset K of T, U(K) is bounded. 

The fact that U is scalarly essentially integrable is obvious in all three 
cases; by virtue of Prop. 9 and its corollary, it suffices in each case to verify 
condition a) of Prop. 9. Now, this condition follows from Prop. 8 of No. 2 in 
the first case, and from the Cor. of Prop. 7 of No. 2 in the other two cases. 


4, The property (GDF) 


In this No. we are going to consider locally convex spaces F having the 
following property (called the ‘countably closed graph’ property):® 


6 Graphe dénombrablement fermé, whence the initials (GDF). 
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(GDF) If u is a linear mapping of F into a Banach space B such that, 
in the product space F xB, every limit of every convergent sequence of points 
of the graph T of u again belongs to I, then u is continuous. 

Every Fréchet space has the property (GDF) (TVS, I, §3, No. 3, Cor. 5 
of Th. 1). In the Appendix, we shall see other examples of spaces having the 
property (GDF). 


PROPOSITION 11. — Every Hausdorff locally convex space F with the 
property (GDF) is barreled. 

Let V bea barrel in F, q is gauge, which is asemi-norm on F; let H be 
the Hausdorff space associated with the space F’ equipped with the topology 
defined by this single semi-norm. The completion H of H is a Banach space; 
let a be the canonical mapping of F into H; we are going to show that 
mt is continuous (for the original topology on F'); this will establish the 
proposition, because V, the inverse image under 7 of the unit ball of H, 
will then be a neighborhood of 0 in F. To establish the continuity of 7 
it will suffice, by virtue of (GDF), to show that the graph of 7 is closed in 
F x H; in other words, we must see that if ¥ is a filter on F, convergent 
to x € F, and its image 7(%) converges to y € H, then y = 1(x). Now, 
every element x’ of the polar V° of V in F’ may be extended in only one 
way to a continuous linear form on H (again denoted x’), and the set of 
these forms is the unit ball of the dual of H; it therefore suffices to show that 
(y,x’) = (1(x),x’) for every x’ € V°. But this follows from the relations 


(y,x’) = lim z(m(z), x’) = lim g(z, x’) = (x,x’) = (m(x),x’). 


THEOREM 1. (Gelfand—Dunford)— Let F be a Hausdorff locally conver 
space having the property (GDF), F4, its weak dual. For every mapping f 
of T into F., that is scalarly essentially p-integrable, the integral ff du 
belongs to F’. 

Recall that the dual of F, is F (TVS, II, 86, No. 2, Prop. 3). For every 
z © F, the numerical function (z,f) is therefore essentially p-integrable; 
let 0(z) be its class in L'(j:). To show that ff dy € F’, one must establish 
that the linear form z++ (z, { fdju) is continuous on F; in fact, we are going 
to prove the following stronger result: 


/ 


Lemma 2. — Let f be a mapping of T into F,, such that for every 
z€F, the numerical function (z,£) belongs to Y’(u) (1 < p < +00); 
let 0(z) be the class of this function in LP(u). Then z++ 0(z) is a contin- 
uous linear mapping of F into LP(u). 

By virtue of the (GDF) property, it suffices to show that for every se- 
quence (z,,) of elements of F converging to z, such that (0(z,,)) converges to 
u € LP(u), one has u = 6(z). Now, replacing if necessary the sequence (Zp) 
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by a subsequence, one can suppose that the sequence of functions (Zn, f) 
converges locally almost everywhere to a function h € F" (u) , with class u 
in L?(u) (Ch. IV, §3, No. 4, Th. 3 and Ch. V, §1, No. 3). Since, by hypoth- 
esis, for every ¢t € T the sequence ((Zn,f(t))) converges to (z,f(t)), we 
have h(t) = (z,f(t)) locally almost everywhere, consequently u = 0(z). 


Coro.Luary 1. — Let G; (1 <i <n) be n Hausdorff locally convex 
spaces having the property (GDF), and let F be the space of separately con- 


tinuous multilinear forms on Il G; , equipped with the topology of pointwise 


convergence. For every mapping f of T into F that is scalarly essentially 
p-integrable, one has ffduweF. 


n 
The space F is in duality with the tensor product ®)G;, and the 
t=1 
topology of pointwise convergence on F is none other than the topology 
n 
o(F, ® Gi). The algebraic dual F’* is therefore the space of all multilinear 
t=1 


n n 

forms on [[ G;. Let z= (z1,...,Zn) be an element of [] G;; for every 
i=1 i=l 

multilinear form u € F’*, the mapping x +> u(21,...,2;-1,X,Z41)--- Zn) 


is a linear form on G; , which we shall denote by ;(z)(u); we thus obtain a 
linear mapping ;(z) of F’* into the algebraic dual G¥ of G;, continuous 


n 
for the topologies o(F’*, ® G;) and o(G¥,G,). To say that u € F means 


that for every index i and every z € Il G;, one has ,(z)(u) € Gi. Now, 


by Prop. 1 of No. 1, the mapping ,(z of i is a scalarly essentially y-integrable 
mapping of T into Gi equipped with the topology o(G/,G,), and 


J Os@)e8) au = (2)( f fdu). 


By Th. 1, f (Ai(z) of) due Gi for 1<i<n, therefore ffdweF. 


COROLLARY 2. — Let G be a Hausdorff locally convex space having the 
property (GDF), and H a semi-reflexive space whose strong dual Hj, has the 
property (GDF) (cf. App., No. 2, Prop. 3). Let F be the space -%(G;H); 
for every mapping U of T into F that is scalarly essentially p-integrable, 
the integral [Udy belongs to F. 

Since G is barreled (Prop. 11), “(G;H) = Y(G,;H,) (TVS, IV, §1, 
No. 3, Prop. 7); moreover, one can replace F = &(G;H) by the space 
“;(G,;H,), since the two spaces have the same dual G @ H’ (TVS, II, 
§6, No. 2, Prop. 3, and the first paragraph of No. 3 above). If, for every 
u € £(G;H) = Y(G,;H,), one sets u(x,y’) = (u(x,y’) (for x € G, 
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y’ €H’), the linear mapping ut w is a bijection of F onto the space Fy 
of separately continuous bilinear forms on G, x H’,, where H’, denotes the 
dual H’ equipped with the weak topology o(H’,H) (App., No. 1); moreover, 
this mapping is an isomorphism of .%,(G,;H,) onto F, equipped with the 
topology of pointwise convergence (loc. cit.). But since by hypothesis H is 
the dual of H,, F, is also the space of separately continuous bilinear forms 
on G x H,. Cor. 2 therefore follows from Cor. 1. 


Note that Cor. 2 is applicable in particular when G is Banach space 
and H is a reflerive Banach space. 


5. Measurable mappings and scalarly measurable mappings 


Ifa mapping f of T into a Hausdorff locally convex space F is scalarly 
p-measurable, it does not in general follow that f is y-measurable (Exer. 12). 
Nevertheless: 


PROPOSITION 12. — If F is a separable, metrizable locally convex space, 
then every scalarly j-measurable mapping f of T into F is u-measurable. 
For, F may be regarded as a subspace of a countable product []E, 

n 


of Banach spaces (TVS, I, §1, No. 3, Prop. 3), and one can suppose that 
pr,(F) is dense in E,, which is therefore separable. For every n, the 
mapping pr, of is scalarly u-measurable, hence u-measurable (Ch. IV, 85, 
No. 5, Cor. 2 of Prop. 10), consequently f is u-measurable (Ch. IV, §5, 
No. 3, Th. 1). 


PROPOSITION 13. — Let F be a locally convex space that is the direct 
limit of a sequence of separable, metrizable locally convex spaces F,, F being 
the union of the F,. Let F’ be the dual of F , equipped with the topology 
o(F’,F). Then, every scalarly ju-measurable mapping f of T into F’ is 
pe-measurable. 

Suppose first that F is metrizable and separable, and let D be a count- 
able dense set in F. Let (V,) be a decreasing fundamental sequence of 
balanced, convex, open neighborhoods of 0 in F; the polar sets V> are 


-1 
equicontinuous and their union is all of F’. Let T, = f (V?,); the sequence 
(Tn) is increasing and T = UT,; let us show that each of the T,, is 


pi-measurable. Indeed, DN ve is dense in V,; for every y € DNV,, 
let Sy be the set of t € T such that |(y,f(t))| < 1; the hypothesis im- 
plies that each of the S, is measurable, and T,, is the intersection of the 
countable family of the Sy (y € DN V,). This being so, for every com- 
pact subset K of T and every ¢ > 0, there exists an integer n such that 
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w(K — (KN Tr)) < =; then a compact subset K, of KMT, such that 
E 


u((K N Tp) mae Ki) < 4 
such that pu(K; — Kg) < and such that the restrictions to Ky of all 
of the functions (y,f), where y € D, are continuous (Ch. IV, §5, No. 1, 
Prop. 2). Since the set f(K2) C f(T,) C V?_ is equicontinuous, the topol- 
ogy induced by o(F’,F) on f(Kz) is identical to the topology of pointwise 
convergence in D (GT, X, §2, No. 4, Th. 1); consequently, the restriction 
of f to Kg is continuous, whence our assertion in the first case. 


; finally, there exists a compact subset Ko of K, 


Let us pass to the general case. If z’ is a continuous linear form on F, 
its restriction z/, to F, is continuous; since F = JF,, the dual F’ of F 


may be identified (algebraically) with a linear subspace of the product [] FY, , 
n 


and pr,z’ = z,. Moreover, since each finite subset of F is contained in one 
of the F,,, the topology o(F’,F) is none other than the topology induced 
by the product topology of the topologies o(F/,,F,,). This being so, if f is 
scalarly y-measurable then pr, of is scalarly u-measurable, since for every 
téT, pr,(f(é)) is the restriction of f(t) to F,. The first part of the proof 
shows that pr, of is u-measurable for every n, therefore so is f (Ch. IV, 
§5, No. 3, Th. 1). 


6. Applications: I. Extension of a continuous function to a space 
of measures 


Let T bea locally compact space, F a quasi-complete, Hausdorff locally 
convex space, and f a continuous mapping of T into F; if p is a positive 
measure on T, with compact support S, then f(S) is compact; the closed 
convex envelope of f(S) is then compact (TVS, III, §1, No. 6), therefore 
f is scalarly y-integrable and [fdu € F (No. 2, Cor. of Prop. 5). If 
now 2 is any real measure with compact support, \* and A~ are positive 
measures with compact support; setting [fd = ffddAt — ffdd—, one 
verifies immediately (using the relation (A+ w)t +A7 +7 = ATH yr+ 
(A+ p)~) that 4+ f£dd is a linear mapping of the space @'(T) of 
measures on T with compact support, into the locally convex space F. 

Let us now observe that the space @’(T) may be identified with the 
dual of the space @(T) of continuous numerical functions on T (whence 
its notation), when @(T) is equipped with the topology of compact conver- 
gence (which we shall always assume in this No. and in the following one): 
for, it is known on the one hand (Ch. IV, §4, No. 8, Prop. 14) that the mea- 
sures on T that can be extended to continuous linear forms on @(T) are the 
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measures with compact support, and conversely, the restriction to #(T) of 
a continuous linear form on @(T) is a measure (since the topology of %(T) 
is finer than the one induced by the topology of @(T)). 


PROPOSITION 14. — Let T be a locally compact space, F a quasi- 
complete, Hausdorff locally convex space, and f a continuous mapping of T 
into F. If the space @'(T) of measures on T with compact support is 
equipped with the topology of uniform convergence in the compact subsets 
of @(T), then the mapping X\ +> [fdX is the unique continuous linear 
mapping f of €'(T) into F such that f(e,) = f(t) for every tET. 

To establish the uniqueness of the extension, it suffices to see that the 
point measures €, form a total set in @’(T); since the dual of @'(T) 
is @(T) (TVS, IV, §1, No. 1, Th. 1), it suffices to observe that every function 
g € G(T) that is orthogonal to all of the measures €; is equal to 0 by 
definition (TVS, IV, §1, No. 2, Prop. 2). 

Let us now show that A+ f fd is continuous. Let V be a closed, 
balanced convex neighborhood of 0 in F; it suffices to prove that there exists 
a relatively compact subset L of @(T) such that the relations 4 € L° and 
z' €V° imply |( ffdd,2’)| <1, or again that | f(f,2') da <1. To this 
end, we are going to show that as z’ runs over V°, the set L of numerical 
functions (f,z’) is relatively compact in @(T). Since V° is bounded for 
o(F’,F), the supremum of the numbers |(f(t),z’)|, for t € T fixed and z’ 
running over V°, is finite; by virtue of Ascoli’s theorem (GT, X, §2, No. 5, 
Cor. 2 of Th. 2), it therefore suffices to show that the set of (f,z’) (z’ € V°) 
is equicontinuous. But, for every to © T and every 6 > 0, there exists by 
hypothesis a neighborhood W of to in T such that f(t) —f(to) € dV for 
all ¢ € W;; it follows that |(f(t),z’) — (£(to),2’)| <6 for all t€ W and all 
z' € V°, which completes the proof. 


Remarks. — 1) The mapping t +> €¢ is a homeomorphism of T into the 
space @'(T) ; for, if L is a compact subset of @(T), and to € T, there exists (GT, 
X, §2, No. 5, Cor. 3 of Th. 2) a neighborhood W of to such that |g(t)~—g(to)| <1 
for every t € W and every function g € L, therefore e; —e4, € L° for t€ W, 
which proves the continuity of t +> e¢ (cf. Ch. IV, §4, No. 8, Prop. 15); one 
knows in addition that the inverse mapping is already continuous for the vague 
topology (Ch. III, §1, No. 9, Prop. 13), hence a fortiori for the topology of uniform 
convergence in the compact subset of @(T). If one then identifies T with its image 
in @’(T) via t +> e€¢, one can say that \ 1 [far is the unique continuous 
extension of f to a linear mapping. ; 

2) Note that in the proof of the continuity of +> f f dA, we have not used 
the fact that F is quasi-complete. The conclusion of Prop. 14 is therefore still valid 
without this hypothesis, provided one knows in addition that f fdy € F for every 
positive measure 41 with compact support. 


Suppose now that f(T) is a bounded subset of F. Then, for every 
bounded positive measure pp on T, f is scalarly p-integrable and [ fdy € F 
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(No. 2, Prop. 8). If X is any bounded real measure on T, then \* and A~ 
are bounded, and one sees immediately that ++ [ fd, defined as above, 
is a linear mapping of the space @1(T) of bounded measures on T, into 
the locally convex space F , that obviously extends the mapping A+ ff dX 
of @'(T) into F. 


PROPOSITION 15. — Let T be a locally compact space, F a Hausdorff 
locally convex space that is quasi-complete, and f a continuous mapping 
of T into F such that f£(T) is bounded. If .'(T) is equipped with its 
Banach space topology, then the linear mapping X +> [fd of A(T) 
into F is continuous. 

For every closed, balanced, convex neighborhood V of 0 in F, there 
exists a p > 0 such that f(T) C pV; the closed, balanced, convex enve- 
lope B of f(T) is therefore contained in pV, and it is complete by hypoth- 
esis. If then ||A|| < 1/p, it follows from No. 2, Prop. 8, and the relation 
Al] = At (LT) +A7(T), that ffd\eB/pcv. 


7. Applications: II. Extension, to a space of measures, of a con- 
tinuous function with values in a space of operators 


Let G be a Hausdorff locally convex space, H a Hausdorff and quasi- 
complete locally convex space, and denote by F the space (G;H) of 
continuous linear mappings of G into H, equipped with the topology of 
compact convergence. The space F is not necessarily quasi-complete, and 
if t + U(t) is a continuous mapping of T into F, and yp is a posi- 
tive measure on T with compact support, one does not necessarily have 
fUdu € F (Exer. 27). However, if, for every compact subset K of T, 
U(K) is equicontinuous, then its balanced convex envelope in F is also 
equicontinuous (TVS, III, §3, No. 4), and since H is quasi-complete, the 
closure of this balanced convex envelope will be a complete subset of F 
(TVS, III, §3, No. 8, Prop. 11); one will then indeed have fUdu € F 
(No. 2, Prop. 8). 


The supplementary condition imposed on U may be expressed other- 
wise: 


Lemma 3. — Let G,H_ be two locally conver spaces, U a mapping 
of a locally compact space T into £(G;H). The following conditions are 
equivalent: 

a) The mapping (t,x) U(t)-x of TxG into H is continuous. 

b) For every compact subset K of T, U(K) is equicontinuous, and 
there exists a total set D C G such that i Te x € D, the mapping 
tr U(t)-x is continuous on T. 
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Moreover, when U satisfies these conditions, U is a continuous map- 
ping of T into Y(G;H) equipped with the topology of compact convergence. 

To see that a) implies b), we observe that for every neighborhood V 
of 0 in H and every t € K, there exist by hypothesis a neighborhood 
L; of ¢ in T and a neighborhood W; of 0 in G such that the relations 
U el, and x € W; imply U(t’)-x € V. It suffices to cover K with 
a finite number of neighborhoods L:, and to take W = ()Wz4, in order 


v 
to have U(t)-x € V whenever t € K and x € W, which proves the 
equicontinuity of U(K). 

Conversely, suppose b) is verified; it suffices to show that for every com- 
pact subset K of T, the mapping (t,x) +>» U(t)-x is continuous on KxG. 
Let M = U(K); since M is equicontinuous, it follows that on M, the topol- 
ogy of pointwise convergence in G is identical to the topology of pointwise 
convergence in D (GT, X, §2, No. 4, Th. 1); the hypothesis b) therefore 
implies that t++ U(t) is a continuous mapping of K into &(G;H) when 
£(G;H) is equipped with the topology of pointwise convergence. On the 
other hand, (A,x) + A-x is a continuous mapping of M x G into H 
when M is equipped with the topology of pointwise convergence (GT, X, 
§2, No. 1, Cor. 4 of Prop. 1). Since the mapping (t,x) > U(t)-x may be 
factored as (t,x) ++ (U(t),x) + U(t)-x, we conclude that it is continuous. 

Finally, the last assertion of the lemma follows from the fact that, on M , 
the topology of compact convergence is identical to that of pointwise con- 
vergence (GT, X, §2, No. 4, Th. 1). 


Thus, suppose that U satisfies the conditions of Lemma 3; then (if H 
is quasi-complete) one defines, as in No. 6, a linear mapping A> fU dA 
of @'(T) into F= £(G;H). We set U(A) = [Udd. 


PROPOSITION 16. — Let G, H be two Hausdorff locally convex spaces, 
with H assumed to be quasi-complete. Let U be a mapping of T into 
£(G;H) such that (t,x) + U(t)-x is a continuous mapping of Tx G 
into H. Then the bilinear mapping (A,x) > U(A)-x of @'(T)xG into H 
is hypocontinuous relative to the equicontinuous subsets of @'(T) and the 
compact subsets of G (which implies that the linear mapping ++ U()) 
of @'(T) into F is continuous). 

The continuity of A+ U(t) as a mapping of @’(T) into F follows 
from Lemma 3 and Remark 2 following Prop. 14 of No. 6. Thus, it remains to 
prove that for every closed, balanced, convex neighborhood V of 0 in H and 
for every equicontinuous subset N of @’(T) , there exists a neighborhood W 
of 0 in G such that the relations x © W, AEN imply that U(A)-x EV. 
One can suppose that N = S°, where S is a neighborhood of 0 in @(T), 
consequently one can suppose that S is the set of functions g € @(T) such 
that |g(t)| < 1 on a compact subset K of T. It suffices to show that 
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(U(A) -x,x’)| < 1 for x € W, x’ € V° and A € S°. Now, since U(K) 
is equicontinuous, there exists a neighborhood W of 0 in G such that the 
relations t€ K, x € W imply U(t)-x € V; the relations x € W, x’ € V° 
therefore Foe that the aa t + (U(t) -x,x’) belongs to S, hence 
that |(U(t) -x,x’)| = | [(U(t) -x,x’) dX(t)| <1. by the definition of S°. 


Let us now assume that U is a continuous mapping of T into F and, 
moreover, that U(T) is equicontinuous. Then, the same reasoning as above 
shows (since H is quasi-complete) that for every bounded positive measure yu 
on T, {Udy € F. One can therefore define, as above, a linear mapping 
Aw fUddX=U(A) of 41(T) into F that extends the analogous mapping 
of @'(T) into F. Moreover, for every closed, balanced, convex neighborhood 
V of 0 in H, there exists by hypothesis a neighborhood W of 0 in G such 
that for every x € W and every t € T, one has U(t)-x € V, consequently 
(since V is weakly closed) f (U(t) -x)dA(t) € ||A||-V (No. 2, Prop. 5). In 
other words: 


PROPOSITION 17. — Let G, H be two Hausdorff locally convex spaces, 
with H assumed to be quasi-complete. Let U be a mapping of T into 
£(G;H) such that (t,x) U(t)-x is continuous on TxG, and U(T) is 
equicontinuous. Then, if M*(T) is equipped with its Banach space topology, 
the bilinear mapping (A,x) ++ U(A)-x of &1(T)xG into H is continuous 
(which implies, in particular, that the linear mapping ++ U(A) of 1(T) 
into £(G;H) is continuous when £(G;H) is equipped with the topology 
of bounded convergence). 


PROPOSITION 18. — Let Gj, Go, Hi, He be four Hausdorff locally 
convex spaces, with H, and Hg assumed to be quasi-complete. Let 
A: G, > G and B: H, — Ho be two continuous linear mappings. 
Let U1 :T > 2(G1;Hi), U2: T - £(G2;H2) be two mappings satisfying 
the conditions of Prop. 16 (resp. Prop. 17), and suppose that for every t € T, 
BoU,(t) = U2(t)o A. Then, for every measure with compact support (resp. 
every bounded measure) X on T, BoU,(A) =U2(A) oA. 

Indeed, for every x € G;, one has (No. 1, Prop. 1) 


(BoU,(A))-x= | ((B o Ui (t)) - x) dX(t) 
= / ((v2) o A) +x) dX(t) = U2(A)-(A-x). 
Remarks. — 1) Suppose that G and H are Banach spaces, and let U 


be a mapping of T into “(G;H) such that (¢,x) + U(t)-x is continuous 
on TxG. Note that this implies that the finite function t + ||U(¢)|| is 
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bounded on every compact subset of T and lower semi-continuous on T, 
being the upper envelope of the continuous functions t ++ |U(t)-x| as x runs 
over the ball |x| <1 in G. Set A(t) = ||U(t)||. Then, for every positive 
measure 44 on T such that h is p-integrable, we again have [Ud € 
-£(G;H). For, the measure v = h- py is bounded by hypothesis; there 
therefore exists a partition of T formed by a v-negligible set N and a 
sequence (K,,) of compact subsets. The argument made at the beginning 
of this No., applied to the measure yx, - 1, shows that 


Ay = f o«,U due P= 2(G:H), 


and, moreover (No. 2, Prop. 6), ||An|| < f yx, ||U|| du < v(Kn). The series 
with general term A,, is therefore absolutely convergent in the Banach space 
£(G;H), and it is immediate that its sum is {Udy and that | fU dull < 
Slap. 

2) Suppose that G = H is quasi-complete and that U satisfies the 
hypotheses of Prop. 16. Let M bea dense subset of the space @’(T) , for the 
weak topology o(@’(T),@(T)), and let X be a closed linear subspace of H 
such that U(A)(X) C X for every measure A € M. Then also U(t)(X) c X 
for every t € T: indeed, for every x € X and every x’ € H’ orthogonal 
to X, by hypothesis (U(A)-x,x’) =0 for all \ € M, which may be written 
f(U(t) -x,x’) du(t) = 0. The continuous function t+ (U(t) -x,x’), being 
orthogonal to M, is therefore 0, which yields (U(t)-x,x’) = 0 for every 
x’ € X°, whence U(t)-x € X for all t€ T and x € X, and this proves 
our assertion. 


§2. VECTORIAL MEASURES 


1. Definition of a vectorial measure 


The definition of a measure given in Ch. III, §1, No. 3 may be generalized 
as follows: 


DEFINITION 1. — Let F be a Hausdorff locally convex space over R. 
One calls vectorial measure on T with values in F every continuous linear 
mapping of the space #(T) into F. 


Def. 1 may also be expressed as follows: a vectorial measure on T with 
values in F is a linear mapping m of .#(T) into F such that, for every 
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compact subset K of T, the restriction of m to %(T,K) is continuous 
for the topology of uniform convergence. If f € #(T), one also writes 
f fdm or f f(t)dm(¢) instead of m(f). The measures with values in R 
are sometimes called real measures (Ch. III, §1, No. 5) or scalar measures 
on T. 


Examples. — 1) The identity mapping of .#(T) is a vectorial measure 
on T with values in #(T). 

2) *Let H be a complex Hilbert space, &(H) the normed algebra 
of continuous endomorphisms of H. Let A be a subalgebra of &(H), 
commutative, closed, self-adjoint and containing the identity; one shows that 
there exist a compact space X and an isomorphism of the normed alge- 
bra A onto the algebra %¢(X) = Gc(X) of continuous complex functions 
on X, equipped with the norm ||f|| = sup|f(x)|. The inverse isomorphism, 

EX 


restricted to #(X), is a vectorial measure m on X, with values in “(H), 
such that m(fg) = m(f)m(g)., 


Remarks. — 1) For a linear mapping m of .#(T) into F to bea 
vectorial measure, it is necessary and sufficient that, for every compact subset 
K of T, the image under m of the unit ball ||f|| <1 of “(T,K) be 
bounded in F . The notion of vectorial measure with values in F is therefore 
the same for all the Hausdorff locally convex topologies on F that admit the 
same bounded sets, and in particular for all the topologies compatible with 
the duality between F and F’ (TVS, IV, §1, No. 1, Prop. 1). 

2) Let T; be a locally compact space, F; a Hausdorff locally convex 
space over R, u acontinuous linear mapping of .# (Tj) into #(T), and v 
a continuous linear mapping of F into F,. If m is a vectorial measure on T 
with values in F, then vomouw isa vectorial measure on T; with values 
in F,. In particular, if g is a continuous, finite numerical function on T, 
then f ++ m(gf) is a vectorial measure on T with values in F, which is 
denoted g:m; if h is a second continuous, finite numerical function on T, 
then g-(h-m) = (gh)-m. 

3) Since the space .#(T) is the direct limit of the Banach spaces 
(T,K), and is in particular barreled (TVS, III, §4, No. 1, Cor. of Prop. 2 
and Cor. 3 of Prop. 3), in order that a linear mapping m of .#(T) into F 
be a vectorial measure, it is necessary and sufficient that, for every z’ € F’, 
z'om bea scalar measure on T (TVS, II, §6, No. 4, Prop. 5 and IV, 81, 
No. 3, Prop. 7). 


4) In view of Remark 1, Prop. 1 of Ch. III, §2, No. 1 and its proof are again 
valid for vectorial measures. One can therefore define the support of a vectorial 
measure m on T to be the complement of the largest open set U C T such that 
the restriction of m to U is zero. 
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2. Integration with respect to a vectorial measure 


Let m be a vectorial measure on T', with values in F. For every 
z’ € F’, the mapping z’ om is a scalar measure on T, depending linearly 
on z’. If f isa numerical function defined on T, we shall say, by an abuse of 
language, that the pair (f,m) has the property P if, for every z’ € F’, the 
pair (f,|z’om|) has the property P. For example, we shall say that f is 
essentially integrable for m if, for every z’ € F’, the function f is essentially 
integrable for |z’o m|. It comes to the same to say that f is essentially 
integrable for each of the measures (z’om)t and (z’/om)~ (Ch. V, §2, 
No. 2, Cor. 2 of Prop. 3). 


PROPOSITION 1. — Let m be a vectorial measure on T with values 
in F, f a numerical function on T that is essentially integrable for m. 
The mapping 


av f fae! omyt ~ f fata! om) 


is a linear form on F’. 

Denoting this mapping by ©, it is immediate that ®(Az’) = ®(z2’) 
for all A € R. Everything comes down to showing that ®(y’ +z’) = 
®(y’) + O(z'). Set w = ly’ o m| + |z’ o mj; by the Lebesgue-Nikodym 
theorem, one can then write y’om=g-p and z’om=h-p, where g 
and h are two bounded and locally ju-integrable numerical functions (Ch. V, 
85, No. 5, Th. 2); moreover, (y’om)* = gt-y and (y’om)~ =g~-p, and 
the analogous relations hold with y’ replaced by z’ (resp. y’ +z’) and g 
by h (resp. g +h). This being so, it is immediate that f is essentially 
p-integrable (Ch. V, §2, No. 2, Cor. 1 of Prop. 3), and the relation to be 
proved reduces to (g+h)* —(g+h)~ = (gt —g~)+ (ht —h7), which is 
obvious. 


DEFINITION 2. — Let m be a vectorial measure on T with values in F, 
f a numerical function on T that is essentially integrable for m. One calls 
integral of f with respect to m, and denotes by m(f) or { fdm or again 
f f(t) dm(t), the element of F’* defined by 


(1) (2, f fam) = f fate! omy* — f faa! omy 


We observe that if f € #(T),theelement { f dm so defined coincides 
with the element denoted likewise in No. 1, because the second member of (1) 
is then f fd(z’ om) = z'(m(f)) by definition. Moreover, if in particular 
one applies Def. 2 to the case that F = R, one sees that for every z’ € F’, 
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f is essentially integrable for the real measure z’ om, and that the second 
member of (1) may be written f fd(z’om). 


Suppose now that f is essentially integrable for m, and let z’ € F’. Set 
pb = |z’om|; by the Lebesgue—Nikodym theorem, one can write z’om = g-,, 
where g is locally p-integrable and ||g|| < 1, and the proof of Prop. 1 shows 
that f fd(z’ om) = f fgdu. Consequently, 


(2) | [ fate’ om)| < f flale om}. 


It is clear that the set of finite numerical functions essentially integrable 
for m is a vector space over R; we shall denote by &(m) this space 
equipped with the coarsest locally convex topology making continuous all of 
the linear forms f +> f f(z’ om), where z’ runs over F’. Note that in 
general the locally convex space -/(m) is not Hausdorff. 


Example. — Let us take for m the identity mapping of %(T) onto itself. 
Since the dual of .#(T) is the space .@(T) of scalar measures on T, the functions 
f € Y(m) are those that are essentially integrable for every scalar measure yp (cf. 
Exer. 1), and the integral f f dm is the linear form pp f fdp on (T). One 


cannot have f fdu = 0 for every measure wp € A(T) unless f = 0, as one 
sees on taking ys = ez, where t¢ is arbitrary in T; in other words, the mapping 
fr f fdm is an injection of &(m) into the algebraic dual of .@(T), which 


extends the identity mapping of “(T). The relation f fdméeF = £#(T) is 
therefore equivalent to f € #(T). 


Let u be a continuous linear mapping of F into a Hausdorff locally con- 
vex space G, and let us denote again by wu its extension by bitransposition 
to a linear mapping of F’* into G’* (§1, No. 1). With this convention: 


PROPOSITION 2. — Every numerical function f essentially integrable 
for m is essentially integrable for uom, and f fd(wom) =u( f f dm). 

The proposition is obvious, in view of the equality y’ouom = ‘u(y’)om 
for all yEG’. 


In general, if f € &(m), the integral f fdm_ belongs to F’* but not 
to F (see the above Example). However: 


PROPOSITION 3. — If the image under m of the set of f € #(T) such 
that sup|f(t)| <1 is weakly relatively compact in F, then f[ fdmeF for 
teT 


every bounded numerical function f essentially integrable for m. 
Let A be the set of f € #&(m) such that sup|f(¢)| < 1, and let 
t€T 


B=AN£(T); by hypothesis, m(B) is weakly relatively compact in F, 
therefore it suffices to show that m/(A) is contained in the closure (in F’*) 
of m(B) for the topology o(F’*, F’); since m(B) is convex and balanced, it 
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suffices to prove that the polar of m(B) in F’ is contained in that of m(A) 
(TVS, I, §6, No. 3, Th. 1). Now, for a linear form z’ € F’ to belong to 
(m(B))”, it is necessary and sufficient that |(z’,m(g))| =| fgd(z’om)| <1 
for every function g € B, which signifies that the scalar measure |z’ o m| 
is bounded and of norm < 1 (Ch. III, §1, No. 8); but by (2) the latter 
condition implies that |(z’,m(f))| <1 for every function f € A, whence 
z' € (m(A))°. 


CoROLLARY 1. — If, for every compact subset K of T, the image 
under m of the set of f € #(T,K) such that sup|f(t)| <1 is weakly rel- 
teT 


atively compact in F, then f fdmeéF for every function f € Y(m) that 
is bounded and has compact support, and f{ fdm € F” for every function 
fE€L(m). 

The first assertion may be deduced immediately from Prop. 3: if f is 
bounded and has compact support, and if U is a relatively compact open 
neighborhood of the support of f , then the restriction of m to the subspace 
4 (U) isa measure my on U that satisfies the conditions of Prop. 3, and 
f fdmy = f fdm (Ch. V, §7, No. 1, Th. 1), therefore f fdmeF. 

Now let f be any element of “(m) ; for every compact subset K of T 
and every integer n > 0, let fn,x be the numerical function on T defined 
as follows: if t¢ K, fn,x(t) =0; if t€ K and |f(t)<n, frax(t) = f(t); 
finally, if ¢€ K and |f()| >, fax(t) =nf(t)/|f(O)|. It is clear that for 
every t€ T, f(t) is the limit of f,,x(t) with respect to the product filter 
of the Fréchet filter by the section filter of the (increasing directed) ordered 
set of compact subsets of T. Since |fnx| < |f|, it follows from Lebesgue’s 
theorem and Prop. 10 of Ch. V, 81, No. 3, applied to each scalar measure 
|z’om|, that f,.« converges to f in “(m) with respect to the preceding 
filter. Consequently, the integral { fdm is in the closure in F’* (for the 
topology o(F’*,F’)) of the set M of m(fnx«). But the first part of the 
corollary shows that M Cc F, and, on the other hand, for every z’ € F’ 
one has |(z’,m(fn,«))| < {|f|d|z’ o m|, which shows that M is bounded 
in F, , hence also in F (TVS, IV, §1, No. 1, Prop. 1). Lemma 1 of §1, No. 2 
therefore shows that f{ fdm¢F”. 


COROLLARY 2. — If F is semi-reflexive, then f fdm €F for every 
numerical function f essentially integrable for m. 


3. Majorizable vectorial measures 


Let q be a lower semi-continuous semi-norm on F. We shall denote 
by Aj the set of z’ € F’ such that |(z’,x)| < q(x) for all x EF. This is 
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the polar in F’ of the set of x € F such that q(x) <1; for every x EF, 
q(x) = sup |(x,2’)|. 
wEAS 


DEFINITION 3. — Let m be a vectorial measure on T with values 
in F. If q is a lower semi-continuous semi-norm on F, m is said to be 
q-majorizable if there exists a positive measure ps such that |z’oml| < p 
for every z' € Al; the supremum of the measures |z'o m| as z’ runs 
over Aj, (Ch. III, §2, No. 4, Th. 3) is then denoted q(m). One says that m 
is majorizable if it is q-majorizable for every continuous semi-norm q on F. 


If m and m’ are both q-majorizable, it is immediate that m+m’ is 
also q-majorizable and that 


q(m +m’) < q(m) + q(m’). 


When F is a normed space, with norm denoted |x|, to say that m is 
majorizable therefore means that the measures |z’om|, where |z’| < 1, are 
bounded above! by a same positive measure; one then denotes by |m| the 
supremum of this family of measures. 


If F =R, the measure |m| corresponding to the Euclidean norm |z| on R 
coincides with the measure denoted by |m| in Ch. III, §1, No. 5. 


PROPOSITION 4. — Let. (Fi)i<i<n be a finite family of Hausdorff lo- 


cally convex spaces, F = I F, their product, q; (1 < i < n) a lower 
=1 
semi-continuous seer worn on F,, and q the semi-norm on F defined 


by g(Xi,---;Xn) = » qi(xi). If m; (1 <i <n) is a vectorial measure 


on T with values in F; that is q;-majorizable, then the measure m = 
(mj,...,mM,) with values in F is q- en ORZanle, 


For, the dual F’ may be identified with I Fi, in such a way that if 


x =(x;) €F, 2! =(2)) €F’, then (x,z') = a zi). If |(x,z!)| < q(x) 


for every x € F, then in particular |(x;,z;)| < a(xi) for 1 <ic<cn, 
and the converse is obvious, which shows that the set AG is the product of 
the A‘,. Since by hypothesis |z; omi| < qi(m;) for z, € Aj,, it follows 
that 


n 


|z’om| < 5° |z,omi| < oy ;(m;) 


i=1 i=l 


for every z' € Bos which proves the proposition. 


1 Majorées. 
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COROLLARY. — If the space F is finite-dimensional, then every vectorial 
measure m with values in F is majorizable. In order that a numerical 
function be essentially integrable for m, it is necessary and sufficient that 
it be essentially integrable for |m| (where |x| denotes any norm on F). 


PROPOSITION 5. — Let q be a lower semi-continuous semi-norm on F.. 
Let m be aq-majorizable measure, and let f be a function essentially inte- 
grable for m and such that [ fdmeF. Then 


a( [ fam) < |" (fidatm), 


For, 


a( f fam) =e (2, [ fam)) < sap [ Uflae! om < [ | f| dq(m) 


by virtue of (1) and the relation |z’o mj <q(m) for 2’ € Aj. 


PROPOSITION 6. — Let F be a quasi-complete, Hausdorff locally conver 
space, m a majorizable measure on T with values in F. If f is a numerical 
function essentially integrable for all of the measures q(m) (where q runs 
over the set of continuous semi-norms on F), then f is essentially integrable 
for m, and f fdmeF. 

We shall make use of the following auxiliary result. Let (u,),ez be 
an increasing directed family of positive measures on T. Let us denote 
by 2 ((H.) eI) the vector space of finite numerical functions on T , essen- 
tially ,-integrable for every « € I, equipped with the topology defined by 
the semi-norms f +> yu,(|f|) (. € I). Let & be the linear subspace of 
ode ((u)cer) generated by the products gypx , where g runs over the set of 
continuous finite numerical functions on T, and K over the set of compact 
subsets of T. 


Lemma 1. — When 2% and #(T) are equipped with the topology 
induced by that of Y'((1).er): 

a) each element of Zp is in the closure of some bounded subset of #(T); 

b) each element of £'((t.).e1) is in the closure of some bounded subset 
of LZ. 

To prove a), we may restrict ourselves to the case of an element of the 
form f = 9px (9 € @(T)), K compact in T). It is immediate (by virtue 
of Urysohn’s theorem) that f is in the closure of the set B of functions of 
the form gh, where h describes the set of continuous mappings of T into 
[0,1] that are equal to 1 on K and to 0 on the complement of a fixed 
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compact neighborhood H of K. Moreover, the set B is bounded, because 
L(\gh|) < 4.(|fyu|) for every function h having the preceding properties. 

Let us now prove b); we may restrict ourselves to the case of an element 
f >0 of #'((u,),er). For every 1 € I and every € > 0, there exists a 
compact subset K(v,¢) of T such that the restriction of f to K(,¢) is 
continuous and |y,(|f — fYKc,e)|) < €- It is clear that f is in the closure 
of the set C of fyKi.e) (where 1 EI, ¢ > 0). By virtue of Urysohn’s 
theorem, the set C in contained in %; moreover, it is bounded, because 
Mo (fPK(,e)) < Moc(f) for all ce 1, wEI and e>0. 


Let us now prove Prop. 6: for every function g € #(T) and every 
continuous seminorm q on F, q( {gdm) < f |g|d(q(m)) (Prop. 5), which 
implies that the mapping g++ fgdm of #(T) into F is continuous when 
KH (T) is equipped with the topology induced by that of 1((q(m))geq) 
(Q the set of continuous semi-norms on F ). Consequently, by the preceding 
lemma and Prop. 10 of TVS, III, §1, No. 6, this mapping may be extended 
by continuity, first to a continuous linear mapping vo of % into F, then 
to a continuous linear mapping v of #1 (9 ae into F. Moreover, 
for every z’ € F’ the relation (z’,v(f)) = f fd(z’om) holds, by the 
definition of v, for every f € #(T); since |z’om| < q(m) for g(z) = 
\(z’,z)|, the mapping ft f fd(z’om) is ea, on 2"((g(m)) eq); 
therefore again by continuity, the relation (z’,u(f) = f fd(z’om) holds for 
every function f € %1((q(m))geq). It follows ie v(f) = f fdm, which 
completes the proof. 


4, Vectorial measures with base p 


DEFINITION 4. — Let p be a positive measure on T. A vectorial meas- 
ure m on T, with values in F, is said to be a measure with base pw if 
there exists a mapping f of T into F, scalarly locally p-integrable, such 
that m(g) = f gfdu for every function g € X(T). One then says that f 
is a density of m with respect to uw, and one writes m=f-p. 


It is immediate that if f; and f. are two densities of m with respect 
to ws, then f, — fg is scalarly locally p-negligible (Ch. V, 85, No. 3, Cor. 2 
of Prop. 3); recall that in general this does not imply that f; —f, is zero 
locally almost everywhere (cf. §1, Exer. 12 and No. 1, Remark 2). 


Let m be a measure with base yp, of density f. For a numerical 
function g to be essentially integrable for m, it is necessary and sufficient 
that gf be scalarly essentially p-integrable (Ch. V, §5, No. 3, Th. 1). 
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PROPOSITION 7. — Let f be a mapping scalarly locally integrable with 
respect to a positive measure 1 on T, such that, for every function 
g € ¥(T), one has fgfdu € F. Then the mapping g + f gf du 
of #(T) into F is a vectorial measure on T, with base yw and density f 
with respect to ps. 

For (No. 1, Remark 3), it suffices to show that, setting m(g) = { gf du, 
z'om is a scalar measure for every z’ € F’. But since z/(m(g)) = 
J 9(z',£) du, one has 2’ om = (z’,f) - 4, whence our assertion. 


PROPOSITION 8. — Let ps be a positive measure on T, m a measure 
on T with values in F, with base uw and density f with respect to u. Let q 
be a lower semi-continuous semi-norm on F. 

a) If, for every compact subset K of T, the upper integral i (qof) du 
is finite, then m is g-majorizable. 

b) If m is q-majorizable, then q(m) has base py; if in addition f is 
p-measurable as a mapping of T into F,, then qof 1s locally p-integrable 
and q(m) = (qof)-p. 

a) For every finite subset J of A‘, let us denote by \j the supremum 
of the measures |z’om|, where z’ runs over J; if gy = sup|(z’,f)| then 

Z/EJ 


Ay = 93> ps (Ch. V, §5, No. 2, Prop. 2). For every relatively compact open 
subset U of T, let Ajs,u be the restriction of Aj to U; let us first show that 
as J runs over the directed set § of finite subsets of Aj, the family (Aj,u) 
is bounded above in .@(U). Indeed, for every function h > 0 in K(U), 


x x 
[rar z [rsdn / (qof)hdu < vay f (qof) dp, 
U 


whence our assertion (Ch. II, §2, No. 2). Let vy be the supremum of this 
family of measures in .@(U). If U’ is a second relatively compact open 
subset of T such that Uc U’, then vy is the restriction of yy to U, as 
follows immediately from the expression of the supremum of an increasing 
directed set of measures (Ch. II, §2, No. 2) and the fact that Aj,y is the 
restriction to U of Aj,y-. Thus there is one and only one positive meas- 
ure v whose restriction to each U is vy (Ch. III, §2, No. 1. Prop. 1), and 
it is clear that v = q(m). 
b) Since the measures Ay have base f, so does their supremum 
q(m) (Ch. V, 85, No. 5, Th. 2). If f is measurable for the topology 
o(F,F’) on F, it follows at once from the definitions that the mapping 
git (gs(t)), z of T into the product space R® is y-measurable. The 
restriction of oor = ae gj to every compact subset of T on which g is con- 


tinuous is lower semi- Seoneaions consequently qgof is u-measurable (Ch. IV, 
85, No. 5, Cor. of Prop. 8 and No. 10, Prop. 15). Let K be a compact subset 
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of T; it admits a partition consisting of a p-negligible set and a sequence 
(K,,) of compact sets on which g is continuous. Then ee (qof)dp = 

sup fi. gsdu < f, dg(m) for all n (Ch. IV, 81, No. 1, Th. 1 and Ch. V, 
J n n 


§7, No. 1, Prop. 1), whence fe (qof) du = ape (qof) du < f, dg(m). But 


this proves that qof is locally y-integrable and that Aj < (qof)-u < q(m) 
for all J € ¥; whence, by definition, q(m) = (qof)-p. 


Remark. — Suppose that there exists in Aj a countable subset D that 
is dense for o(F’, F); then, the function qgof is always u-measurable, because 
q(f(t)) = sup |(z’, £(t))| (Ch. IV, §5, No. 4, Cor. 1 of Th. 2). Then, for every 

z/ED 


compact subset K of T, ie (qo f)dw = sup He gydu, where J runs over 
J 


the countable directed set of finite subsets of D (Ch. IV, §1, No. 1, Cor. of 
Th. 3); thus, one sees that in this case the condition that ie (qof) du < +00 
for every compact subset K of T is necessary and sufficient for m to be 
g-majorizable. 


PROPOSITION 9. — Let F be a finite-dimensional Banach space. Every 
measure m on T with values in F is a measure with base |m|. If m= 
f-|m|, then |f(t)| =1 locally almost everywhere for |m|. For m to have 
base pL, it is necessary and sufficient that |m| have base w, andif m= g-p 
then |m| = |g|-/. 

Let (e:)i<icn and (e})i<icn be dual bases of F and F’ (A, II, §2, 
No. 6) with |e{| = 1 for all i. Then |e{ om] < |m| for every index i, 
therefore (Ch. V, §5, No. 5, Th. 2) ef om=Ah,;-|m|, where A; is bounded 


and |m|-measurable. Setting h = 5° h;-e;, we therefore have m = h-|m]. 
i=1 

If m = f-|m|, Prop. 8 shows that |m| = |f|-|m|, whence |f(t)| = 1 locally 

almost everywhere for |m| (Ch. V, §5, No. 3, Cor. 2 of Prop. 3). The final 

assertion follows at once from Prop. 8. 


n 
Remark. — If z= > ze, then w(z1,...,2n) = |z| is a positively homo- 
i=1 
geneous continuous function on R”. Setting p; = e, om = h;-|m|, by definition 
(Ch. V, §5, No. 9) #(ui,.--, Hn) = W(hi,---, hn) + |m| = |b] - |m| = |m]. 


5. The Dunford—Pettis theorem 


Let p bea positive measure on T. A vectorial measure m on T, with 
values in F, is said to be scalarly of base yu (or to have base yp scalarly) 
if, for every z’ € F’, the scalar measure z’ om has base yw. If a vectorial 
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measure m with values in F has base , then it has base yu scalarly: for, if 
m= f-p then z’om = (z’,f)-y for every z’ € F’. But there exist vectorial 
measures that are scalarly of base y without having base pu (Exer. 17), 
and, on the other hand, there exist vectorial measures that are not scalarly 
of base v for any positive measure v; note however that every majorizable 
measure m with values in a normed space is scalarly of base |m|, by virtue 
of the Lebesgue-Nikodym theorem. 


Example. — Let us take for m the identity mapping of “(T). To say 
that m is scalarly of base 4 means that every real measure on T has base pw. In 
particular, the point measure ¢; (¢ € T) must have base 4, which requires that 
u({t}) > 0 for every t € T, and implies in particular that every compact subset 
of T is countable. 


In this No. we are going to prove a result that generalizes one of the 
consequences of the Lebesgue-Nikodym theorem, namely, that the dual 
of L!() is L®() (Ch. V, §5, No. 8, Th. 4), and that gives a sufficient 
condition for a vectorial measure that is scalarly of base y to have base pw. 


Let a be the canonical mapping of @™°(u) onto L®(u). We shall 
say that a linear subspace G of L® has the lifting property if there exists a 
linear mapping p of G into Y™() (called a lifting of G) such that mop 
is the identity on G and |p(f)(t)| <No(f) forall t¢T and feG. 


One proves that if « is Lebesgue measure on R”, the entire space L©(R”, 1) 
has the lifting property (Exer. 18). 


Lemma 2. — Every separable subspace G of the Banach space L®(T, pu) 
has the lifting property. 

By the hypothesis, there exists a countable dense subset H of G that is 
a linear subspace with respect to the field Q of rational numbers; let (hy) 
be a (countable) basis of H over Q. For every integer n, let hj, be an 
element of #° such that (hi) = h,, and let p’ be the Q-linear mapping 
of H into “°° defined by p’(hn) = hi,; it is clear that 70 p’ is the 
identity on H. Moreover, for every h € H one has |p’(h)(t)| < Noo(h) 
except at the points t of a locally negligible set A(h). Let A be the union of 
the A(h) for h € H, which is also locally negligible. For every h € H, denote 
by p(h) the function h” € Y* such that h(t) = p'(h)(t) if t¢ A, and 
h(t) =0 if te A. It is clear that p is a Q-linear mapping of H into the 
subspace & of bounded functions in @©, such that 720 is the identity 
on H and such that |p(h)(t)| < No(h) forall hE H and teT. Since & 
is a Banach space for the norm ||f|| = sup|f(t)| (Ch. IV, §5, No. 4, Th. 2), 

teT 


p may be extended to a continuous R-linear mapping, again denoted p, 
of G into &, which is obviously a lifting of G. 
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DEFINITION 5. — Let F be a Hausdorff locally convex space, F’, its 
dual equipped with the topology o(F’,F). We denote by Lp, the vector 
space of mappings f of T into F4,, such that f is scalarly u-measurable 
and is equal scalarly locally almost everywhere (for 4) to a mapping of T 
into an equicontinuous subset of F’. We denote by Le the quotient space 
of Le. by the space of scalarly locally p-negligible mappings of T into FY. 


When F satisfies the hypotheses of §1, No. 5, Prop. 13, the functions 
in Le. are ji-measurable for the weak topology o(F’,F) , but are not neces- 
sarily measurable for the strong topology on F’ , even if F is a Banach space 
(§1, Exer. 17). Under the same conditions, the scalarly locally p-negligible 
mappings of T into F4 are identical to the locally y-negligible mappings 
of T into FY, (81, No. 1, Remark 2). 

When F is a separable normed space, the elements of Ler are the 
mappings f of T into F, such that f is scalarly u-measurable and |f| is 
bounded in measure; one can then define a normed space structure on the 
space Le , by equipping it with the norm N,. (Ch. IV, §6, No. 3). 


Lemma 3. — Let F be a Hausdorff locally convex space, f an element 
of Le For every z € F, one has (z,f) € Y©, and the linear mapping 
zr m((z,f)) of F into L® is continuous; if, moreover, F is a normed 
space, then Noo((z,f)) < |z| SUPE 

te 


It is clear by definition that (z,f) is p-measurable and bounded 
in measure; replacing if necessary f by a function belonging to the same 
class of Ly , we can suppose in addition that f (T) C V°, where V is a 
balanced convex neighborhood of 0 in F (which does not modify (z,f) ex- 
cept on a locally negligible set, depending on z). Then the relation z€ V 
implies that |(z,f())| < 1 for all t € T, which proves the continuity of 
zt+ 1((z,f)). The final assertion is obvious. 


Lemma 4. — Let F be a Hausdorff locally convex space, f an element 
of Ler - For every numerical function g € P , the function gf is scalarly 
essentially u-integrable and f gf duc F’. 

For every z € F, (z,f) belongs to “°°, whence the first assertion. 
One can suppose moreover, without modifying f gfdu, that £(T) Cc V°, 
where V is a balanced convex neighborhood of 0 in F. Then the relation 
zev eee is f(t))| <1 for all t € T, whence |(z, f gfdu)| = 
| (2, f)g du] < , which proves that f gfdu¢ F’. 


THEOREM 1. — Let F be a Hausdorff locally convex space that contains 
a countable dense subset. For every function f € LRP and every EF, 
let vg(z) = 1((z,f£)) € L®; the mapping f+ ve defines, by passage to the 
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quotient, a linear bijection of L&? onto the space Y(F;L™) of continuous 
linear mappings of F into L®. Tf F is a normed space, this bijection is an 
isometry. 

In view of Lemma 3, the first assertion will be demonstrated if one 
proves that for every continuous mapping u of F into L®, there exists a 
function f € 4g? such that m((z,f)) = u(z) for all z € F, and that the 
class of f in Le ‘is uniquely determined by this condition. The second point 
is immediate, because if m((z,f)) = a((z,f,)) for all z¢F, then f,—f is 
scalarly locally negligible. On the other hand, there exists a lifting p of u(F) 
into Y° (Lemma 2). For every t € T, the mapping z+ p(u(z))(t) isa 
continuous linear form on F, that is, an element f(t) of F’. The function f 
is scalarly y-measurable since (z,f) = p(u(z)) € £~ for every z € F; one 
has 7((z,f)) = u(z); finally, for every t € T and every z belonging to the 
inverse image V under u of the unit ball of L®, 


|(z, £(t))| = |p(u(z))(t)| < Noo(u(z)) <1, 


which shows that f(t) € V° forall t€ T. 
If, moreover, F is a normed space, the foregoing shows that 


sup |f(t)| < [lull - 
teT 


But on the other hand (Lemma 3), Noo(u(z)) < |z| -sup|f(t)|, and this 
teT 


inequality continues to hold when f is modified arbitrarily on a locally 
negligible set. It follows that ||u|| = N.o((|f|) - 


COROLLARY 1. — Let F be a Hausdorff locally convex space containing 
a countable dense subset. For every function f € 2p, every 2E F and 
every function g € £1, let Be(z,g) = f(z, £(t))g(t) du(t). The mapping 
f+ @e defines, by passage to the quotient, a linear bijection of Le. onto 
the space &(F,L!) of continuous bilinear forms on F x L'. If F is a 
normed space, this bijection is an isometry. 

One can suppose that f(T) is an equicontinuous subset of F’. It is 
then clear that ®r is separately continuous, and, with the notations of Th. 1 
and the Appendix, one has (taking into account the fact that L°° is the dual 
of L! (Ch. V, §5, No. 8, Th. 4)) '@¢ = vg. The corollary then follows from 
Th. 1 above and from the Appendix, No. 1, Prop. 1 and its corollary. 


COROLLARY 2 (Dunford—Pettis theorem). — Let F be a Hausdorff lo- 
cally convex space containing a countable dense subset. For every function 
fe L&E and every function g € L', let we(g) = f gf du € F’ (Lemma 4). 
The mapping ft> we defines, by passage to the quotient, a linear bijection 
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of Le onto the space &(L!,F’) of linear mappings u of L' into F’ such 
that the image under u of the unit ball of L is an equicontinuous subset 
of F’. If F is a normed space (in which case &(L!,F’) is the space of 
continuous linear mappings of L' into the strong dual of F), the bijection 
f+ we is an isometry. 

Taking into account the fact that L° is the dual of L!, this follows 
from the preceding corollary and from the Appendix, No. 1, Prop. 1 and its 
corollary. 


Remark. — It is clear that the mappings u € @(L1,F’) are continuous for 
every G-topology on F’ (G a covering of F by bounded subsets). Conversely, 
if F is assumed moreover to be barreled, then every continuous linear mapping 
of L! into F’ equipped with an G-topology transforms the unit ball of L! into 
a bounded subset of F’, which is therefore equicontinuous (TVS, III, §4, No. 2, 
Th. 1). 


COROLLARY 3. — Let F be a Hausdorff locally convex space containing 
a countable dense subset, m a vectorial measure on T with values in the 
weak dual F’ of F. If the image under m of the set B of functions g in 
H(T) such that p(\g|) <1 1s contained in a closed and convex equicon- 
tinuous subset H’ of F’, then m has base yw and there exists a density f 
of m with respect to » such that f(t) €H’ forall teT. 

The hypothesis implies that m is continuous when .#(T) is equipped 
with the topology induced by that of Y1() (defined by the semi-norm N, ); 
it may therefore be extended to a continuous linear mapping u of #1() 
into the completion G of the weak dual of F; but since H’ is a compact 
subset of G and the image under wu of the set B of f € &} such that 
Ni(f) <1 is contained in the closure of H’ in G, one has u(B) C H’, 
therefore u maps #! into F’. Since the relation N,(f) <e implies that 
u(f) € eH’, one has u(g) =0 if g is u-negligible, and Cor. 2 may therefore 
be applied to the mapping of L! into F’ obtained from wu by passing to the 
quotient; whence the corollary. 


COROLLARY 4. — Let F be a separable normed space, and m a measure 
on T with values in the strong dual F’, majorizable for the norm of F’. 
Then m is a measure with base |m|, and if m=f-|m| then |f(t)|=1 
locally almost everywhere for |m|. 

By hypothesis, for every z € F such that |z| <1, one has |(z,m(q))| < 
|m|(|g|) for every function g € .#(T), consequently |m(g)| < |m|(|g|) 
(TVS, IV, §2, No. 4, formula (1)). Since every ball in F’ is equicontinuous, 
Cor. 3 is applicable and shows that m has base |m|; moreover, if m = 
f-|m| then f is |m|-measurable for o(F’,F) (§1, No. 5, Prop. 13) and 
|m| = |f|-|m] (No. 4, Prop. 8), which proves the corollary (Ch. V, §5, No. 3, 
Cor. 2 of Prop. 3). 
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If this corollary is applied to the case that F if finite-dimensional, one recovers 
as a special case the first part of Prop. 9. 


6. Dual of the space Li (F a separable Banach space) 


PROPOSITION 10. — Let F be a separable Banach space. For every 
function f € Pr and every function g € Ler , the numerical function 
(f,g) : t+ (f(t), g(£)) ts essentially p-integrable, and 


©) | [.8) | < Ni(£)Noo(e)- 


For every class ¢ € Le? , let 0(g) be the continuous linear form on Lh 


deduced from the linear form f£ + [(f,g)du on Pr by passage to the 
quotient; then 0 is a linear isometry of Ly onto the strong dual (Li) of 
the Banach space Lh. 

For every compact subset K of T and every « > 0, there exists a 
compact subset K’ of K such that u(K — K’) < © and the restriction 
of f (resp. g) to K’ is a continuous mapping of K’ into F (resp. into F% ); 
consequently g(K’) is weakly compact, hence equicontinuous on F’ (TVS, 
IIT, §4, No. 2, Th. 1 or IV, §1, Exer. 10). Now, the restriction of the canonical 
bilinear form on F x F’ to the product of F and an equicontinuous subset 
of F’ is continuous for the product topology of the topology of F and 
o(F’,F) (GT, X, §2, No. 1, Cor. 4 of Prop. 1); it follows that the restriction 
of (f,g) to K’ is continuous, hence that (f,g) is ~-measurable. Moreover, 


(f(¢), 8(¢))| < FOI - Ig < £@|Noo(s) 


locally almost everywhere, consequently (f,g) is essentially p-integrable 
and the inequality (3) holds (Ch. IV, §5, No. 6, Th. 5 and Ch. V, §1, No. 3, 
Lemma). 

It remains to show that @ is a surjective isometry. Let wu be a continuous 
linear form on Li. The mapping (h,z) u(hz) is a continuous bilinear 
form on L! x F, because 


[u(hz)| < |lull -Ni (hz) < jul - fz Ni (h). 


By Cor. 1 of Th. 1 of No. 5, there exists a mapping g of T into F’, 
belonging to -Zg?, such that |g(¢)| < |lul| for all ¢ € T and such that 


u(hz) = [(hz,g)du for every function h € #! with class h in L! and 
every Z € F. In other words, the linear forms u and 0(g) coincide on 
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the subspace of L} generated by the elements of the form hz (h € L!, 
z€F). Since this subspace is dense in Li (Ch. IV, §3, No. 5, Prop. 10), it 
follows that u = 6(g), which already proves that 4 is surjective. Moreover, 
by (3), ||@(8)Il < Noo(g) < llull = l]@(8)|], whence |@(g)|] = Noo(g), and 
this concludes the proof. 


7. Integration of a vector-valued function with respect to a vecto- 
rial measure 


PROPOSITION 11. — Let F,G,H be three Banach spaces, ® a con- 
tinuous bilinear mapping of Fx G into H. Let m be a majorizable vec- 
torial measure on T, with values in G. Then there exists one and only 
one continuous linear mapping Is,m of F;(|m)) into H_ such that, for 
every 2 €F and every numerical function h integrable for |m|, one has 
Ig,m(hz) = ®(z, f hdm). Moreover, 


(4) - [o,m(E)| < 10 f tela 


for every function f € Pr(|ml) . 

If there exists such a mapping, its value for a step function f over the 
|m|-integrable sets is uniquely determined: for, it is known that one can then 
write f = }\a;px,, where the X; are |m|-integrable and disjoint, and the 

a 
a; € F (Ch. IV, §4, No. 9, Lemma). The value of Is,m(f) must therefore 
be equal to )> ®(aj, f yx, dm). Now, we have (No. 3, Prop. 5) 
a 


(5) |S e(as, fox. dim)| < fH lal -bml(X.) = N81 fain, 


which shows first of all that the element > ®(ai, f Px, dm) of H does 
not depend on the particular expression of f in the form ) \ajpx,, hence 


4 
that we may denote it by Ie m(f). One verifies immediately that the map- 
ping Ig,m so defined is linear on the space fF of step functions over the 
|m|-integrable sets: for, it suffices to write two functions f,g of ép in the 
form f = }\a;yx, and g = > bipx, with the same finite family of pairwise 


disjoint |m|-integrable sets X; (which is possible by virtue of the Lemma of 
Ch. IV, §4, No. 9). The inequality (5) then shows that Is,m is continuous 


on 6, and since this subspace is dense in Pr (Ch. IV, §4, No. 10, Cor. 1 
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of Prop. 19 and Ch. V, §1, No. 3), one deduces from this the existence and 
uniqueness of Ig.m, as well as the inequality (4). 


One says that Ism(f) is the integral of f with respect to m (relative 
to the bilinear mapping © ); when the value of the bilinear mapping ® at 
the point (x,y) is denoted xy, we shall write [fdm_ instead of Ig m(f). 


With the notations of No. 6, the integral f (f, g) du is none other than Ig m(f) 
with ®(x,x’) = (x,x’) and m=g-p. 


COROLLARY. — If m and m’ are two majorizable measures on T, 
with values in G, then lo mim =lIemt+Ism and ler»m = Alem for 
every scalar 2. 

The second assertion is immediate. The first signifies that for every 
function f that is both |ml|-integrable and |m’|-integrable, 


(6) Ié,mim’(f) = Is,m(f) + Ie,m/(f) . 


The function f is ({m| + |m’|)-integrable (Ch. V, §2, No. 2, Cor. 1 of 
Prop. 3), hence a fortiori (|m-+m’|)-integrable, and the first member of (6) 
is indeed meaningful. To show (6), it suffices to do so for f a step function 
over the (|m]| + |m’|)-integrable sets, since the set of these functions is dense 
in F([m| + |m’|) and the two members of (6) are continuous in the latter 
space, by virtue of (4). But for f = apx , where X is (|m|+ |m’|)-integrable, 
the two members of (6) reduce to ®(a, { yx dm) + ®(a, f yx dm’), whence 
the corollary. 


Remark. — When m is of the form bu, where b € G and uw is a real 
measure on T, 


I,m (f) = i ®(£(¢), b) du(t) 


for every function f € Sy , because both members are continuous on this space 
and coincide when f is a step function over the |y|-integrable sets. 


8. Complex measures 


DEFINITION 6. — One calls complex measure on T every continuous 
linear form on the complex vector space #c(T). 


The space %c(T) of complex measures on T is thus the dual of the 
Hausdorff locally convex space %¢(T). 

If m is a complex measure on T, its restriction to #(T) is a vecto- 
rial measure on T with values in C (regarded as a vector space over R); 


2Cf. Ch. III, §1, No. 3, Def. 2. 
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m is determined by this restriction, since if f = fi +ifo € 4#c(T), 
the real part f; and the imaginary part fo of f are in “(T), and 
m(f) = m(f1) + im( fa). Conversely, for every vectorial measure mp on T 
with values in C, the formula m(f) = mo(fi) + imo(fz) defines a com- 
plex measure m, the only one on T whose restriction to “(T) is mo. 
We shall therefore henceforth identify a complex measure with its restric- 
tion to #(T); such a measure m is of the form m = py + ig, where py 
and pj are two real measures on T, which are called, respectively, the real 
part and the imaginary part of m. The support of m is the union of the 
supports of 4, and pe. One knows that m. is majorizable (No. 3, Cor. of 
Prop. 4); we shall call absolute value of m the positive measure |m| cor- 
responding to the absolute value |x; + ixa| = \/z?+2% on C. One has 
|m| = (u2 + w3)'/2 (No. 4, Remark following Prop. 9),? and || < |ml, 
|He| < |m|, |m| < |ui|+|u2|; moreover, m is a measure with base |m|, and 
one can write m = h-|m|, where h € 2@°(|m|) and |h(t)| = 1 locally 
almost everywhere for |m| (No. 4, Prop. 9).4 The supports of m and |m| 
are the same. 

For every mapping f of T into a complex Banach space F,, essentially 
integrable with respect to |m|, one can define (No. 7) the integral of f 
with respect to m (corresponding to the R-bilinear mapping (x, A) + Ax 
of F x C into F), which will be denoted ffdm; it follows at once from 
the uniqueness property of Prop. 11 that (with the preceding notations) 
ffdm= ffdujtif fdu, = ffhd|m|. We therefore have m(f) = f f dm 
for f € #o(T). We say that f is essentially integrable with respect to m 
if it is so for |m|;°> mappings that are m-integrable, m-measurable, locally 
m-integrable, m-negligible or locally m-negligible are defined similarly. We 
write 


LE(T,m) (resp. L(T,m), L2(T,m)) 


instead of £2(T,|m|) (resp. Zp(T, |m|), L2(T, |m]) ); these are complex 
vector spaces. 


For f to be m-integrable (resp. essentially m-integrable), it is necessary 
and sufficient that f be integrable (resp. essentially integrable) with respect to 
each of the four measures ut, Hy ps ,/4 , by virtue of the inequalities between 
|m|, [v1], |u2| and the relations |ux| = pf +p, (Ch. V, §2, No. 2, Prop. 3 and its 
Cor. 1). 


If f is essentially m-integrable (resp. m-integrable), then |f| is essen- 


3In particular, this definition of |m| coincides with that in Ch. III, §1, No. 6 (cf. 
Ch. V, §5, No. 9). 

4Cf. Ch. V, §5, No. 5, Cor. 3 of Th. 2 for a sharper statement. 

5Cf. Ch. V, §1, remarks at the end of No. 3. 
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tially |m|-integrable (resp. |m|-integrable), and it follows from Prop. 11 that 


(7) | [ tai < J ithatmy, 


Let F and G be two complex Banach spaces, u a continuous linear 
mapping of F into G. If f is an essentially m-integrable (resp. 
m-integrable) mapping of T into F, then uof is essentially m-integra- 
ble (resp. m-integrable) and f(uof)dm = u( { fdm); this follows at once 
from the foregoing and the analogous proposition for essentially |m|-integra- 
ble functions (Ch. IV, §4, No. 2, Th. 1 and Ch. V, §1, No. 3, Lemma and 
Def. 3). 

Let m be a complex measure on T and let h be a locally m-integrable 
complex function. For every function f € #c(T), the function fh is 
m-integrable and the mapping f +> f{ fhdm is a complex measure, de- 
noted h-m and called the measure with density h with respect to m. If 
m = g-|m|, itis clear that hem = hg-|m|; since, moreover, |g(t)| = 1 locally 
almost everywhere for |m|, for f to be essentially integrable for n = h-m it 
is necessary and sufficient that fh be essentially m-integrable, in which case 
ff£dn = [(f£h)dm. Moreover, |h-m| = |h|-|m|. We again say that every 
measure of the form h-m is a complex measure with base m; two complex 
measures m,m’ are said to be equivalent if each has a density with respect 
to the other, or, what amounts to the same, if m’ =h-m with h locally 
m-integrable and h(t) # 0 locally almost everywhere for |m|. It is clear 
that m and |m| are equivalent and that, for m and m’ to be equivalent, 
it is necessary and sufficient that |m| and |m’| be so. 

If m and m’ are two complex measures on T, and f is a function 
with values in a complex Banach space F’, essentially integrable (resp. inte- 
grable) for both m and m’, then, for any complex numbers and 2’, f is 
essentially integrable (resp. integrable) for 4m + \’m’, and 


[ams am) =a fedm+x [tam 


For, this follows from the Cor. of Prop. 11 of No. 7. 
In addition, it follows from the definitions that 


JAm + Nm!| < Al frm] + ['] [mn 


One calls conjugate measure of acomplex measure m the complex meas- 
ure ™m defined by ™m(f) = m(f) for f € 4#c(T). If m = wy + ime, 
where sj; and iz are real measures, then 7 = 1 — ipa and {m| = |m|; 
if m=h-|m| then m=h-|m|. If f is an essentially m-integrable (resp. 
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m-integrable) function with complex values, then f is essentially ™m-inte- 
grable (resp. m™m-integrable) and 


[ien= [ tam. 


PROPOSITION 12. — Let m be a complex measure on T, p and q con- 
jugate exponents (Ch. IV, §6, No. 4). The bilinear form (f,g) > f fgdm 
is defined and continuous on the product £&(m) x LA(m); the inequality 
| f fgdm| < Np(f)Nq(g) holds, and Ng(g) is the norm of the continuous 
linear form on L%(m) deduced from the linear form f +> f fgdm by 
passage to the quotient. 

Moreover, if 1 < p < +00, then every continuous linear form on the 
complex vector space £8(m) is of the type f+ f fgdm, where g is a 
function in £&(m), whose class in L&(m) is uniquely determined. 

Since m = h-|m|, where |h(t)| = 1 locally almost everywhere, the 
first assertion follows at once from Hélder’s inequality (Ch. IV, §6, No. 4, 
Th. 2); the second derives from Prop. 3 of Ch. IV, §6, No. 4. Finally, if u is 
a continuous linear form on -Z@, its restriction to the (real) subspace 4? 
of £6 is a continuous R-linear mapping of 2? into C; if 1 <p < +00, 
it is therefore of the type ft f fgid|m|+if fg2d|m|, where gi and go 
belong to &% (Ch. V, §5, No. 8, Th. 4); whence the final assertion, on 
setting g = (91 tig2)h-}. 


9. Bounded complex measures® 


For every complex measure m on T, one sets 


m= sup, [m(F)I- 
IIflI<1, fe Xe(T) 


One says that m is bounded if ||m|| < +00; it comes to the same to 
say that m is continuous on %c(T) equipped with the topology. of uni- 
form convergence, hence can be extended to a continuous linear form (of 
norm ||m||) on the Banach space %c(T) of continuous complex functions 
tending to 0 at infinity. 


Lemma 5. — Let m be a complex measure on T, f an m-integrable 
complex function. Then f |f|d|m| = sup | f fhdm|, as h runs over the set 
of functions in #o(T) such that |h(t)| <1 forall teT. 


8Cf. Ch. III, §1, No. 8. 
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If m= g-|m|, then f |f|dlm| = f|fg|d|m| and f fhdm= f fghd|m|. 


Set ¢(t) =0 when f(t)9(t) =0, and C(t) = Foea ' when f(t)g(t) 40; 


¢ is |m|-measurable, thus for every ¢€ > 0 there exists a compact subset K 
of T such that f,_,|f|d|m| < ¢, the restriction of ¢ to K is continuous, 
and |¢(t)| = 1 on K. Therefore, by virtue of Urysohn’s theorem, there 
exists a continuous function ¢, defined on T, with complex values, such that 
¢; =¢ on K and such that |¢,(t)| <2 and ¢(t) #0 for every te T; 
setting h(t) = ¢1(t)/|¢i(t)|, we see that A is continuous on T, coincides 
with ¢ on K, and is such that |h(t)| =1 for all t€ T. Finally, let wu be 
a continuous mapping of T into [0,1], equal to 1 on K and with compact 
support; setting hy = h~‘u, we have 


| f sham — ffl aim <2] flan) <2 


which proves the lemma. 


PROPOSITION 13. — Let m be a complex measure, and p = |m|. 
For m to be bounded, it is necessary and sufficient that be bounded, in 
which case ||m|| = ||ul| . 

We have m = g-p, where g is y-measurable and |g(t)| = 1 for 
all t € T. If yw is bounded then, for every function f € %¢(T), 


=| f fodu| <Noo(Fallall= A+ Wal 


therefore m is bounded and ||m|| < |||. If m is bounded, then for every 
f € 4c(T) we have, on taking into account Lemma 5, 


MA) SIF ell, 
therefore y» is bounded and ||ju|| < ||m||. Whence the proposition. 


COROLLARY. — Let m be a bounded complez measure. Every function 
f € Z&(m) is then m-integrable, and | f £dm| < No(f)||mll. 
For, f is m-measurable and, setting «4 = |m|, we have 


ie If] due < Noo (E) [|u| = Noo(£)|lrn], 


therefore f is |m|-integrable (Ch. IV, §5, No. 6, Th. 5) and 


| [ tam| < f eldu < Noll. 
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10. Image of a complex measure; induced complex measure; prod- 
uct of complex measures’ 


Let m be a complex measure on T, and let 7 be a mapping of T 
into a locally compact space X. We shall say that a is m-proper if 7 is 
|m|-proper (Ch. V, §6, No. 1, Def. 1); it is then immediate that for every 
function f € #¢(X), the function f o7 is essentially m-integrable and 


©) | [emam| < f\portaim|= f \fha(a(rm)), 


therefore the mapping f > [(fo7m)dm is continuous on %¢(X), in other 
words is a complex measure on X, which is denoted 1(m) and called the 
image of m under 7. Moreover, it follows from (8) that |1(m)| < m(|mJ). 
If m and m’ are two complex measures on T and if 7 is both m-proper 
and m/’-proper, then 7 is (Am+.'m’)-proper for any complex scalars X, X’ , 
and (Am + X’m’) = An(m) + A’x(m’). 


Let Y be a locally compact subspace of T. For every function 
f € £C(Y), the function f’ on T, defined by f’(t) = f(t) ifte Y 
and by f’(t)=0 if t ¢ Y, is m-integrable (Ch. IV, §5, No. 7); it is imme- 
diate that the mapping f + f f’dm is a complex measure on Y, called 
the measure induced on Y by m and denoted my. If m=g-|m|, it is 
clear that my = gy -|mly , where gy is the restriction to Y of the func- 
tion g, which is locally integrable for |m|y (Ch. V, §7, No. 1); moreover, 
since |gy| =1 locally almost everywhere for |m|y (Ch. V, 87, No. 1, Cor. 1 
of Prop. 1), we have |my| = |mly ® 


Let T and T’ be two locally compact spaces, m (resp. m’) a complex 
measure on T (resp. T’). Write m=g-|m| and m’ = q’-|m’|. The func- 
tion g@q’ is locally integrable on T xT’ for the positive measure |m|@|m’| 
(Ch. V, §8, No. 5, Prop. 10), and one verifies immediately that if g (resp. g’ ) 
is replaced by a function g; (resp. gj) equal to g (resp. g’) locally almost 
everywhere for |m| (resp. |m’|), then gi ® 9; is equal to g @g’ locally 
almost everywhere for |m|@|m’'|. The complex measure (gq’)-({m|®|m'|) 
on T xT’ therefore depends only on m and m’; it is denoted m®m’ and 
is called the product measure of m and m’. Since |g ® g’| = 1 locally 
almost everywhere for |m| @ |m’| (Ch. V, §8, No. 2, Prop. 4), we have 
|m @ m’| = |m| @ |m'|.° 


7Cf. Ch. V, 86, No. 4; Ch. IV, §5, No. 7 and Ch. V, 87; Ch. III, §4 and Ch. V, §8, 


Nos. $5: 
Cf. Ch. IV, §5, No. 7, Lemma 3. 
9Cf. Ch. III, 84, No. 2, Prop. 3. 
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The reader will easily verify that all of the propositions proved in Ch. V 
relative to the image of a positive measure, the measure induced by a pos- 
itive measure, and the product of positive measures, except those in which 
upper integrals or essential upper integrals intervene, remain valid when the 
positive measures are replaced by arbitrary complex measures. 


Finally, one defines as in §1 the concept of scalarly essentially m-integra- 
ble function for a complex measure m; for a function f to have this property, 
it is necessary and sufficient that f be scalarly essentially integrable with 
respect to |u“1| and |u2|, where fz; and jg are the real and imaginary parts 
of m, in which case f[fdm = [ fd, +i f fdy2. We leave to the reader 
the task of carrying over the results of §1 to complex measures. 


83. DISINTEGRATION OF MEASURES 


1. Disintegration of a measure p relative to a y-proper mapping 


Let T be a locally compact space having a countable base (in other 
words, a locally compact Polish space (GT, IX, §6, No. 1). We know that for 
every positive measure on T, the concepts of integral and essential integral 
coincide (Ch. V, §1, No. 3, Cor. of Prop. 9). On the other hand, we have 
the following properties: 


Lemma 1. — If Y is a locally compact space with a countable base, the 
space #(Y) contains a countable dense subset. More precisely, there exists 
in XH (Y) acountable subset S consisting of functions > 0, such that, for 
every function f >0 of #(Y), there exists a sequence of functions fy, €S 
(n > 0) that converges uniformly to f and is such fn < fo forall n>0. 

For, Y is the union of an increasing sequence (U,,) of relatively compact 
open sets such that Un C Un4i for all n (GT, I, §9, No. 9, Prop. 15); 
the space .#(Y) is the union of the increasing sequence of Banach spaces 
KH (Y,Un), and each of the latter is known to be separable (GT, Ch. X, 83, 
No. 3, Th. 1). Let Si, be a countable dense set in %(Y,Un), Sn the set of 
functions yt for y € S!,, and up a function in #(Y,Un41), with values 
in [0,1] and equal to 1 on U,. We take for S the union of the S, and the 
set of mu, for m and n integers > 0. For every function f > 0 of #(Y), 
f has support contained in one of the U,,, hence is the uniform limit of a 
sequence of functions f, € S, (p > 1). These functions f, are uniformly 
bounded by a positive integer m, and it suffices to take fp = mun. 
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Lemma 2. — If T is a locally compact space with a countable base, then 
the Banach space #(Y) of continuous numerical functions tending to 0 
at the point at infinity is separable. 

This lemma is none other than the Cor. to Th. 1 of GT, X, §3, No. 3. 
One may observe that it also follows from Lemma 1 and the fact that the 
topology of uniform convergence on .#(Y) is coarser than the direct limit 
topology of the topologies of the subspaces .#(Y, Un). 


Lemma 3. — Let T and X be two locally compact spaces with countable 
bases, 1 a positive measure on T, and t++ Az (t € T) a family of positive 
measures on X. If the mapping t+ Az is scalarly y-integrable (for the 
topology o(.M@(X), #(X))), then the family t+ z is p-adequate (§1, No. 1, 
Example). 

For, Lemma 1, applied to %(X), shows that the mapping tr ; is 
vaguely p-measurable (§1, No. 5, Prop. 13). 


THEOREM 1. — Let T and B be two locally compact spaces having 
countable bases, 4s a positive measure on T, p ap-proper mapping (Ch. V, 
§6, No. 1, Def. 1) of T into B, and v = p(y) the image of uw under p. 
Then there exists a v-adequate family (§1, No. 1, Example) b+ r»» (bE B) 
of positive measures on T, having the following properties: 

a) |\sl| = 1 for all b € p(T); 


b) Ap is concentrated on the set 2 (b) (Ch. V, 85, No. 7, Def. 4) for 
all b € B; in particular, 4, =0 for b¢ p(T); 

c) w= f A» dv(b). 

Moreover, if b++ », (b € B) is a second v-adequate family of posi- 
tive measures on T having the properties b) and c), then », = A» almost 
everywhere in B for the measure v. 

1) Uniqueness. For every function f € #(B), fop is p-integrable 
since p is y-proper (Ch. V, §6, No. 2, Th. 1); for every function g € #(T), 
the function t ++ g(t)f(p(t)) is therefore p-integrable. It follows (Ch. V, 
§3, No. 3, Th. 1) that for almost every b € B, the function t+ 9(t)f (p(t) 
is A,-integrable and that 


Qf oslo) ane) = fare) fo floe)arco. 


But since »» is concentrated on 2 (b), we have, for every b € B, 
f (p(t)) = f(b) almost everywhere for 4 , therefore the second member of (1) 
is equal to [ f(b)(g, A») dv(b). The analogous formula for 2, also holds; 
consequently f{ f(b)(g, Av) dv(b) = f f(b)(g,r4) dv(b) for all f € #(B) 
and g € £(T). In other words, the two mappings b+ A», and br X, 
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of B into .@(T) are equal scalarly locally almost everywhere for v , hence 
equal almost everywhere for v (Lemma 1 and §1, No. 1, Remark 2). 

2) Provisional definition of the family b +> Ap. For every function 
feZ)(v), fop is u-integrable (Ch. V, 86, No. 2, Th. 1), therefore (fop)- 


is a bounded measure on T’, and 


fon) ull = f If orldu= f Ifldy = NiCf) 


(Ch. IV, §4, No. 7, Prop. 12; Ch. V, §5, No. 3, Th. 1 and §6, No. 2, Th. 1). It 
follows that (fop)-y depends only on the class f of f in L'(v) and that 
fr (fop)- is an isometric linear mapping of L'(v) into the Banach space 
M'(T) of bounded measures on T, the strong dual of the Banach space 
(T), which is separable (Lemma 2). By the Dunford—Pettis theorem (§2, 
No. 5, Cor. 2 of Th. 1) there exists a mapping b+> »» of B into the unit 
ball of .#1(T), scalarly v-measurable (for the topology o(.#1(T), #(T)) ) 
and such that, for every function f € Y'(v), 


(2) (fop)- u= | f(b)dx dv(6), 


which may also be written, for every function g € #(T) 


(3) [oo s(oe) aut) = f rear) [ arc, 


If f >0 and g > 0, the first member of (3) is > 0, which proves 
that for every function g > 0 in #(T), the measure ( f g(t) dr, (t)) -v 
is >0, hence that f 9(t)dA,(t) > 0 except for b belonging to a v-negligible 
set N(g) (Ch. V, §5, No. 3, Cor. 3 of Prop. 3). Now, there exists a dense 
sequence (g,) in the space #,(T) of functions > 0 of “(T) (Lem- 
ma 1). The union N of the N(g,) is v-negligible and, for b ¢ N, we have 
f 9n(t) dAy(t) > 0 for all n, therefore f g(t) dA,(t) >0 for every function 
g € £&(T), in other words , > 0. 

This being so, we may replace »» by 0 for every 6b € N_ without 
altering the validity of (3); we can therefore assume this modification to 
have been made, so that A, >0 for every DEB. 

3) Extensions of the formula (3). 

a) For every function f € &'(v), it follows from (3) that the map- 
ping b+> » of B into .@(T) is scalarly integrable for the measure 
|f -v| and the topology o(.#(T),.#(T)), therefore (Lemma 3) the family 
br A» is |f-v|-adequate. Now let g be a numerical function defined on T, 
integrable for the measure |(fop)-p|, that is (Ch. V, §5, No. 3, Th. 1), such 
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that t+ g(t)f((p(t)) is y-integrable; it then follows from (2), from Th. 1 
of Ch. V, §3, No. 3 and from Th. 1 of Ch. V, §5, No. 3 that, for almost every 
bEB, - is integrable for ,, that the function (defined almost everywhere) 
br» f g(t) ddo(t) is integrable for |f -v|, and that the formula (3) is again 
valid. 

B) For every function g € .#(T), it follows from (3), applied to 
f € #(B), that the mapping p is proper for the measure |g-p| (Ch. V, 86, 
No. 1, Def. 1) and the image under p of the measure g- yu is the measure 
with density b+ f g(t)dd,(¢) with respect to v. If f is then taken to 
be a function such that f op is integrable for the measure |g - y|, that is, 
such that t +» g(t)f(p(t)) is w-integrable (Ch. V, §5, No. 3, Th. 1), the 
formula (3) is again valid (Ch. V, §6, No. 2, Th. 1). 

4) Properties of the family b ++ 4. By the property 8), we can 
apply formula (3) by taking f = 1, g € #(T); this proves that 
br», is scalarly v-integrable (for the topology o(.4(T), #(T))), hence 
is v-adequate (Lemma 3), and that = f A» dv(b). 

Now let ~ be any function in #(B); the conditions of property a) 
are fulfilled by taking f € #(B) and g = yop, because the func- 
tion o(p(t)) f(p(t)) is w-integrable since fy belongs to #(B) and p is 
p-proper. Then ~op is X,-integrable for almost every b € B, and 


[ to@voe = | Foyae ) [ vo) awe 


but the first member is by definition f[ f(b)q(b)dv(b). We therefore see 
that for every function w € #(B), the measure ~-v and the measure with 
density b++ f (p(t) d4(t) are identical. Consequently (Ch. V, §5, No. 3, 
Cor. 2 of Prop. 3) there exists a v-negligible set N’ Mae such that, for every 
b ¢ N’(q), the function yop is A,-integrable and f(b) = f %(p( t)) dro(t) . 
Let S be a countable subset of .#(B) having the properties stated 
in Lemma 1 (with Y = B), and let N’ be the v-negligible set that is the 
union of the N’(w) for » €S. Every function ~ >0 of #(B) is the 
uniform limit of a sequence (,) of elements of S with ~, < Yo. Conse- 
quently for b ¢ N’, Lebesgue’s theorem shows on the one hand that op is 
do- ye in other words that p is \,-proper, and on the other hand 
that #(b) = f(p(t)) ddo(t). In other terms, the mappings 6b +> &% 
and b+ p(Ay) of B into W(B) (the latter being defined almost ev- 
erywhere) are scalarly almost everywhere equal for v (and for the topology 
o(.4(B),.#(B))); it follows that these mappings are equal almost every- 
where for v (Lemma 1 and §1, No. 1, Remark 2). Finally, if p(A») = €, the 
set B— {b} is ey-negligible, therefore the set T — p(B) is Ap-negligible 
(Ch. V, §6, No. 2, Cor. 2 of Prop. 2), in other words 2, is concentrated 
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on p(b); and, on the other hand, |]Ap|| = fad = f d((p(As)) = lleol] = 1 
(Ch. V, §6, No. 2, Th. 1). 

5) Modifications of the family b ++ 2». We have thus defined a 
v-adequate family bt) A, of measures > 0 on T, satisfying condition c) 
of the statement and such that, for almost every b € B, p is Apy-proper, and 


A» is concentrated on D (b) and has norm 1. Let N” be the v-negligible 
set of points b € B_ where one of the last three properties is not verified; 
we can then modify , in the following manner. If b € B — p(T), take 
dp = 0; if bE p(T) NN”, take Ay = eg) , where €(b) is any point of p(b). 
Since B— p(T) is v-negligible (Ch. V, §6, No. 2, Cor. 3 of Prop. 2), we 
have only modified \, at the points of a negligible set, consequently the 
family b++ Xz is still v-adequate and has the property c); moreover, it now 
satisfies a) and b), which completes the proof. 


Every v-adequate family b++ » of positive measures on T , having the 
properties b) and c) of Th. 1, is said to be a disintegration of the measure , 
relative to the u-proper mapping p. 


2. Pseudo-image measures 


DEFINITION 1. — Let T and B be two locally compact spaces, p a 
positive measure on T, and p a u-measurable mapping of T into B. A pos- 
itive measure v on B is said to be a pseudo-image measure of under p 
if it satisfies the following condition: for a subset N of B to be locally 


v-negligible, it is necessary and sufficient that p(N) be locally u-negligible. 


Examples. — 1) If p is u-proper and v = p(y), then v is a pseudo- 
image measure of « under p (Ch. V, 86, No. 2, Cor. 2 of Prop. 2). 

2) Let B’ be a locally compact space, v’ a positive measure on B’; 
take for T the space B x B’ and for uw the measure v @v’; if p is the 
projection of T onto B, then v is a pseudo-image of 4 under p (Ch. V, 
88, No. 2, Prop. 4 and No. 3, Cor. 1 of Prop. 7). 


Note that if v is a pseudo-image measure of yp under p, then v is carried 
by p(T). 


If v is a pseudo-image of yw under p, the set of measures that are 
pseudo-images of under p is the class of positive measures equivalent 
to v, and every positive measure equivalent to . admits the same pseudo- 
image measures under p. The class of v is said to be the pseudo-image 
class of that of under p. 
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PROPOSITION 1. — Let T be a locally compact space countable at infin- 
ity, ps a positive measure on T, and p a pu-measurable mapping of T into 
a locally compact space B. Then there exists a pseudo-image measure of 
under p. 


For, there exists a bounded measure p’ on T equivalent to y (Ch. V, 
§5, No. 6, Prop. 11); p is then p’-proper. 


3. Disintegration of a measure pz relative to a pseudo-image of pu 


THEOREM 2. — Let T and B be two locally compact spaces having 
countable bases, a positive measure on T, p a p-measurable mapping 
of T into B, and v a pseudo-image measure of 4 under p. Then there 
exists a v-adequate family b+ 4 (b € B) of positive measures on T , having 
the following properties: 

a) A» #0 for bE p(T); 

b) Ap is concentrated on the set 2 (b) for every b € B; in particular, 

=0 for b¢ p(T); 

c) w= f A» dv(b) 

Moreover, if v' =r-v is a second pseudo-image measure of under p, 
and if bt X, is av'-adequate family of positive measures on T having the 
properties b) and c) with respect to v’, then A» = r(b)A, almost everywhere 
in B (for v or v’). 

There exists a continuous and finite numerical function f defined 
on T, such that f(t) >0 for every t € T and such that wp” =f-p is 
bounded (Ch. V, §5, No. 6, Prop. 11). Let v’” = p(y”), which is equiva- 
lent to v, and write v’ = g-v, with g finite and locally v-integrable; one 
can suppose, moreover, that g(b) > 0 for all 6 € B (Ch. V, §5, No. 6, 
Prop. 10). Th. 1 of No. 1, applied to ” and v”, shows that there exists a 
v"-adequate family b++ A/ (b € B) of positive measures on T, such that: 
1) ||AZ|| =1 for b€ p(T); 2) A¥ is concentrated on > (b) for every bE B; 
3) pl” = f rf dv'"(b). 

For every b € B, let us define a positive measure A, on T by the 
formula Ap = (1/f) - (9 (b)A}). It is clear that the family b++ A, has the 
properties a) and b) of the statement. On the other hand, for every function 
he #£(T), h/f belongs to %(T), therefore 


[roa =f oorse) ae = [oe [ HOt) a0. 


But since the function b+ f (A(t)/f(t)) dAf(t) is v’-integrable, the func- 
tion b+ g(b) f (h(t)/f(t)) df(t) is v-integrable (Ch. V, §5, No. 3, Th. 1). 
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By a ee of Ay, this function is b+ f h(t) dd, (t), whence (loc. cit.) 
f h(t = f dv(b) f h(t) dd4(t), which proves that = f X» dv(b) 

ih ae the second part : the statement, we remark that one can 
suppose that r(b) > 0 for all b € B (Ch. V, §5, No. 6, Prop. 10); set 


XS fe ((r()/a(6))4); one shows, as above, that for every function 
he #(T), the relation 


/ A(t) du(t) = / dv'(b) i? h(t) dX,(t) 
[roaue) = favre | (merry ayn, 


Therefore Th. 1 of No. 1, applied to yw” and v”, implies that for almost 
every DEB, Ay’ = Ay, whence A, = r(b)Aj,. 


implies 


DEFINITION 2. — Let T and B be two Polish locally compact spaces. 
Given a positive measure 4 on T, a u-measurable mapping p of T into B, 
and a pseudo-image measure v of under p, every v-adequate family 
br+ X» (b € B) of positive measures on T having the properties b) and c) 
of Th. 2 is called a disintegration of relative to v. 


When p is p-proper and v = p(y) , the concept of disintegration relative 
to p thus coincides with the concept of disintegration relative to v. Under 
the hypotheses of Th. 2, two disintegrations of yz relative to the same pseudo- 
image measure v are equal almost everywhere for v. 


Remark. — Th. 1 of Ch. V, §3, No. 4 shows (taking into account the 
fact that T and B have countable bases) that for every function f defined 
on T, with values in R or in a Banach space F and w-integrable, the 
set of 6 € B such that f is not »-integrable is v-negligible, the function 


br f f(t) dA, (t), defined almost everywhere, is v-integrable, and 


i; f(t) du(t) = ; dv(b) / £(t) d\4(t). 


An analogous result holds for scalarly y-integrable functions, on apply- 
ing Prop. 3 of §1, No. 1. 
4. Measurable equivalence relations 


Given a topological space X and an equivalence relation R in X, we 
shall say that R is Hausdorff if the quotient space X/R is Hausdorff. 
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Recall (GT, I, §8, No. 3, Prop. 8) that when R is an open equivalence 
relation, it comes to the same to say that the graph of R in X x X is closed. 

Let p be a mapping of X into a Hausdorff topological space B, and 

let R_ be the equivalence relation p(x) = p(y) in X; if K is a compact 

subset of X such that the restriction of p to K is continuous, then the 

relation Rx induced by R on K is Hausdorff, because the quotient space 

K/Rx is homeomorphic to the space p(K), which is compact (GT, I, §9, 

No. 4, Th. 2 and its Cor. 2). If T is a locally compact space, p is a positive 

measure on T, and p is a p-measurable mapping of T into a Hausdorff 

topological space B, one thus sees that there exists a y-dense set (Ch. IV, 

§5, No. 8) of compact subsets K of T for which the relation Rx is Hausdorff. 
We are thus led to make the following definition: 


DEFINITION 3. — Let T be a locally compact space, uw a positive mea- 
sure on T. An equivalence relation R in T is said to be p-measurable if 
there exists a p-dense set of compact subsets K of T for which the rela- 
tion Rx is Hausdorff. 


If R is Hausdorff then R is -measurable, because if y is the canonical 
mapping of T onto the Hausdorff topological space T/R, y is continuous and R 
is equivalent to y(x) = y(y). Similarly, if R is such that the saturation for R 
of every compact subset of T is closed (in particular, if R is a closed equivalence 
relation), then R is y-measurable, because for every compact subset K of T, the 
relation Rx is closed, hence Hausdorff (GT, I, §10, No. 4, Prop. 8). 

Note that if R is y-measurable, then R is also measurable for every 


measure on T with base p. 


PROPOSITION 2. — Let T be a locally compact space countable at in- 
finity, w a positive measure on T. 

1) For every u-measurable equivalence relation R in T, there exist a 
locally compact space B and a p-measurable mapping p of T into B such 
that R. is equivalent to the relation p(x) = p(y). 

2) If, moreover, T admits a countable base, one can suppose that B 
admits a countable base. 

Since T is countable at infinity, there exists an increasing sequence 
(Kn)n>1 of compact subsets of T such that T is the union of the K, and 
a pi-negligible set N, and such that each of the relations Rx,, is Hausdorff. 
Let B, be the quotient space K,/Rx,, , which is compact, and let Bi, be 
the compact space that is the topological sum of B, and a point a,. Let gn 
be the canonical mapping of K, onto B,; we extend gq, to a mapping pn 
of T into Bi, in the following manner: if « € T is equivalent mod R to an 
element y € K,, set pr(x) = dn(y); in the contrary case, set pn(x) = an. 


[oe} 
Let B’ be the product space [] B/,, which is compact, and let p’ be the 
n=1 
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mapping x ( n(x)) of T into B’. Let us show that p’ is p~measurable: 
it suffices (Ch. IV, §5, No. 3, Th. 1) to prove that each of the mappings p, 
is measurable, and for this it suffices that the restriction of p, to each K,, 
be measurable. Now, this is obvious if m < n; if, on the contrary, m > 7n, 
let Knm be the saturation of K, for Rx,,, which is a compact subset 
of K,, (GT, I, 89, No. 4, Th. 2); since p, is constant on Km — Kym, it 
suffices to prove that the restriction of pp to Knm is continuous, which is 
obvious on account of the canonical isomorphism between Kym/Rx,,, and 
K,/Rx,, (GT, I, 89, No. 4, Cor. 4 of Th. 2). 


Let A be the saturation of JK, for the relation R, and let 


N’ = T—ACN. We shall see that the relation p'(x) = p'(y) is equiv- 
alent to the relation «R{z,y{ or (a,y) € N’ x N’». For, if Riz,y{ then 
Pn(t) = pn(y) for all n, therefore p'(z) = p'(y); and if  € N’, ye N’ 
then pp(z) = pn(y) = Gn for all n, therefore p'(x) = p'(y). If on the 
other hand x and y are in A and are not equivalent mod R, then there 
exist an integer n, an element x’ € K, (resp. y’ € K,,) equivalent mod R 
to x (resp. y) such that 2’ is not equivalent to y’ mod Rx, ; therefore 
Pn(z) # Pn(y), consequently p'(x) # p’(y). Finally, if 2 € N’ and ye A, 
then p(y) €B, for n sufficiently large and p,(x) =a, for all n, there- 
fore p(x) # p(y), which establishes our assertion. 


Consider then the quotient set Bo = N’/Ry’; let qo be the canonical 
mapping of N’ onto Bo, so a section of gg. Set po(x) = 80 (qo(z)) for 
xz € N’ and extend po to T by taking po to be constant on A equal to 
an element of T. Then p = (p’,po) is a u-measurable mapping of T into 
the locally compact space B = B’ x T; it is immediate that if x € N’, 
y EN’, the relation po(z) = po(y) implies R{z,y{; thus p meets the 
requirements. Moreover, if T admits a countable base, then so do each of 
the quotient spaces B,, (GT, IX, §2, No. 10, Prop. 17), therefore B’ admits 
a countable base, hence so does B. 


PROPOSITION 3. — Let T be a Polish locally compact space, a pos- 
itive measure on T, and R an equivalence relation in T. The following 
properties are equivalent: 


a) R is p-measurable. 
b) There exists a sequence of mappings pp, :T —> F, into Hausdorff 


topological spaces, such that each pp is -measurable and such that the re- 
lation Ria,y} ts equivalent to «for all n, py(z) = pny)”. 


c) There exists a sequence (A,) of u-measurable sets, saturated for R, 
such that for every « € T the class of x with respect to R is the intersection 
of those A, that contain x. 
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With notations as in the statement of b), set p(x) = (pn(x)); the prop- 
erty b) means that the mapping p of T into the product space [[F, is 


measurable (Ch. IV, §5, No. 3, Th. 1) and that the relation Riz,y{ is 
equivalent to p(x) = p(y); thus b) implies a). 

Next let us show that c) implies b). Suppose c) verified; then the 
characteristic functions ya, are -measurable, and the hypothesis c) means 
that the relation R{z,y{ is equivalent to «for every n, ya, (x) = ya, (y)”. 

Finally, let us show that a) implies c). By Prop. 2, there exist a locally 
compact space B with a countable base, and a yu-measurable mapping p 
of T into B, such that the relation R{z,y{ is equivalent to p(x) = p(y). 


Let (U,,) be a countable base for the topology of B. Thesets A, = P (Un) 
are p-measurable (Ch. IV, §5, No. 5, Prop. 7) and saturated for R; and 
if x,y are points of T such that p(x) # p(y), there exists an index n such 
that p(x) € U, and p(y) ¢ Un, which means that xe A, and y¢ An. 


Remark. — If R. is a u-measurable equivalence relation in T, the saturation 
for R of a compact subset of T is not necessarily -measurable (Exer. 5). 


THEOREM 3. — Let T be a locally compact space with a countable base, 
Lt a positive measure on T, and R ap-measurable equivalence relation in T. 
Then, there exists a -measurable subset S of T that intersects each class 
with respect to R at one and only one point (a ‘measurable section’ for R.). 

We may clearly suppose that the measure p is bounded and that 
p(T) < 1 (Ch. V, §5, No. 6, Prop. 11). We are going to define a sequence 
(Sn) of Borel subsets (GT, IX, §6, No. 3) such that each equivalence class 
with respect to R intersects the union S’ of the S, in at most one point, 
that for every n the saturation T, of the union of the S, with index p<n 
is p-measurable, and that «4(T — T,) < 1/2". The saturation T’ of S’ will 
therefore be yz-measurable and N = T-— T’ will have measure zero. If S” 
is any section of N for the relation Ry, S=S’US” will meet the require- 
ments, since S’, being a Borel set, is u-measurable (Ch. IV, §5, No. 4, Cor. 3 
of Th. 2), and S” has measure zero. 

By Prop. 2, R{z,y{ is equivalent to the relation p(x) = p(y), where 
p is a p-measurable mapping of T into a locally compact space F. Sup- 
pose the S; defined for k < n. Since T—T, is p-measurable and of 
measure < 1/2”, there exists a compact subset K of T—T, such that 
u(T — (T, UK)) < 1/2"*! and such that the restriction of p to K is 
continuous. Since the induced relation Rx is closed and K is metrizable, 
we know that there exists a Borel subset S,4; of K such that, in K, each 
point is equivalent (mod R) to one and only one point of S,41 (GT, IX, §6, 
No. 8, Th.4). Therefore p(S,41) = p(K), which is a compact set in F; the 


saturation of S,,, for R is the inverse image P (p(K)), which is therefore 
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pi-measurable (Ch. IV, §5, No. 5, Prop. 7); it is clear that this set contains K , 


therefore the union T,,; of T, and P (p(K)) is -measurable, saturated 
for R, and is such that p(T — Tn41) < 1/2"*!, which completes the proof. 


5. Disintegration of a measure by a measurable equivalence rela- 
tion 


Let T be a Polish locally compact space, 1 a positive measure on T, 
and R a w-measurable equivalence relation in T. Then, there exist (No. 4, 
Prop. 2) a Polish locally compact space B and a p-measurable mapping p 
of T into B, such that the relation p(x) = p(y) is equivalent to R{z, y{. 
Every measure v that is a pseudo-image of under p (No. 2) will be called 
a quotient measure of u by the relation R; if bb A» is a disintegration 
of yu relative to the measure v, we shall say that br Ay is a disintegration 
of pw by the relation R. By virtue of the properties of p and the 2», each of 
the measures A, is concentrated on an equivalence class with respect to R, 
and if bc, the measures A, and i, are concentrated on distinct classes. 

The space B, the mapping p and the pseudo-image measure y on B 
can in general be chosen in infinitely many ways. Nevertheless, the various 
disintegrations of 4 by R can all be deduced from one among them, as a 
consequence of the following theorem: 


THEOREM 4. — Let T be a Polish locally compact space, 2 a positive 
measure on T, and R. ay-measurable equivalence relation in T. Let B,B’ 
be two Polish locally compact spaces, p,p' two p-measurable mappings of T 
into B,B’ respectively, such that R{x,y{ 1s equivalent to p(x) = p(y) 
and to p'(x) = p'(y). Let v,v'’ be pseudo-image measures of under p,p' 
respectively; let br+ Ay, b' +> Aj, be disintegrations of ju relative to v,v’ 
respectively. 

Under these conditions, there exist in B (resp. B’) a set N_ (resp. 
N’) negligible for v (resp. v’) and a bijection f of B—N onto B’ —N’, 
having the following properties: 

a) The mapping f (defined almost everywhere in B) is v-measurable 
and its inverse mapping f' is v'-measurable; every pseudo-image measure 
of v (resp. v’) under f (resp. f’) is equivalent to v’ (resp. v). 

b) For every b€ B—N, the measure Ny(p) On 'T ts of the form r(b)Az, 
where r(b) #0 and r is locally v-integrable. 

To establish a), we may limit ourselves to the case that v and v’ 
are bounded measures (Ch. V, §5, No. 6, Prop. 11). Let No = B— p(T), 

9 = B’ — p(T); we know that No (resp. No ) is negligible for v (resp. v’) 
(No. 2). There exists a bijection f of B—No onto B’—Nj defined 


No. 5 DISINTEGRATION OF MEASURES INT VI.51 


by f(p(t)) = p’(t) for all t € T; let f’ be the inverse mapping of f, 
so that f’(p’(t)) = p(t). For every subset M of B, the relation « M is 


5: ‘ —1 , ‘ 
v-measurable)) is equivalent to « p(M) is p-measurable», that is, to 


at 
ap (f (M)) is u-measurable», thus finally to « f(M) is v’-measurable» 
(Ch. V, §6, No. 2, Cor. of Prop. 3). We thus see that f (resp. f’) transforms 
every v-measurable (resp. v’-measurable) set into a v’/-measurable (resp. 
v-measurable) set; since B and B’ are metrizable and have countable bases, 
it follows that f and f’ are measurable (Ch. IV, §5, No. 5, Th. 4). Moreover, 


-1 

if M CB is v-negligible then p(M) = p'(f(M)) is y-negligible, there- 
fore f(M) is v’/-negligible (Ch. V, §6, No. 2, Cor. 2 of Prop. 2); similarly, 
f’ transforms every v’-negligible set into a v-negligible set. Consequently, 
the image of v under f (which is defined since v is bounded, which implies 
that f is v-proper) is equivalent to v’, and the image of v’ under -f’ is 
equivalent to v (Ch. V, §5, No. 6, Prop. 10). It remains to prove b). By 
virtue of Th. 2 of No. 3, we can restrict ourselves to the case that v’ = f(v). 
Since p= f 4, dv'(b’) , we have, for every function h € #(T), 


i. h(t) du(t) = i dv!(¥) / h(t) dX, (t) = / dv(b) / h(t) dN () 


(Ch. V, §3, No. 4, Th. 1 and §6, No. 2, Th. 1); in other words, 
w=f (6) dv(b). But since also ys = f A,dv(b) and since, for every 
b€B—No, » and Xyq) are carried by p(b), Th. 2 of No. 3 implies that 
X= Nj (b) for almost every b € B— No, hence for almost every b € B. 
The conditions of Th. 4 are therefore verified by taking for N the unior 
of No and the set of 6 € B such that A, # j(y) - 


APPENDIX 


Complements on topological vector spaces 


1. Bilinear forms and linear mappings 


Let (Fi,Gi),(F2,G2) be two pairs of (real or complex) vector spaces 
in separating duality (TVS, II, §6, No. 1); assume each of these spaces to 
be equipped with the corresponding weak topology (loc. cit., No. 2); if A 
and B are any two of these spaces, as usual we denote by (A;B) the 
vector space of continuous linear mappings of A into B, and by %(A,B) 
the vector space of separately continuous bilinear forms on A x B. 

For every separately continuous bilinear form ® on Fy x Fo, 
1 +» @(x1,22) is a continuous linear form on F,, therefore there exists 
one and only one element "®(x2) € G, such that 


(1) (21,22) = (x1,"O(z2)) 


for x, € Fy, Zo € Fo (TVS, IU, 85, No. 1, (1)). Moreover, this formula 
shows that the mapping x2 + "®(x2) is linear and continuous for the 
(weak) topologies of F2 and G,. Conversely, for every continuous linear 
mapping u of F, into G,, (11,22)  ®(21,22) = (x1, u(r2)) is a sepa- 
rately continuous bilinear form on F, x Fg, and "® = u. One thus defines 
an isomorphism r: ®+> "@ of B(Fi,F2) onto &(F2;G1), said to be 
canonical. 
Similarly, the formula 


(2) (21,22) = ('®(271), 22) 


defines a canonical isomorphism 1: ®++'@ of B(Fi,F2) onto Y(F1; G2); 
and one obviously has the commutative diagram 
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B(F 1, F2) 


NS 


2 (Fi; Go)++ + Y(Fo; Gi) 


where ¢ is the isomorphism of transposition ut ’u. In view of the defini- 
tion of the weak topologies on G, and Gg, it is moreover immediate that 
when 8(F),F2), Y(Fi;G2) and Y(F2;Gi) are equipped with the topol- 
ogy of pointwise convergence, the isomorphisms in the preceding diagram 
are isomorphisms for the topological vector space structures. 


Now let E,F be two Hausdorff locally convex spaces, E’,F’ their 
respective duals; we denote by E,,F, the spaces E,F equipped with 
the weakened topologies o(E,B’), o(F,F’), and by Ey, FY the spaces 
E’,F’ equipped with the weak topologies o(E’,E), o(F’, F). Thus, the pre- 
ceding remarks establish canonical isomorphisms between the three spaces 
B(Eo,F,), L(Eoj Fo) and &(F;E4), and also between the three spaces 
B(Eo, Fo), Y(Eo;F,) and @(F,;E,). One will observe that 8(E,,F.) 
is also equal to the space %8(E,F) of separately continuous bilinear forms 
on Ex F (E and F being equipped with their original topologies), since 
every continuous linear form on E (resp. F) is continuous on Eg (resp. F, ) 
and conversely (TVS, II, §6, No. 1 and No. 2, Prop. 3). 


Let A@(E,F) be the space of continuous bilinear forms on ExF (E and 
F being equipped with their original topologies); then @(E,F) Cc B(E,F). 


PROPOSITION 1. — For a bilinear form ® € B(E,F) to belong to 
B(E,F), it is necessary and sufficient that there exist a neighborhood of 0 
in E whose image under '® is an equicontinuous subset of F’. 

For, to say that ® is continuous means that there exists a balanced con- 
vex neighborhood V (resp. W) of 0 in E (resp. F) such that |®(z,y)| <1 
for x € V, y € W; this may be written |('6(x),y)| <1 force V, yEW, 
or also '6(V) C W°; whence the proposition, taking into account the fact 
that every equicontinuous subset of F’ is contained in the polar of a neigh- 
borhood of 0 in F. 


COROLLARY. — If ® is a continuous bilinear form on E x F, then 
'® is a continuous linear mapping of E into the strong dual F, of F. If, 
moreover, E and F are normed spaces, then ||'®|| = ||®||. 

The first assertion follows from Prop. 1 and the fact that every neigh- 
borhood of 0 in Fj; absorbs every equicontinuous subset of F’. If E and F 
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are normed, then 


|®l= sup [®(z,y)| = sup ( sup |('®(2),y)]) 
Iz II<1, Hlyll<d IzII<1 S|lyil<1 
= sup 62) = II), 


all< 


whence the second assertion. 


Interchanging the roles of E and F, one obtains results analogous to 
Prop. 1 and its corollary for the linear mappings "® ; we leave to the reader 
the task of stating them. 


2. Some types of spaces having the property (GDF) 


We already know that every Fréchet space has the property (GDF) 
(TVS, I, 83, No. 3, Cor. 5 of Th. 1). 


PROPOSITION 2. — Let E be a vector space, (Fa)aca a family of locally 
compact spaces having the property (GDF), and for each a€ A let ha bea 
linear mapping of Fa into E. If E is equipped with the finest locally conver 
topology that makes the ha continuous, then E has the property (GDF). 

Let u be a linear mapping of E into a Banach space B, such that 
every limit in ExB of every convergent sequence of points of the graph [ 
of u also belongs to I’. It suffices to show that, for every a€ A, uohg is 
continuous on F, (TVS, I, §4, No. 4, Prop. 5). Now, let (z,) be a sequence 
of elements of Fy having a limit a and such that the sequence (u(ha (n))) 
has a limit b € B. Since Ag is continuous, ha(a) is a limit of the sequence 
(Ro(2n)) in E; therefore by hypothesis b = u(he(a)) and, since F, has 
the property (GDF), uo ha is continuous. 


COROLLARY. — Every quotient space of a locally convex space having 
the property (GDF) has the property (GDF). 


PROPOSITION 3. — The strong dual of a reflexive Fréchet space has the 
property (GDF). 

This is a consequence of Prop. 2 and the following lemma (or TVS, IV, 
83, No. 4, Prop. 4): 


Lemma. — Let F be a Fréchet space, F’ its strong dual, F” its bidual. 
If every subset of F”, bounded for o(F”,F’), ts contained in the closure 
(for o(F”,F’)) of a bounded subset of F, then F’ is the direct limit of a 
sequence of Banach spaces. 
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For, let (V,) be a decreasing fundamental sequence of convex, bal- 
anced and closed neighborhoods of 0 in F. For every integer n, let Gy, 
be the linear subspace of F’ generated by the polar V? of V,. In Gn, 
V;, is an absorbent convex set, therefore its gauge p, is a norm on G,; 
moreover, V? is a complete subset of the strong dual F’ (TVS, III, §3, 
No. 8, Prop. 11); thus G, , equipped with the norm p,,, is a Banach space 
(GT, II, §3, No. 5, Cor. 2 of Prop. 9). We are going to show that the 
strong topology on F’ is the direct limit of these Banach space topologies 
on the G,,, or again that, for a strongly closed, balanced, convex subset U 
of F’ to be a strong neighborhood of 0, it is necessary and sufficient that it 
absorb each of the V>. It is obvious that this condition is necessary; to see 
that it is sufficient, it will suffice to prove that U contains a barrel of F’. 
Indeed, its polar U° in F” will then be bounded for o(F”,F’), hence, by 
hypothesis, will be contained in the closure (for o(F”,F’)) of a bounded 
subset B of F, from which one can conclude that U (which is closed for 
o(F’,F”)) contains the strong neighborhood B° of 0 (TVS, II, §6, No. 3, 
Th. 1 and §8, No. 4). 

By hypothesis, for every integer n there exists a number A, > 0 such 
that AnVPR Cc 3U; let A, be the convex envelope of the union of the 4,V}? 
for i<n. Then A, C 5U for every n; let W be the union of the A,; 
W is a convex, balanced, absorbent set contained in 3U, and it will suffice 
to show that its strong closure (which is a barrel) is contained in U. 

Thus, let x’ be a point of F’ not belonging to U. Since each of 
the V° is compact for o(F’,F), the same is true of the A, (TVS, II, 
§2, No. 6, Prop. 15), and since z’ ¢ 2A,, there exists an element zp, 
belonging to the polar of A, in F such that (z’,r,) = 2 (TVS, II, §5, 
No. 3, Prop. 4). The sequence (x%,) is bounded in F: for, every y’ € F’ 
belongs to some V@, consequently |(y’,an)| < Az! for n >k, whence our 
assertion (TVS, IV, §1, No. 1, Prop. 1). Let C be a bounded, balanced 
convex set in F containing all the z,; C° is then a neighborhood of 0 
in F’, and the polar C°° of C° in F” is compact for o(F”,F’) (TVS, 
III, §3, No. 4, Cor. 2 of Prop. 4 and No. 5, Prop. 7). Thus one sees that 
the sequence (z,) has a cluster point 2” in F” for o(F”’,F’); obviously 
(x, x") = 2 and, on the other hand, x” belongs to the polar of A, in F” 
for every n, hence to the polar W° of W in F”’. From this, one concludes 
that x’ ¢ W°°, hence is not in the closure of W for o(F’,F”) (TVS, II, 
§6, No. 3, Th. 1 and § 8, No. 4), therefore a fortiori for the strong topology, 
which completes the proof. 


Exercises 


§1 


1) Consider the locally compact spaces T,T’ identical to the interval [0,1], and 
the measures p, uy’ on T and T’, respectively, identical to the Lebesgue measure. Let F 
be a Hilbert space admitting a countable orthonormal basis, arranged in a double se- 
quence (€mn); let F’ = F be its dual. Set um(t)=emn for (n—1)2°™ <t< n27-™ 
and 1<n< 2™; set f(t,t’) = 2™um(t) for 2-™ < t’ < 2-™+! and finally f(t,0) =0 
and f(1,t’) = 0. Show that f is scalarly integrable for the product measure 4. ® p’ , but 
that the function t’ +> f(t,t’) is not scalarly p’-integrable for any te T. 


4G 2) Let T,X,Y be three locally compact spaces, with Y having a countable base. 
Let p be a measure >0 on T, t+ % (t € T) a p-adequate! family of measures > 0 
on X, and set v = fr dp(t). Let ++ pz (x € X) be a v-adequate family of meas- 
ures >0 on Y. Suppose, moreover, that one of the following two conditions is satisfied: 

a) X is countable at infinity; 

b) v is bounded. 

Under these conditions, show that there exists a locally p-negligible set N’ 
such that, for every t ¢ N’, the family x +> pz is At-adequate; moreover, the fam- 
ily tr ‘i Px dAt(x), defined for t ¢ N’, is p-adequate, and 


[neo fo dA (x) = ic dv(x) . 


(To prove that x +> py is scalarly 4-integrable locally almost everywhere, make 
use of Lemma 1 of §3, No. 1, using, in case b), the fact that Az is bounded locally almost 


In the sense of the first edition of Ch. V (cf. the footnote to §1, No. 1, Example); 
similarly for Exercises 3 and 4. 
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everywhere; same method for seeing that t +> f Px dAt(x) is scalarly p-integrable; use 
also Prop. 13 of No. 5.) 


3) Let 5,T,Y be three locally compact spaces, countable at infinity, with Y having 
a countable base. Let p (resp. 0) be a positive measure on S (resp. T), v = po, 
and let (As,t)(s,zesxT bea v-adequate! family of positive measures on Y. Then, there 
exists a p-negligible set N such that, for every s ¢ N, the family (As,z)teT is o-adequate; 
the family st f As,t do(t) (defined almost everywhere) is p-adequate, and 


[p> dp(s) do(t) = [ev fra do(t). 


(Apply Exer. 2 to the space X = S x T, on noting that v = t (Es ® o) dp(s) .) 


44) Let T,X,Y be three locally compact spaces, with X being countable at infinity. 
Let p be a positive measure on T, (Az)teT a p-adequate! family of positive measures 
on X,and v= f Az du(t). Assume that one of the following two conditions holds: 

a) Y has a countable base; 

b) the measure v is bounded. 

Under these conditions, if 7 is a v-proper mapping of X into Y, then the set 
of t € T such that a is not 4-proper is locally p-negligible; moreover, the fam- 
ily (7(At))sep of positive measures on Y (defined locally almost everywhere in T) is 


p-adequate, and 
“(> du(t)) = [m0 du(t) . 


(In case a), apply Exer. 2 to py = Ex(x)- In case b), note that Az is bounded locally 
almost everywhere, and reduce to showing that the mapping t +> m(Azt) is vaguely 
p-measurable (cf. Ch. V, §3, No. 2, Prop. 4). Given a number ¢ > 0 and a compact sub- 
set K of T, observe first that there exists in X an increasing sequence (Fm) of compact 
sets such that the restriction of a to each Fm is continuous and such that, on setting 
Nm = X—Fm, v(Nm) < €/4™. Let Am be the set of t € K such that Nm is not 
At-integrable or such that A:(Nm) > 1/2™; if A is the union of the Am, u(A) < €/2. 
Let Ki be a compact subset of K — A such that w(K — Ki) < € and such that, for 
every function g € #(X), the restriction of t > f g(x) ddz(az) to Ki is continuous. 
Using Urysohn’s theorem, show that for every function f € #(Y), the restriction to Ky 
of th f f(a(x)) dAt(x) is the uniform limit of continuous functions.) 


*5) For every t € R let f(t) be the continuous function x +> exp(—2zitz), 
which is an element of the space @ = @c(R) of continuous complex functions on R. 
The space @ is in duality with the space @ = @4(R) of complex measures on R 
with compact support; the space “ = %c(R) of continuous complex functions with 
compact support may be canonically identified with a subspace of @’, by identifying a 
function y € # with the measure having density y with respect to Lebesgue measure. 
One denotes by 9 the subspace of .% formed by the indefinitely differentiable complex 
functions with compact support. Show that, when @ is equipped with the topology 
o(@,@') or with the topology o(@,.#), f is not scalarly integrable for the Lebesgue 
measure p; however, for the topology o(@, 9), f is scalarly y-integrable and f fdy is 
the measure €  ; prove that in this case, the conditions of Prop. 7 are verified., 


6) Let F be a distinguished (TVS, IV, §2, Exer. 4 b)) Fréchet space, F’ its dual. 
Show that if f is a scalarly essentially integrable mapping of T into F, then f fdu 
belongs to the bidual F” of F. (Embed F in F”; apply Th. 1, as well as Prop. 2 and 
the Lemma of the Appendix.) 
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7) a) Let F = #(N) be the Banach space of sequences of real numbers tending 
to 0, F’ = L1(N) its dual (TVS, IV, §1, Exer. 1). Let f = (fn) be the mapping 
of I = [0,1] into F such that fn(t) = nyy,(t), where In = [0,1/n]. Show that f 
is scalarly integrable for the Lebesgue measure yu on I, but that if fdu is an element 
of F” not in F. 

b) Let g be the mapping of J = [—1,+1] into F defined by the conditions 
g(t) = f(t) for t > 0, g(t) = -f(-t) for t < 0. Then g is scalarly integrable for 
Lebesgue measure on J, and f gdu € F, but there exist functions h € Y@ such that 
fredu¢gF. 

c) Deduce from a) a new proof of the fact that the topological vector space F is not 
isomorphic to the dual of a normed space (TVS, IV, §2, Exer. 22 c)). 


8) Let F he a Hausdorff locally convex space, f a scalarly locally integrable mapping 
of T into F such that, for every compact subset K of T, fe fdueF. 

a) Show that if f is scalarly essentially integrable, and if F is semi-reflexive (or if 
merely every Cauchy sequence for o(F,F’) converges in F for this topology, when T is 
countable at infinity), then f gf du €F for every function gE #™. 

b) Show that if F is quasi-complete and if, for every continuous semi-norm gq on F, 
one has f : a(f(t)) du(t) < +oo, then f is scalarly essentially integrable and f gf dueF 


for every function g € @&. 
(In both cases, consider the increasing directed set of compact subsets of T .) 


9) Let G,H_ be two Hausdorff locally convex spaces, U a mapping of T into 
F = %,(G;H). Assume that G is barreled, H is quasi-complete, U is u-measurable 
and U(K) is bounded for every compact subset K of T'; assume, moreover, that for every 
continuous semi-norm g on H andevery x €G, is q(U(t)-x) du(t) < +oo. Under these 


conditions, show that U is scalarly essentially u-integrable and that { U(t) du(t) € F 
(make use of Exercise 8 6)). 


10) Let G,H_ be two Fréchet spaces, Go (resp. Ho ) a dense subset of G (resp. H), 
and t++ ®; a mapping of T into the space F = @(G,H) of continuous bilinear forms 
on G x H, equipped with the topology of pointwise convergence. Assume that: 1° for 
every pair (a,b) € Go x Ho, t + (a,b) is essentially -integrable; 2° if, for every 
pair of bounded subsets A C G, B CH, one sets ga .p(®) = sup |®(x,y)| for 

(x,y)EAXB 
every ® € @(G,H), then J as,p(®e) du(t) < +oo. Under these conditions, show that 
tt ®; is scalarly essentially yu-integrable and f ®, du(t) € F (using Lebesgue’s theorem, 
reduce to applying Cor. 1 of Th. 1). Special case where H= R. 


11) Let yp be Lebesgue measure on T = [0,1], F a Hilbert space having a countable 
orthonormal basis (en). Let f be the mapping of T into F such that f(0) =0 and 
f(t) = 2"en/n on the interval ]2~"-!,2-"] (n > 0). Show that f is p-measurable, 


scalarly y-integrable, and that ffdu €F, but that fel du = +00. 


12) Let 4 be Lebesgue measure on T = [0,1], and let F be a Hilbert space having 
an orthonormal basis (et)teT equipotent to T. 

a) Let f be the mapping t + e¢ of T into F. Show that f is scalarly 
p-negligible, but is not u-measurable when F is equipped with the weak topology o(F, F’) 
(nor, a fortiori, when F is equipped with its original topology). 

b) Let A be a non-measurable set in T (Ch. IV, §4, Exer. 8); show that the function 
g=fvza is scalarly p-negligible, but that the numerical function |g| is not u-measurable. 


13) Let F be a Hausdorff locally convex space, F’ its dual, q a lower semi-continuous 
semi-norm on F’. Show that if f isa mapping of T into F,, u-measurable for the topology 
o(F,F’), then the numerical function qof is y-measurable. 
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14) Let u be Lebesgue measure on T = [0,1]; denote by F the vector space over R 
of u-measurable finite numerical functions on T , equipped with the topology of pointwise 
convergence, which makes it a Hausdorff locally convex space. 

a) Show that there exists in F a countable dense subset (consider a dense sequence 
in the Banach space @(T) of continuous numerical functions on T ). 

b) For every t € T, let f(t) be the element of the dual F’ of F defined by 
(f(t),z) = z(t) for all t € T. Show that, when F’ is equipped with the topology 
o(F’,F), f is scalarly y-measurable but is not y-measurable (cf. Prop. 13). 


15) Let F be a metrizable locally convex space, f a scalarly u-measurable mapping 
of T into F such that, for every compact subset K of T, there exists a countable sub- 
set H of F such that f(t) € H for almost every t € K; show that under these conditions, 
f is y-measurable for the original topology of F. (Embed F in a countable product of 
normed spaces, after having reduced to the case that F is separable.) 


16) Let F be a Banach space, F’ its dual. For every p such that 1 < p < +00, 
denote by AP,(T,) (or simply by A?,) the set of mappings f of T into F’ such 
that, for every z € F, the numerical function (z,f) belongs to ¥?(T,w). One has 

Pr > Ys, and Aj, is the space of scalarly essentially p-integrable functions with 
values in F’ (F’ being equipped with o(F’,F)). One knows that, denoting by 6(z) 
the class of (z,f) in L?(u), the mapping z+ 6(z) is continuous (No. 4, Lemma 2); 
let Mp(f) be its norm; this is a semi-norm on the space A®,. In order that M,(f) = 0, 
it is necessary and sufficient that f be scalarly locally negligible. 

a) In order that f € A®,, it is necessary and sufficient that for every numerical 
function g € “4%, the function gf be scalarly essentially p-integrable; one then has 
Mi (gf) < Mp(f)Nq(g) - 

b) In the space AL, , show that the semi-norm My is equivalent to the semi-norm 


Mi (f) = sup| f res dp|, where A runs over the set of measurable subsets of T; more 


precisely, Mi < Mi < 2M}. Deduce from this that Mp is a semi-norm equivalent to 
M,(f)= sup M{(gf). 
Ng(g)<1 

c) Take for F a Hilbert space having a countable orthonormal basis, and for yz the 
Lebesgue measure on T = [0,1]. Show that there exists a mapping of T into F, not 
integrable but scalarly integrable, that is the limit for the semi-norm My, of a sequence 
of measurable step functions (cf. Exer. 11); from this, deduce that on the space a of 
p-integrable functions, the topology defined by the semi-norm M, is strictly coarser than 
that defined by Ni. Analogous result for the semi-norms Mp and Np, for 1< p< +oo. 

d) Show that on the space LEP, Moo = Noo. 

e) Take for F a Hilbert space having a countable orthonormal basis, arranged in 
a double sequence (€mn). Let be Lebesgue measure on T = [0,1]. Let um be the 
mapping of T into F such that um(t) =emn for (n—1)27" <t <n27-™ and for 

n 


l<gng< 2™, and um(1) = 0; set fp = poe Show that, for 1 < p < +00, (fn) isa 
i=0 
Cauchy sequence in AC, , but does not converge to any function in AR, ; 

f) Let (fn) be a Cauchy sequence in the space NM, (1 < p < +00); assume 
that there exists a mapping f of T into F’ such that, for every z € F, the sequence of 
functions (z,fn) converges in measure to (z,f) (Ch. IV, §5, No. 11). Show that f € AR 
and that the sequence (fn) has limit f in AP,. 

g) Take for F the Banach space L!(N) of absolutely convergent series; its dual is 
F’ = L™(N) (TVS, IV, §1, Exer. 1). Let 4 be Lebesgue measure on T = [0,1]. Let f 
be the mapping of T into F’ such that f(0) =0 and, for 2-"-! <t< 27", f(t) is 
the sequence all of whose terms are zero, except for the term of index n, equal to 2”/? 
for 1 < p< _+oo. Show that f is measurable for the strong topology on F’ , and belongs 
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to Me, : 


in the space Gs : 
17) Let p be Lebesgue measure on T = [0,1], F the Banach space L1(N), 
CO 


but that there does not exist any sequence (f,) of step functions that tends to f 


F’ = L°(N) its dual. For every t € [0,1[, let t= S> &n2~-" be the dyadic expansion 


n=0 
of t; denote by f(t) the sequence (fn) € F’, and set f(1) =0. 

a) Show that, for 1 < p < +00, the function f belongs to the space AS (cf. 
Exer. 16). 

b) Show that f is measurable for the topology o(F’,F) and that, for this topology, 
there exists a sequence of step functions that converges almost everywhere to f. 

c) Show that f is not measurable for the strong topology on F’ (observe that 
|f(t)-f(t)| = 1 if O<t<t <1). 

d) Show that, in the space A (1 < p< +oo), f is not the limit of a sequence of 
step functions. (Reduce to considering only step functions that are linear combinations 
(with coefficients in F’ ) of characteristic functions of intervals whose endpoints are of 
the form k/2"; if g is such a step function, show that, in the notations of Exer. 16 6), 
M! (f — g) > 1/4.) 

e) Show that there does not exist any mapping h of T into F’, measurable for 
the strong topology, such that f —h is scalarly negligible. (Observe that, for such a 
mapping, one would necessarily have Noo(h) < 1; then obtain a contradiction with the 
result of d).) 


18) Show that Prop. 8 continues to hold when the condition that f be y-measurable 
(for the original topology of F) is replaced by the condition that f be y-measurable for 
the weakened topology o(F,F’). (Make use of Exer. 19 c) of Ch. IV, §4.) 


{ 19) Let f be a scalarly essentially -integrable mapping of T into F. For every 
z' € F’, denote by u¢(z’) the class in L!(y) of the function (f,z’). We shall say that f 
is scalarly well integrable if, for every function g € L(y), gfduecF. 

a) For f to be scalarly well integrable, it is necessary and sufficient that ug be 
continuous for the topologies o(F’,F) and o(L1,L®). When this is so, the image 
under ug of every equicontinuous subset of F’ is a relatively weakly compact subset 
of L!. In particular: a) for every equicontinuous subset H’ of F’ and every ¢ > 0, 
there exists a compact subset L of T such that ese |(f,z')|du <e for all 2’ € H’; 
8) for every equicontinuous subset H’ of F’ and every ¢ > 0, there exists an 7 > 0 such 
that, for every open set UC T of measure pu(U) < 7, one has Ge \(f, 2’)|du <e for all 
z' € H’ (Ch. V, §5, Exer. 15). 

b) Assume that the conditions a) and (3) of a) are verified and, moreover, that 
there exists a subspace H C L™, dense for the topology o(L®,L?), such that for every 
function g € &© whose class is in H, one has f gf dp € F. Show that under these 
conditions, if in addition F is assumed to be quasi-complete, then f is scalarly well 
integrable. (First reduce to the case that F is complete (for its original topology), and 
observe that gt> J of du is a continuous linear mapping of L© into F’*, when L© is 
equipped with the topology 7(L®,L1) and F’* with the topology of uniform convergence 
on the equicontinuous subsets of F’ .) 

c) Suppose that f is scalarly well integrable. Show that for every Cauchy sequence 
(z},) for the topology o(F’,F), the sequence (us(zi,)) is strongly convergent in L! (use 
Exer. 25 c) of Ch. IV, §5 and Exer. 16 6) of Ch. V, §5). From this, deduce that if A is 
the image of the unit ball of L® under the mapping g J of dp, then every Cauchy 
sequence (z/,) for the topology o(F’,F) is a Cauchy sequence for the topology of uniform 
convergence in A. 

d) Deduce from c) that if f is scalarly well integrable, then the image under ug 
of every subset of F’ that is equicontinuous and metrizable for o(F’,F), is relatively 
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strongly compact in L. In particular, if F is the dual G’ of a Hausdorff locally convex 
space G, if F is equipped with a topology compatible with the duality between F and G, 
and if there exists in G’ a countable strongly dense subset, then the image under ug of 
every bounded subset of F’ = G is relatively strongly compact in L1 (embed G in its 
bidual). 


20) Let F be a Hausdorff locally convex space, F’ its dual, 6’ the set of subsets 
A’ Cc F’ such that every sequence of points of A’ has a subsequence convergent for 
o(F’, F). Show that, for a bounded subset A of F, the following conditions are equivalent: 
a) A is precompact for the G’-topology; 3) every sequence convergent for o(F’,F) 
converges uniformly on A. (Let G be the set formed by the finite subsets of F and 
of A; observe that @) implies that every set A’ € 6’ is precompact for the G-topology, 
using Exer. 6 of GT, II, §4. Then apply Exer. 4 of TVS, IV, §1.) 


q 21) Let f be ascalarly well integrable mapping of T into a quasi-complete Haus- 
dorff locally convex space F. 

a) Show that the image under g + f gf du of the unit ball of L© is a relatively 
compact subset of F for the original topology, in each of the following cases: 1° there 
exists a countable dense subset of F; 2° F is the dual G’ of a space G that is either 
metrizable or is the strict direct limit of a sequence of metrizable spaces, and F is equipped 
with the topology 7(G’,G). (Make use of Exer. 19 c) and Exer. 20; in case 2°, use 
Smulian’s theorem (TVS, IV, §5, Exer. 2 c)).) 

b) Show that the conclusion of a) remains valid when, with no new hypothesis on F , 
one assumes f to be measurable. (Embedding F in a product of Banach spaces, reduce 
to the case that F is a Banach space; then, using Exer. 19 a), reduce to the case that T 
is compact; then apply case 1° of a).) 


22) In a Hausdorff locally convex space F’, let (Za)aea be a family such that the 
mapping a +> Zq is scalarly well integrable (Exer. 19) when A is equipped with the 
measure defined by mass +1 at each point. 

a) Show that the family (za) is summable for every topology Z compatible with 
the duality between F and F’ (make use of Exer. 19 a)). Converse when F is quasi- 
complete for 7. 

b) Suppose that F = G’, F’ = G, where G is a Hausdorff locally convex space 
such that there exists in G’ a countable strongly dense subset. Show that (zq) is then 
summable for the strong topology on G’ (which is not necessarily compatible with the 
duality between G’ and G (cf. Exer. 19d)). Show that this result does not extend to the 
case that G = L1(N), G’ = L®(N). 


23) Let uw be a positive measure on T, carried by a countable union of compact 
sets. 

a) Let H be a set of measurable numerical functions, such that for every t € T, 
sup f(t) < +00. Show that there exists a finite y-measurable function g such that 
feH 
f(t) < g(t) almost everywhere for every function f € H. (Reduce to the case that pu is 
bounded and the functions in H take their values in [—1,+1], by means of an increasing 
homeomorphism of R. onto this interval. Then consider the supremum g in L}() of the 
set of classes of the functions in H (Ch. IV, §3, No. 6, Prop. 14) and observe that there 
exists a sequence of functions in H that converges almost everywhere to g.) 

b) Let f be a scalarly -measurable mapping of T into a Hausdorff locally convex 
space F. For every subset B’ of F’, bounded for o(F’,F), show that there exists a 
measurable and finite numerical function gg, such that, for every 2’ € B’, |(£(¢),2’)| < 
gp/(t) almost everywhere. 

c) Let F be a Fréchet space, f a scalarly u-measurable mapping of T into F. 
Show that for every compact subset K of T and every ¢ > 0, there exists a compact set 
K’ CK such that w(K — K’) <e and the restriction of f to K’ is bounded (make use 
of b)). 
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24) Let F be a complete Hausdorff locally convex space, containing a countable 
dense subset. Let f be a mapping of T into F, scalarly y-measurable and scalarly 
essentially bounded; show that for every function g € #1, gf is scalarly integrable and 
f gf dp € F. (Make use of Cor. 1 of Th. 2 of TVS, III, §3, No. 6, on observing that 
the equicontinuous subsets of F’ are metrizable for o(F’,F), and applying Lebesgue’s 
theorem.) 


q 25) Let Fbe a separable Fréchet space in which every Cauchy sequence for 
o(F,F’) is convergent for this topology (for example a space L!(T’,v), where T’ has a 
countable base (Ch. V, §5, Exer. 16 b))). Show that every scalarly essentially integrable 
mapping f of T into F is scalarly well integrable. (First prove that for every func- 
tion g € (pz) with compact support, one has f gf du € F, on observing that f is 
p-measurable (No. 5, Prop. 12), and on applying Prop. 8 of No. 2 and the hypothesis. 
Deduce from this, with the help of the hypothesis, that if n gfdu € F for every function 
g € © and every set A that is a countable union of compact sets. Finally, with the 
notations of Exer. 19, prove that the image under u¢ of every equicontinuous subset of F’ 
is relatively weakly compact in L’, using Eberlein’s theorem (TVS, IV, 85, No. 3, Th. 1) 
and the fact that the equicontinuous subsets of F’ are metrizable for o(F’,F) .) 


26) Let (fn) be a sequence of p-integrable functions defined on T, such that for 
almost every t € T, sup|fn(t)| < +00 and sup [ |fn(t)| du(t) = +oo. Show that there 
n n 


exists a sequence (cn) of scalars such that oa lcn| < +00 and such that a Cnfn is not 


n n 
printegrable (apply the Gelfand—Dunford theorem to the space L!(N) = F.) 


27) Let E be a separable real Banach space, G = E’ its dual, G’ a subspace of E 
that is dense in E, distinct from E, and barreled (TVS, III, §4, Exer. 4). Show that if G 
is equipped with the topology o(G,G’), and its dual G’ = ¥(G;R) with the topology 
of compact convergence, then G’ is not quasi-complete, and there exist a sequence (rn) 
in G’ tending to 0 and a sequence (An) of numbers > 0 and with finite sum, such that 
the series with general term Ann is not convergent in G’. (Observe first that every 
subset of G bounded for o(G,G’) is bounded for the norm on G. Consider a point 
a€E not belonging to G’, and a sequence (an) of points of G’ that converges to a 
in E and is such that |/an41 — a@n|| < 1/2” .) 


§2 


1) Show that, for a numerical function f on T to be essentially integrable for every 
positive measure on T, it is necessary and sufficient that it be bounded, have compact 
support, and be measurable for every positive measure on T. 


2) Let G bea barreled space, H a semi-reflexive space, and F the space %(G;H). 
Let m be a vectorial measure on T, with values in F. Show that for every numerical 
function f essentially integrable for m, f fdm € F. (Observe that F is semi-reflexive.) 
The case where H=R. 


3) Let m be a vectorial measure on T, with values in F. Show that for every 
numerical function f essentially integrable for m, one has f fdm€F” in each of the 
following two cases: a) F is distinguished (TVS, IV, §2, Exer. 4); b) F is a Fréchet space 
and T is countable at infinity. (In both cases, embed F in F” and apply the method of 
Cor. 1 of Prop. 3; in case 6), use the Cor. of Prop. 3 of TVS, IV, §3, No. 3.) 


4) Let m be a vectorial measure on T, with values in F. Show that for every 
numerical function f 20 that is lower semi-continuous and essentially integrable for m, 
one has f fdm€F” (use Th. 1 of Ch. IV, §1, No. 1). 
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5) Let F be a semi-reflexive locally convex space, m a measure on T with values 
in F. Show that for every numerical function g locally integrable for m, the mapping 
fr f fgdm of £(T) into F is a measure on T, denoted g-m; in order that a 
numerical function h be essentially integrable for g-m, it is necessary and sufficient 
that gh be essentially integrable for m, in which case f hd(g-m) = f hgdm. 


6) Let F be a semi-reflexive locally convex space, equipped with an algebra structure 
over R, such that the mapping (u,v) uv of F x F into F is separately continuous. 
Let m bea measure on T, with values in F , such that m(fg) = m(f)m(g) for f and g 
in (T). Show that if the numerical functions f,g are such that f,g, and fg belong 
to £(m), then f fgdm = (f f dm)( f gdm). (First treat the case that g € 4 (T), by 
considering the two measures f ++ m(fg) and f++ m(f)m(g); pass to the general case 
by proceeding similarly and making use of Exer. 5.) The case where F = £(G), G being 
reflexive and F equipped with the topology of pointwise convergence or the topology of 
weak pointwise convergence. 


7) Let y be a positive measure on T, m a measure on T with values in F, having 
base yp and density f with respect to 4. Let q be a lower semi-continuous semi-norm 


on F.. Show that if, for every compact subset K of T, le (qof) dp is finite, then, for 
every p-measurable function h > 0, the inequality f i hdq(m) < f °(q of)hdp holds. 
(Use Lemma 1 of Ch. V, Ist edn., §2, No. 2.)? 


8) Let m be a vectorial measure on T with values in F , q-majorizable for a lower 
semi-continuous semi-norm q on F’. Show that for every function f >0 of #(T), 


/ fd(qom) = sup) \4(m(fi)), 


where (f;) runs over the set of all finite sequences of elements of .&(T) such that 
> |fi| < f . (Argue as in Th. 1 of Ch. II, §2, No. 2.) 
i 


9) Let T be a locally compact space countable at infinity, F a Hausdorff barreled 
space containing a countable dense subset, m a vectorial measure on T with values in 
the weak dual F’ of F. Show that there exists a positive measure » on T such that m 
is scalarly of base 4. (Make use of Prop. 12 of Ch. V, §5, No. 6, and condition 5) of 
Cor. 5 of the Lebesgue-Nikodym theorem, Ch. V, §5, No. 5, Th. 2.) 


{ 10) Let K be a compact space. For every Hausdorff quotient space K, of K, 
one identifies the Banach space @(K1i) with a closed subspace of @(K) by means of the 
injection f ++ fo7, where 7 is the canonical mapping of K onto K,. 

a) Let u be a continuous linear mapping of @(K) into a quasi-complete Hausdorff 
locally convex space F. In order that u transform the unit ball of @(K) into a subset 
of F that is relatively compact for o(F, F’), it suffices that, for every metrizable quotient 
space K, of K, the restriction of u to @(Ki) have that property. (Make use of Eberlein’s 
theorem (TVS, IV, §5, No. 3, Th. 1), and observe that every sequence (fn) in @(K) is 
contained in a subspace @(K1), where Kj is a metrizable quotient space of K; for that, 
one considers the continuous mapping z+ (fn(x)) of K into RN.) 

b) For every Hausdorff quotient space K; of K, the transpose of the canonical 
injection of @(K1) into @(K) is the mapping + (yu) of (K) into M(K1). Denote 


?This lemma, suppressed from the second edition of Ch. V, asserts that f 7 fgdp= 


inf f * 09 du, where f and g are numerical functions 20, g is measurable, and y runs 
over the set of measurable functions 2 f . 
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by (.@(K))’ the dual of the Banach space .@(K) (the bidual of @(K) ). For a subset A 
of .@(K) to be relatively compact for o(#(K), (@(K))’), it is necessary and sufficient 
that, for every metrizable quotient space K; of K, the canonical image of A in .#(K:) 

be relatively compact for o(#(K1),(.@(K1))’). (Observe that A is strongly bounded; 
one can then suppose that A is convex, balanced and closed for the vague topology 
o(.@(K),@(K)) (apply in (Ki) Exer. 10 of Ch. IV, §7); A is therefore the image of 
the unit ball of the dual F’ of a Banach space F, under the transpose of a continuous 
linear mapping u of @(K) into F (consider the polar of A in @(K) ); then apply a).) 


411) Let F,G be two Hausdorff locally convex spaces, G being assumed quasi- 
complete; let wu be a continuous linear mapping of F into G; its transpose ‘uw being 
strongly continuous, the transpose “u) is a strongly and weakly continuous linear map- 
ping of F”’ into G’’. Show that the following conditions are equivalent: 

a) u transforms every bounded subset of F into a relatively compact subset of G 
for o(G,G’). 

8) {'u) maps F” into G. 

) ‘tu is continuous for the topologies o(G’,G) and o(F’,F”). 

5) ‘u transforms every equicontinuous subset of G’ into a set relatively compact for 
o(F’, F”’). 

(Use the fact that every bounded subset of F is relatively compact in F” for 
o(F”,F’). To see that 6 implies +), consider first the case that G is complete, and 
use Cor. 1 of Th. 2 of TVS, III, §3, No. 6. To pass to the general case, embed G in 
its completion and observe that every point of F” is in the closure, for the topology 
o(F”,F’), of a bounded subset of F'.) 


{ 12) a) Let K be a compact space, E = E(K) the subspace of R* formed by 
the linear combinations of characteristic functions of open sets; one identifies E with 
a subspace of the bidual of @(K). Show that a Cauchy sequence for o(.@(K),E) is 
convergent for o(.@(K), (.@(K))’) (make use of Prop. 12 and Exer. 15 of Ch. V, §5). From 
this, deduce that every subset A of .@(K) that is relatively compact for the topology 
o(.4@(K),E), is relatively compact for the topology o(#(K),(#(K))’). (Reduce to the 
case that K is metrizable, using Exer. 10 b). Show that A is bounded, by applying 
Exer. 13 of Ch. V, §5. Note that on A, the vague topology o(.#(K),@(K)) and the 
topology o(@(K),E) are identical, E > @(K) being the closure of E in the strong dual 
of .(K); deduce from this, using the fact that @(K) is separable, that every sequence 
of points of A has a subsequence that is Cauchy for o(.@(K),E); conclude by invoking 
Eberlein’s theorem.) 

b) Let T bea locally compact space, m a vectorial measure on T with values in a 
quasi-complete, Hausdorff locally convex space F. Assume that, for every compact subset 
K of T, es dm € F; show that, for every bounded Borel f function on T with compact 


support, one has { f dm € F, and that the image under f + ‘ f dm of the set of Borel 
functions with support contained in a compact subset K of T and of norm ||f|| <1, is 
relatively compact for o(F,F’) (make use of a) and Exer. 11, applied to wu: f f fam, 
where f runs over the set of linear combinations of characteristic functions of compact 
subsets of T ). 

c) Let F be a quasi-complete, Hausdorff locally convex space, m a vectorial measure 
on T with values in F, scalarly of base py; for every z’ € F’, write z’om=g,, - us. For 
the condition of 6) to be fulfilled, it is necessary and sufficient that, for every compact 
subset K of T, every equicontinuous subset H’ of F’, and every € > 0, there exist 
a 6 > 0 such that the relations ACK and p*(A) <6 imply i ldz"|du <e for every 
z' € H’ (use Exer. 11 above and Exer. 15 of Ch. V, §5); m is then said to be absolutely 
continuous with respect to yp (for the original topology of F). Every vectorial measure 
with values in a semi-reflexive space and scalarly of base p1, is absolutely continuous with 
respect to y (Cor. 2 of Prop. 3). Every majorizable vectorial measure m with values in 
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a Banach space F is absolutely continuous with respect to |m| (for the original topology 
of F). 


4 13) Let G be a Hausdorff barreled space, F = G’ its dual; if, when F is equipped 
with a topology compatible with the duality between F and G, m isa vectorial measure 
on T with values in F, then m is again a vectorial measure when F is equipped with 
the strong topology of the dual of G. 

Assume m to be scalarly of base 4; then m is absolutely continuous with respect 
to uw, when F is equipped with the topology 7(F,G) (Exer. 12 c)). In order that m be 
absolutely continuous with respect to 4. when F is equipped with the strong topology, it is 
necessary and sufficient that, for every compact subset K of T and every sequence (An) 
of y-measurable subsets of K , the image B under m of the closure in Y1(11) of the set 
of step functions of absolute value < 1, over the clan generated by the sequence of the An 
(Ch. IV, §4, No. 9), contain a dense countable subset for the strong topology of G’. (To see 
that the condition is sufficient, reduce to the case that T = K_ is a Stone space (Ch. IV, 
§4, Exer. 10). Then argue by contradiction: if (An) is a sequence of subsets of K that 
are both open and closed, one can assume, on passing to a metrizable quotient space K, 
of K (Exer. 10 a)), that the continuous functions on K; corresponding to the ya, 
form a total set in @(K1i). On the other hand, on considering the quotient of G by the 
subspace orthogonal to B, one can suppose that B is total in F = G’ for the topology 
o(G’,G); if H is the subspace of F = G’ generated by B, the hypothesis then implies 
that every bounded subset C of G is precompact and metrizable for o(G,H). Therefore 
every bounded sequence (Zn) of points of G has a subsequence Cauchy for o(G,H); 
show that if (zn) is a Cauchy sequence for o(G, H), and if one writes znom = gz, -, the 
sequence of classes of the gz,, in L!() is a Cauchy sequence for the topology o(L!, L©); 
finally, conclude a contradiction from this by using Exers. 15 and 16 of Ch. V, §5.) 


14) a) Let G bea Banach space, F = G’ its strong dual, g a mapping of T into F 
belonging to the space Abe (§1, Exer. 16). Show that if p > 1, the measure g- yp is 
absolutely continuous with respect to ws (for the strong topology of F ). 

b) Take for G the Banach space L!(N), so that G’ = L©(N); if f is the function 
defined in Exer. 7a) of §1 (regarded as taking its values in G’), then f is scalarly well 
integrable but the measure fy is not absolutely continuous with respect to yz for the 
strong topology of G’. 


4 15) a) Let f bea scalarly locally integrable mapping of T into a quasi-complete 
Hausdorff locally convex space F. Then m = f -y is a vectorial measure with values 
in F’* (for the topology o(F’*, F’)). Show that if this measure is absolutely continuous 
(for the topology of uniform convergence on the equicontinuous subsets of F’ ), and if, 
moreover, f is u-measurable (for the original topology of F), then m is a vectorial 
measure with values in F. (Make use of Prop. 8 of §1, No. 2.) If F is a Banach space 
and if, for some p > 1, (z’,f) belongs to ?() for all z’ € F’, then the measure m is 
absolutely continuous (cf. Exer. 14 a)). 

b) Let I= [0,1], f the function defined on I xI (using the continuum hypothesis) 
such that, for every t € 1, s ++ f(s,t) is the characteristic function of a countable set, 
and, for every s € I, t+ f(s,t) is the characteristic function of the complement of a 
countable set (Ch. V, §8, Exer. 7 c)). Denote by Io the interval I equipped with the 
discrete topology, by F the Banach space (I) = L©(I) of bounded functions on I; 


one can identify F with the space ¢(Ip) of continuous functions on the Stone-Cech 
compactification of Io. For every s € I, denote by g(s) the element tr f(s,t) of F; 
show that g is scalarly integrable for the Lebesgue measure p on I; but f gdu does not 
belong to F. More precisely, g- is a vectorial measure with values in F”’ , equal to cy, 
where c is the constant vector identified with the characteristic function of To -—-Ip =E 


(cf. Exer. 12 a)). (Decompose every positive measure on Io as the sum of an atomic 
measure and a diffuse measure (Ch. V, §5, No. 10, Prop. 15), and observe that the diffuse 
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measure is carried by E.) From this, deduce that there does not exist any -measurable 
function h with values in F such that h-—g is scalarly p-negligible (make use of a)). 


16) Consider the mappings um of T = [0,1] into a separable Hilbert space, defined 
in §1, Exer. 1, and set fe = ui +--- + ux; show that the vectorial measures fy - ys 
converge uniformly on every bounded subset of @(T) to a vectorial measure m with 
values in F. Moreover, m may be extended by continuity to the space 7 (u) and, 
for every function f € #2, one has f fdm € F and | f fdm| < No(f) in F; in 
particular, m is scalarly of base and absolutely continuous with respect to ys for the 
strong topology (Exer. 12 c)). However, m is not of base v for any positive measure v 
on T, and a fortiori (No. 5, Cor. 4 of Th. 1) is not majorizable. (Reduce to the case 
that v has base p, using Th. 3 of Ch. V, §5, No. 7.) 


17) Let yw be Lebesgue measure on T = [0,1]; the mapping f+ f-p of @(T) 
into .@(T) is continuous for the strong topology on .@(T), hence is a vectorial meas- 
ure m with values in that Banach space. Show that m is scalarly of base p and 
absolutely continuous with respect to p for the strong topology, but that m does not 
have base p (for the strong topology on .@(T)). (Observe that m has base p for the 
vague topology o(.@(T), ¢(T)), and deduce from this that if one had m = g-p, with g 
scalarly p-integrable (for the strong topology on .@(T)), one would necessarily have 
g(t) = e¢ almost everywhere. Show that this leads to a contradiction, by observing that 
for every bounded numerical function 6 on T, the linear form z’ : A+ > O(t)A({t}) 

teT 
on .@(T) is continuous but that (g,z’) is not necessarily u-measurable.) 


18) a) Let T be a locally compact space, (Ka) a locally finite covering of T 
by compact sets. Let p be a positive measure on T, fa the measure induced by py 
on Ka. Assume that each of the spaces L®(Ka,Ha) has the lifting property. Show 
that L°(T,) has the lifting property. 

b) Let K be a metrizable compact space, a positive measure on K, (wn) a funda- 
mental sequence (Ch. IV, §5, Exer. 17) of finite partitions of K into integrable sets. For ev- 
ery integrable subset A of K and every element f € L!(y),set Aa(f)=0 if w(A) =0, 


and dal f) = (w(A))7! J, fay otherwise; for every n, set pn(f) = Yo Ag (SPAR , if 
k 


@n = (Ax). Show that the sequence (pn(f)) of p-integrable functions converges almost 
everywhere to f. (Consider first the case that f is a continuous function. Given an 
arbitrary number a > 0, show next that the union B of all the sets A belonging to at 
least one of the partitions wn and such that a-p(A) < f i f du, is measurable and is 


such that p(B) < a7! f fdu. Then approximate f in “1 by a sequence of continuous 
functions. ) 

c) Show that every metrizable compact space has the lifting property. (Let & be 
an ultrafilter on N finer than the Fréchet filter; show that p(f) = limy pn(f) is a lifting 
of L®.) 

d) Deduce from a) and c) that every metrizable locally compact space has (for any 
positive measure whatever) the lifting property. 


19)? Let 4 be a measure on T such that the Banach space L}(u) is separable. Show 
that every continuous linear mapping of L(y) into the strong dual F’ of an arbitrary 
Banach space F may be obtained by passage to the quotient starting from a mapping of 
the form gt> Hf gf du, where f € Lee . (Reduce to the Dunford—Pettis theorem, using 


Exer. 19 of TVS, IV, §2.) 


{ 20) Let F be a separable Fréchet space, F’ its dual, ys a positive measure on T,, 


m a measure on T with values in the weak dual F’,, scalarly of base ~. For m to 


3 According to the Feuille d’errata N° 14, this exercise is to be suppressed. 


§2 EXERCISES INT VI.67 


have base yp, it is necessary and sufficient that the following condition be fulfilled: for 
every € > 0 and every compact subset K of T, there exists a compact subset Ki; C K 
such that u(K — Ki) < €, and such that the image under m of the set of u-measurable 


functions g that are bounded, have support contained in K; and satisfy f lgjdu <1, 


is an equicontinuous subset of F’. (Recall that f gdm € F’ for every p-measurable 
function g that is bounded and has compact support; cf. Cor. 2 of Prop. 3. To show that 
the condition is necessary, use Prop. 13 of §1, No. 5 and Prop. 5 of §1, No. 2. To see that 
the condition is sufficient, consider first the case that T is compact; applying Cor. 3 of 
Th. 1, No. 5, first show that there exist a partition of T into a negligible set N and a 
sequence (Kn) of compact sets, and a measurable mapping g of T into F4, such that 
f fdm = f gf dp for every function f € @~(u) that is zero on the complement of 
the union of a finite number of the sets Kn ; to prove that m = g- p, use Exers. 16 b) 
and 20 a) of Ch. V, §5. Finally, to pass to the case that T is any locally compact space, 
use Prop. 14 of Ch. IV, §5, No. 9.) 


4 21) Let F be a Banach space, u a continuous linear form on the Banach space 
Lh (T, 4); denote by q the conjugate exponent of p, by & the space of numerical step 
functions over the p-integrable sets. For f € @? and z € F, one can write u(fz) = 
(z,m(f)), where m is a continuous linear mapping of “? into F’ such that |m(f)| < 
ull - Np(f). 

a) Let (Ai)i<icn be a finite sequence of y-integrable sets, pairwise disjoint and 
non-negligible. Show that 


ye (Ima(ya,)I9/(H(Ai))?~*) < ull? 


(For every system (a;)i<i<n of vectors in F such that |a;| = 1, consider the linear form 
(&:) + ul >> &iaipa,) on R”, and apply Th. 4 of Ch. V, §5, No. 8 to a measure with 


a 
finite support.) From this, deduce that if A =|JA;, then )>|m(ya,)| < || el] (u(A))2/? 
i i 


(apply Minkowski’s inequality). 
b) For every positive function f € &, set v(f) = sup(}>|m(f¢a,)|), where (Aj) 


v 
runs over the set of finite sequences of pairwise disjoint p-integrable sets. Show that v 
is the restriction to & of a positive measure with base (again denoted v) on T, such 
that |m(f)| <v(f) for every positive function f € & (make use of a)). 

c) Show that if F is separable, there exists a mapping g of T into F’, scalarly 
p-measurable, such that u(f) = f (f,g) du for every function f € -¥? , and that |u| = 
Ngq(g). (To establish the last equality, use Prop. 13 of §1, No. 5 and Exer. 13 of §1.) 

d) Deduce from c) that if F is a reflexive separable Banach space, the space LE is 
reflexive for 1 < p< +oo (apply Prop. 12 of §1, No. 5). 


{ 22) Let F be a Hausdorff locally convex space, G the set of subsets of F that 
are convex, balanced, and compact for o(F,F’), and 6’ the set of subsets of F’ that are 
convex, equicontinuous, balanced, and compact for o(F’, F”’). 

a) Suppose that every set in © is precompact for the 6’-topology. Show that 
every continuous linear mapping u of F into a quasi-complete, Hausdorff locally convex 
space G, that transforms the bounded subsets of F into subsets relatively compact for 
o(G,G’), transforms every set belonging to G into a subset of G that is relatively 
compact for the original topology. (Use Exer. 4 of TVS, IV, §1 and Exer. 11 above.) 
Converse (consider the canonical mapping of F into its completion for the G’-topology). 

b) Suppose that F is a metrizable space, or a strict direct limit of metrizable spaces. 
Show that the condition of a) is satisfied if every Cauchy sequence for o(F, F’) is a Cauchy 
sequence for the G’-topology (make use of Smulian’s theorem (TVS, IV, §5, Exer. 2 c))). 
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c) Suppose F is infra-barreled (TVS, III, §4, Exer. 7) and denote by 6” the set of 
subsets of F’’ that are convex, equicontinuous, balanced, and compact for o(F”’, F’”’). 
Show that if every set in 6’ is precompact for the G’’-topology, then every set in 6 
is precompact for the G’-topology. (Use Exer. 4 of TVS, IV, §1, and observe that the 
original topology of F is induced by the strong topology on F’’ .) 


4 23) Let T be a locally compact space, sz a positive measure on T, and F one of 


the three Banach spaces #(T), L(y), L®(w). Let u be a continuous linear mapping 
of F into a quasi-complete space G, that transforms the unit ball of F into a subset 
of G that is relatively compact for o(G,G’). Show that u transforms every subset of F 
relatively compact for o(F,F’) into a subset of G relatively compact for the original 
topology. (Apply Exer. 22 c) to reduce the case F = L!() to the case F = L©(p); 
use Exer. 13 of Ch. II, §1 to reduce the case L™(j) to the case F = @(S), where S isa 
suitable compact space. If F = #(T), apply Exer. 22 6), then use Exers. 22 b) and 15 
of Ch. V, §5; note that a Cauchy sequence for o(F,F’) converges pointwise on T, and 
a fortiori converges in measure for every bounded measure on T.) 


q 24) Let bea positive measure on T, u a linear mapping of L!() into a Banach 
space F, transforming the unit ball of L1() into a subset of F relatively compact for 
o(F,F’). Show that there exists a u-measurable mapping f of T into F such that 
|f£(£)| < ||ul| for all ¢ €T and such that 


u(g) = [tow 


for every function g € & : (u) (Dunford—Pettis—Phillips theorem). (First reduce to the 
case that T is compact, with the help of Prop. 14 of Ch. IV, §5, No. 9. The unit ball B 
of L®(u) C L}(y) is then relatively compact for o(L!,L°) (Ch. V, §5, Exer. 15); using 
Exer. 23, show that the closed linear subspace of F generated by u(L!) is separable. 


One can therefore reduce to the case that F is separable and u(L!) = F. The closure A 
in F of the image under u of the unit ball of L! is then compact for o(F,F’) (Ch. IV, 
§7, Exer. 10); show that it is metrizable for this topology (TVS, II, §3, No. 4, Cor. 2 
of Prop. 6). Observe that A may then be identified with the unit ball of the dual of 
the normed space G obtained by equipping F’ with the norm equal to the gauge of A°. 
Show that G is separable, and thus reduce to applying the Dunford-Pettis theorem (Cor. 2 
of Th. 1).) 


{ 25) Let yu be a positive measure on T. 

a) Let f be a scalarly y-measurable mapping of T into a Banach space F, such 
that f(T) is relatively compact for o(F,F’). Show that there exists a p-measurable 
mapping g of T into F such that f — g_ is scalarly locally negligible. (Consider the 
mapping hr ffh dp of L1(y) into F, and apply Exer. 24 to it, also using Exer. 10 of 
Ch. IV, §7.) 

b) Let f be ascalarly u-measurable mapping of T into a reflerive Fréchet space F. 
Show that there exists a u-measurable mapping g of T into F such that f—g is scalarly 
locally negligible (cf. Exer. 15 6)). (Reduce to the case that T is compact, using Prop. 14 
of Ch. IV, §5, No. 9. Next, apply Exer. 23 c) of §1 to reduce to the case that f(T) is 
bounded in F. Then embed F in a countable product of Banach spaces, and use a).) 

c) Let f be a mapping of T into a Fréchet space F , u-measurable for the topology 
o(F,F’). Show that f is -measurable for the original topology of F. (Reduce to the 
case that T is compact and f is continuous for the topology o(F, F’); conclude as in b).) 
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q 26) Let S, T be two compact spaces, f a finite numerical function defined 
on Sx T. 

a) In order that the mapping s+ f(s,-) of S into R™ be a continuous mapping 
of S into the space @(T) equipped with the topology o(¢(T),.4(T)), it is necessary 
and sufficient that f be bounded and that each of the partial mappings f(s,-), f(-,t) 
(s € S, t € T) be continuous. (To see that the condition is sufficient, first show that 
the image M of S under st> f(s,-) is compact for o(@(T),.@(T)). For this, observe 
that s+ f(s,-) is continuous when @(T) is equipped with the topology of pointwise 
convergence on T; use Eberlein’s theorem (TVS, IV, §5, No. 3, Th. 1) to reduce to 
proving that every sequence (f(sn,-)) has a cluster point in ¢(T) for o(¢(T),.4(T)). 
Reduce to the case that T is metrizable, by considering a suitable quotient space of T (cf. 
Exer. 10 a)), and observe that, on a subset of @(T) relatively compact for the topology 
of pointwise convergence on T, this topology is identical to the topology of pointwise 
convergence on a dense subset of T. Obtain thus a subsequence of (f(sn,-)) that 
converges pointwise on T, and apply Lebesgue’s theorem. Finally, observe that on M, 
the topology o(@(T),.4(T)) and the topology of pointwise convergence are identical.) 

b) Assume that each of the partial mappings f(s,-), f(-,¢) is continuous (s € S, 
t € T). Show that for every positive measure on S and every € > 0, there exists a 
compact subset K CS such that u(S — K) <e and the restriction of f to K x T is 
continuous. (Reduce to the case that f is bounded; apply a) and Exer. 25 c).) 

c) With the same hypotheses as in b), show that f is measurable for every meas- 
ure v on Sx T. (Apply 6) to the image of v under the projection of S x T onto S.) 


27) Let m be a vectorial measure on T with values in a Hausdorff locally convex 
space F. 


n 
a) Show that if the support of m is finite, then m= > CiEa, , where the c; EF. 
i=1 
b) If F is a Banach space, and m is continuous for the topology of compact con- 
vergence, show that m has compact support. 
c) Give an example of a measure with values in RN, with noncompact support, 
that is continuous for the topology of compact convergence. 


§3 


1) Assume that the hypotheses of Th. 1 of No. 1 are satisfied. Let h be a 
locally p-integrable function such that p is (h- u)-proper. Show that the function 


b r+ g(b) = f h(t) dAp(t), defined locally almost everywhere in B (for the measure 
v = p(y) ) is such that p(h- yw) = g-v. 


2) Let B be a locally compact space, (%),¢1 the family of all positive measures 
on B. Let T be the product space I x B, I being equipped with the discrete topology, 
and let v be the measure on T whose restriction to {+} x B is the canonical image of 
the measure , on B, for all 1 € I. Let p be the projection of T onto B; show that if 
there exists an uncountable compact subset of B, then v does not admit a pseudo-image 
measure under p. (Show that every point of B would have measure > 0 for such a 
measure.) 


3) Give an example of a positive measure py on a Polish locally compact space T 
and a continuous mapping p of T into a Polish locally compact space B, such that p is 
not p-proper. 


4) Let T be the interval [0,1] of R, the Lebesgue measure on T. Let Riz, y{ 
be the equivalence relation z—y €Q in T. Show that R is not p-measurable (apply 
Th. 3 of No. 4), but the graph of R in T x T is negligible for the product measure p@p. 
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5) Let T be the union of Cantor’s triadic set K C [0,1] and the interval I = [1, 2] 
of R, and let yw be the measure induced on the compact space T by Lebesgue measure. 
Let P be a nonmeasurable subset of I having the power of the continuum (Ch. IV, 84, 
Exer. 8), and let w be a bijection of K onto P. Consider the equivalence relation R 
in T for which every point x not belonging to K UP. is its own equivalence class, and 
the class of a point y € K consists of y and 7(y). Show that R is y-measurable, but 
the saturation of K for R is not y-measurable. 


6) Let T be a Polish locally compact space, ps a positive measure on T, R a 
p-measurable equivalence relation in T, p a u-measurable mapping of T into a Polish 
locally compact space B such that p(x) = p(y) is equivalent to R{x,y{, v a pseudo- 
image measure of 4 under p, and b+ Ay a disintegration of ~ by R. For every b€ B 
such that A» # 0, let C(b) be the class mod R that carries \,; show that yop): py is 
proportional to Ni: Give an example where yop): = 0 for every bE B. 


7) Let T bea Polish locally compact space, a bounded positive measure on T, 
and R a p-measurable equivalence relation in T. Let 9 be the subset of the space 
M(T) of measures on T, formed by the measures A > 0, of total mass < 1 and nonzero; 
Q is locally compact when it is equipped with the vague topology (Ch. III, §1, No. 9, 
Cor. 2 of Prop. 15). Show that there exists one and only one positive measure p on 2 
such that: 1° p= f - Adp(A); 2° p is concentrated on a subset Bo of 2 whose elements 
are measures of total mass 1, carried by the classes mod R,, two distinct elements of Bo 
being carried by distinct classes. (Consider a disintegration b++ »» of uw by the rela- 
tion R, such that all of the A» have total mass 1, and the image of B under the mapping 
b++ A» of B into 2; make use of Th. 4.) 


8) Let T be the interval [0,2] in R, yw the Lebesgue measure on T. Let A be 
a non-Borel set contained in the Cantor set K C [0,1] (cf. GT, IV, §2, No. 4, Example 
and IX, §6, Exer. 6). Let S be the equivalence relation in T whose equivalence classes 
are the sets {x} for c ¢ AU(A+1) andthe sets {z,2+1} for c € A. Show that S 
is u-measurable but that there does not exist any Borel section for S. 


9) Let K be a metrizable compact space, f a continuous mapping of K into a 
Hausdorff topological space E, and k any integer > 1. Denote by Bx the subset 


-1 

of E formed by the y such that f(y) contains at least k distinct points; show that 
-1 

Ay = f (Bx) is a Borel set in K (for every integer n > 0, let Bygn be the subset of E 


~1 
formed by the y such that f(y) contains at least k points whose mutual distances are 
all > 1/n; show that Bgn is closed). 


{ 10) Let K be a metrizable compact space, ys a positive measure on K, and f a 
p-measurable mapping of K into a Hausdorff topological space E. Denote by I (resp. U) 


-1 
the subset of E formed by the y such that f(y) is infinite (resp. uncountable). 
a) Show that there exists in K a u-measurable set H such that f(H) =I and such 


-1 

that, for every y €C E, f(y) CH is finite. (Let (Kn) be an increasing sequence of 
compact subsets of K such that the restriction of f to each Kn is continuous and the 
complement N of the union F of the Kn is pneglenble: for every k > 1, let By be the 


subset of E pee by the y such that Fn 7 (y) contains at least k distinct points, and 


-1 
let Ay = FN 7 (By); take for H the union of the set A = () Ax and the set NN f(D, 
k 
and use Exer. 9.) 


-1 
b) Let § be the set of u-measurable sets M CH such that MN f(y) is finite for 
every y € E; let a be the supremum of the measures pp(M) for M € %; there exists an 
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increasing sequence (Mn) of sets in § such that lim w(Mn) = a. Let P = UMn, 
n—-oco 


n 
and let S be a measurable section of HM CP for the equivalence relation f(x) = f(y) 
(Th. 3); show that y(S) =0. 
c) Show that there exists a p-negligible set ZC K such that f(Z) = U and 
that, for every ¢ > 0, there exists a -measurable set L CK such that p(L) <e and 
f(L) =I (observe that f(HN Mn) =I for every n and that U C f(S)). 


q 11) Let K be a metrizable compact space, a positive measure on K, f a 
p-measurable mapping of K into a locally compact space T, and v a positive measure 
on T; I and U have the same meaning as in Exer. 10. 

a) Suppose that for every u-negligible set N CK, f(N) is v-negligible. Then U is 
v-negligible and, for every -measurable subset A C K, f(A) is v-measurable. 

b) In order that I be v-negligible and the image under f of every p-negligible set be 
v-negligible, it is necessary and sufficient that f satisfy the following condition: for every 
€ > 0, there exists a 6 > 0 such that, for every subset A CK that is y-measurable and 
is such that (A) < 6, f(A) is v-measurable and v(f(A)) < €. (To see that the condi- 
tion is necessary, argue by contradiction, by considering a decreasing sequence (An) of 
p-measurable sets whose intersection is y-negligible, but such that v(f(An)) 2 a > 0; 
then take the intersection of the f(An) and C1.) 


{ 12) Let E be the non-metrizable compact space obtained by equipping the interval 
[—1,+1] of R with the topology 7 defined in Exer. 13 a) of GT, IX, §2; let y be the 
mapping z+ |z| of E onto I = [0,1] (equipped with the topology induced by that 
of R). 

a) Show that ¢ is continuous and that, denoting by § the set of subsets of E of the 


form e (A), where A is a Borel subset of I, the Borel subsets of E are the subsets B 
such that there exists an M € $ for which BNOM and MNGB are countable (observe 
that every open set of E belongs to $). 

b) Show that for a numerical function f defined on E to be continuous (for 7), 
it is necessary and sufficient that it be regulated and that f(x—) = f((—x)+) for every 
a € E. One therefore defines a positive measure yp on E by setting f fdp= is f(a) dz. 
Show that the image of ~ under ¢ is the Lebesgue measure on I, and the p-negligible 
sets are the subsets negligible for Lebesgue measure on [— 1, +1]. 

c) Deduce from a) and b) that there does not exist a z-measurable section for the 
p-measurable equivalence relation y(x) = p(y) in E. 


HISTORICAL NOTE 


(N.B. — The Roman numerals refer to the bibliography at the end of 
this note.) 


With the development of the ‘vector calculus’ in the course of the 19th 
century, it was current practice to have to integrate vector-valued functions, 
but as long as it was only a question of functions with values in finite- 
dimensional spaces, this operation posed no problem. It is only with Hilbert’s 
spectral theory that one meets operations that lead naturally to a more 
general concept of integral: this theory in effect leads to associating, with 
every continuous Hermitian form ®(x,y) on a Hilbert space H, a family 
(E(\))xer_ of orthogonal projectors having the property that, for every pair 
(x,y) of vectors of H, the function A+ (E(A)z|y) is of bounded variation 
and ®(z,y) = [ Ad(E(A)zly) ; if one associates with © the Hermitian oper- 
ator A such that ee y) = (Az|y), it was tempting to write the preceding 
formula as A = fAdE(A). But it was only from about 1935 on, after 
the introduction by Bochner of the (‘strong’) integration of a function with 
values in a Banach space, that one began to be preoccupied with defining the 
integral of vector-valued functions (or the integral with respect to a vectorial 
measure) in such a way as to be able to legitimately write formulas such as 
the preceding one. This extension was accomplished essentially by Gelfand 
(III), Dunford and Pettis (IV) and (V); their results are stated for Banach 
spaces, but extend without difficulty to more general locally convex spaces. 

The idea of decomposing a volume into ‘slices’ and reducing an inte- 
gral over the volume to an integral over each slice, followed by a single 
integration, has been used in Analysis ever since the beginning of the in- 
finitesimal Calculus (the ‘Calculus of indivisibles’ of Cavalieri being nothing 
more than a first outline of this principle, which could even be traced back 
to Archimedes (see the Hist. Note for Book IV, Chs. I-III)). But in the clas- 
sical applications, the ‘slices’ were always of a very special and very regular 
nature (most often open subsets of analytic surfaces, depending analytically 
on a parameter); it could scarcely have been otherwise in the absence of a 
general theory of integration. The general problem of the disintegration of a 
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measure was posed and solved by von Neumann in 1932, in connection with 
ergodic theory (I); at about the same time (and independently) Kolmogoroff, 
while laying down axiomatic foundations for the Theory of Probability, was 
led to define in a general way the concept of ‘conditional probability’ and to 
prove its existence, a problem essentially equivalent to that of disintegration 
of a measure (II). 
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Index of notations 


Reference numbers indicate, in order, the chapter, section and subsec- 
tion (or, exceptionally, exercise). 


Chapter III : 


@(X;E), @(X), @(X, A; E), #(X;E), #(X%), #(X, A; E), #(X, A), #4(X) 
(X a locally compact space, E a topological vector space) : III, 1, 1. 

Supp(f) (f a function with values in a vector space or in R) : III, 1, 1. 

@°(X;E), @°(X;E) : II, 1, 2. 

\||f|| (£ a function with values in a normed space) : III, 1, 2. 

wf), (Fm) S fay, f fo f fe) dla), f f(e)u(e) (f a function in %(X;C), 
p a (complex) measure) : III, 1, 3. 

M(X;C), H(X), We(X;C), We (X) : Ill, 1, 3. 

€, : Il, 1, 3. 

g- (g a function in @(X;C) : III, 1, 4. 

BE, By, Fp : Il, 1, 5. 

M(X;R), W(X), W(X) : Ill, 1, 5. 

fu <v (p,v real measures) : III, 1, 5. 

ut, w-, |u| (ys areal measure) : III, 1, 5. 

|| (2 a complex measure) : III, 1, 6. 

\|#|| (4 a measure) : III, 1, 8. 

M*(X,R), W(X) : Ill, 1, 8. 

ulY (ys a measure on X, Y an open subspace of X) : III, 2, 1. 

Supp(js) (4 a measure) : III, 2, 2. 

fy 20) 3 TM 3,1 

H (XE) : I, 3, 1. 

ffdu, ftp, f f(x) du(a), f£(x)u(x) (£ a function in #(X;E)) : IIL, 3, 1. 

S duty) f f(x,y) dA(e) : TH, 4, 1. 

Sf fardy, ff fapdar, ff fru, fur, Sf fey) dX(2) duly), 
Sf f(z, y) duly) dr(z), Sf fe y)A@) uy), Sf Fe, y)uly)A(@) + TEL, 4, 1. 
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A®Sp (Ayu measures) : II, 4,2. 
HM ® 112 ®>: Btn @ he III, 4, 4. 


JS fduyduz... dpm, . -f fdpr duz... dpn, f f(u1 ® U2 ®-++® pn), 
Sl +f F(e1,22,-.-,2n) dtr (a1) dia(a2)... duin(an); 
Sf. ff (@1, 02, ..., 2m) pr (21) u2(a2) +++ tn(@n) + UL, 4, 4. 

® py : III, 4, 6. 

NEL 

Chapter IV : 


Pa: IV, 1, 1 

Apel i Rye et TVy Tl 

u*(f) ( a positive measure) : IV, 1, 1, IV, 1, 3 and IV, 4, Exer. 5. 

S*fdp, S* fu, f* f(z) du(z), S* f(z)u(z) (f a function > 0, LL a positive 
measure) : IV, 1, 3. 

B*(A) (A asubset of X, pu a positive measure) : IV, 1, 2 and IV, 1, 4. 

f : IV, 2, 4 and IV, 2, 5. 

y((fn)); +8, af, GE: IV, 2, 4. 

f< <Q, sup fe inf fas om aap Fs lim: inf f (f,9, fn numerical functions) : 
IV, 2, 6. 

|z| (z a point of a normed space) : IV, 3, 2. 

[f| (£ a function with values in a normed space) : IV, 3, 2. 

Np(f, 4), Np(£), Np(f) (1 < p< +00) : IV, 3, 2. 

Fp(X), Fp : IV, 3, 3. 

FP(X, uw), Fou), FE = IV, 3, 3. 

AN : IV, 3, 3. 

He, L2(K,u), Lu), LP, LE(X,n), LE(y), LB, £?, LP (1 <p < +00) : 
IV, 3, 4. 

IIfllp (1 <p < too) : IV, 3,4. 

u(f), ffdu, f(x) du(x), ffyu, f£(x)u(x), u(f) (£ a p-integrable function 

with values in a Banach space) : IV, 4, 1. 

u(A) (A a p-integrable set) : IV, 4, 5. 

€'(X;C) : IV, 4, 8. 

&(®), &(®) (® aclan of sets) : IV, 4, 9. 

Lt, (f) (f a function) : IV, 4, Exer. 5. 
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Lt, (A) (A aset) : IV, 4, Exer. 7. 

Sxfdu, fetus Sn fu, fx fu: Iv, 5, 6. 
F(A, uF), Ae(A, uw), Ap(u), Ap : IV, 5, 11. 
W(V,B, 6) : IV, 5, 11. 

S(A, u;F), Sp(A, ), Sr(u), Sp : IV, 5, 11. 
f* (the decreasing rearrangement of f ) : IV, 5, Exer. 29. 
Moo(f), Moo(f) : IV, 6, 2. 

Noo(f) : IV, 6, 3. 

LE(X, u), Lu), LE, Mg : IV, 6, 3 
\|£ll00, Noo(f) : IV, 6, 3. 

L2°(X, 1), Le°(u), Le, YY, L& : IV, 6, 3. 
b, : IV, 7, 1. 

Chyy(X), Ch(X), Se(X), 8(X) : IV, 7, 3. 


Chapter V : 


F,(E), F, (E aset) : V, Preliminary conventions. 

w(t), w(A), J Faw, f° FO ult), f* fe Vs 41. 

FFT, 1M), Fru), Fr :V, 1, 3. 

N,(f), 2-(T, M4); Leu), Lp :V, 1,3. 

H-(T, 4) (9 a complex measure) : V, 1, 3. 

f Ar du(t) (tH A a ae of positive measures) : V, 3, 1. 

Sdu(t) f f(x) adx(2) : V, 3, 1. 

JAl] (A a a : V, 3, 5. 

(n, h) : V, 3, 5. 

Af, pA: V, 3, 5. 

AH: V, 3, 6. 

Z(T, uF), Lige(1, pF): V,5, 1. 

u-@(u acomplex function, 9 a complex measure) : V, 5, 2. 

Sa fap : V, 5, 3. 

u(f1,---,Hn) (wu a positively homogeneous numerical function) : V, 5, 9. 
m(u) (7 @ p-proper mapping): V, 6, 1. 

m(@) (@ a complex measure, 7 an |6|-proper mapping) : V, 6, 4. 

a (u) (7 a local homeomorphism): V, 6, 6. 

IF Gt) due) du’), IP” Ft) dult) du! (t'), Sf £(¢,#) du(@) dy! (t!) :V, 8, 1 
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Chapter VI: 


F’, F”, F’*, F, (F a Hausdorff locally convex space) : VI, Introduction. 

AH (T), p(T), €c(T), #(T, A), €C(T, A) : VI, Introduction. 

(f,2’), (2’,f£) : VI, 1. 

ffdu, f£(t)du(t) (£ a vector-valued function, 4 a positive measure) : 
VI, 1, 1. 

gf, fg (f a vector-valued function, g a scalar function) : VI, 1, 1. 

€'(T) : VI, 1, 6. 

ffdm, f f(t)dm(t) (f a numerical function, m a vectorial measure) : 
VI, 2, 1 and VI, 2, 2. 

g:m(g a numerical function, m a vectorial measure) : VI, 2, 1. 

L(m) : VI, 2, 2. 

q(m), |m| (q asemi-norm, m a vectorial measure) : VI, 2, 3. 

f- (f a vector-valued function, a positive measure) : VI, 2, 4. 

Pe TN OR 

(f,g) (f,g vector-valued functions) : VI, 2, 6. 

I,m, { £dm (f a vector-valued function, m a vectorial measure) : VI, 2, 7. 

|m|, [ £dm (m a complex measure) : VI, 2, 8, III, 1, 6. 

LE (T,m), Ze(T,m), L2(T,m) (m a complex measure) : VI, 2, 8, V, 1, 3. 

h-m (m acomplex measure) : VI, 2, 8. 

m (m acomplex measure) : VI, 2, 8, III, 1, 5. 

||| (m a complex measure) : VI, 2, 9, III, 1, 8. 

m(m), my, m@m!' (m,m’ complex measures) : VI, 2, 10. 

8(F,,F2), ",'®: VI, App., 1. 

E,, Fo, E4, F,, B(E,F) : VI, App., 1. 

Ak. (T, “), Mp, M, : VI, 1, Exer. 16. 


Index of terminology 


Reference numbers indicate, in order, the chapter, section and subsec- 
tion (or, exceptionally, exercise). 


Absolute value of a measure : III, 1, 6 and VI, 2, 8. 
Adapted pair, p-: V, 4, 1. 

Additive set function : IV, 4, 9. 

Additivity, complete : IV, 4, 5. 

Adequate mapping, p-: V, 3, 1 and VI, 1, 1, Footnote. 
Alien measures : V, 5, 7. 

Almost everywhere, function defined : IV, 2, 5. 

Almost everywhere, property true : IV, 2, 3. 

Atomic measure : III, 1, 3. 

Band, in a fully lattice-ordered space : II, 1, 5. 
Barycenter of a measure : IV, 7, 1. 

Base p, measure with : V, 5, 2 and VI, 2, 8. 

Base p, scalarly of (vectorial measure) : VI, 2, 5. 

Base p, vectorial measure with : VI, 2, 4. 

Belonging to the domain of a diffusion, measure : V, 3, 5. 
Bishop’s theorem : IV, 7, 5. 

Boundary, frontier : III, 1, 1, Footnote. 

Bounded diffusion: V, 3, 5. 

Bounded in measure, function : IV, 6, 2 and IV, 6, 3. 
Bounded measure : III, 1, 8 and VI, 2, 9. 

Carrying a measure, subset : V, 5, 7. 

Choquet’s theorems : IV, 7, 2 and IV, 7, 6. 

Clan of subsets of a set : IV, 4, 9. 

Class, equivalence (of functions), for a measure : IV, 2, 4, IV, 2, 5 and IV, 5, 2. 
Class, pseudo-image (of a class of measures) : VI, 3, 2. 
Co-lattice subspace : II, 1, Exer. 3. 

Compact convergence (in the space of measures) : III, 1, 10. 
Completely additive : IV, 4, 5. 

Complex measure : III, 1, 3 and VI, 2, 8. 

Composed diffusion : V, 3, 6. 
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Concentrated on a set, measure : V, 5, 7. 

Conjugate exponents : IV, 6, 4. 

Conjugate measure : III, 1, 5 and VI, 2, 8. 

Connected component : V, 6, Exer. 12, Footnote. 

Conservative mapping : V, 7, Exer. 9. 

Continuous almost everywhere : IV, 5, Exer. 16. 

Convergence in mean, convergence in mean of order p, convergence in quad- 
ratic mean : IV, 3, 3. 

Convergence in measure : IV, 5, 11. 

Convergence, almost everywhere : IV, 2, 5. 

Convergence, compact (in the space of measures) : III, 1, 10. 

Convergence, strictly compact (in the space of measures) : III, 1, 10. 

Convergence, vague : III, 1, 9. 

Convergent filter in a fully lattice-ordered space : II, 1, Exer. 9. 

Countable at infinity : III, 1, 1, Footnote. 

Countable convexity, theorem of : IV, 3, 2. 

Decomposition into slices, of a measure : V, 6, 6 and VI, 3. 1. 

Decreasing rearrangement of a function : IV, 5, Exer. 29. 

Defined almost everywhere (function) : IV, 2, 5. 

Defined locally almost everywhere (function) : IV, 5, 2. 

Density g (relative to 6), measure with : V, 5, 2 and VI, 2, 8. 

Density point (of a subset) : V, 6, Exer. 15. 

Density, of a vectorial measure with respect to a positive measure : VI, 2, 4. 

Density, with respect to a complex measure : III, 1, 4, V, 5, 2 and VI, 2, 8. 

Derivates of a function : V, 6, Exer. 12. 

Diffuse measure : V, 5, 10. 

Diffusion : V, 3, 5. 

Diffusion, bounded : V, 3, 5. 

Diffusion, composed : V, 3, 6. 

Dirac measure : III, 1, 3. 

Direct limit, of a direct system of locally convex spaces : III, 1, 1. 

Direct sum, ordered : II, 1, 4. 

Discrete measure : III, 1, 3. 

Disintegration of a measure : V, 6, 6 and VI, 3, 1. 

Disintegration, of a measure yu relative to a u-proper mapping : VI, 3, 1. 

Disintegration, of a measure ys relative to a pseudo-image of ys: VI, 3, 3. 

Disintegration, of a measure by a measurable equivalence relation : VI, 3, 5. 

Distribution of a sequence, limit : III, 2, Exer. 5. 

Domain of a diffusion, measure belonging to : V, 3, 5. 
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Double integral : III, 4, 1. 

Dunford—Pettis theorem : VI, 2, 5. 

Egoroff’s theorem : IV, 5, 4. 

Equi-integrable set (of functions) : IV, 5, 11. 

Equidistributed sequence (for a measure) : III, 2, Exer. 5. 
Equimeasurable functions : IV, 5, Exer. 29. 

Equivalence class of functions for a measure : IV, 2, 4, IV, 2, 5 and IV, 5, 2. 
Equivalence relation, Hausdorff : VI, 3, 4. 

Equivalence relation, measurable : VI, 3, 4. 

Equivalent measures : V, 5, 6 and VI, 2, 8. 

Equivalent, p-equivalent (functions) : IV, 2, 4. 

Essential upper integral : V, 1, 1. 

Essentially -integrable (set, function) : V, 1, 3. 

Essentially integrable function : V, 1, 3. 

Essentially integrable function, p-th power : V, 1, 3. 

Essentially integrable function, for a vectorial measure : VI, 2, 2. 
Essentially integrable on A, function : V, 5, 3. 

Expansion set (right-, left-) of a function : V, 6, Exer. 12. 
Extremal point, #- : IV, 7, 3. 

Finite almost everywhere, function : IV, 2, 6. 

Form, positive linear : I, 2, 1. 

Form, relatively bounded linear : I, 2, 2. 

Fully lattice-ordered space : II, 1, 3. 

Function depending only on a finite number of variables : III, 4, 6. 
Function, u-measurable on A : V, 5, 3. 

Function, -moderated : V, 1, 2. 

Function, ®-step : IV, 4, 9. 

Function, p-th power essentially integrable : V, 1, 3. 

Function, p-th power integrable : IV, 3, 4. 

Function, bounded in measure : IV, 6, 2 and IV, 6, 3. 

Function, defined almost everywhere : IV, 2, 5. 

Function, defined locally almost everywhere : IV, 5, 2. 

Function, essentially integrable : V, 1, 3. 

Function, essentially integrable for a vectorial measure : VI, 2, 2. 
Function, essentially integrable on A : V, 5, 3. 

Function, finite almost everywhere : IV, 2, 6. 

Function, having a property scalarly : VI, 1, 1. 

Function, integrable, u-integrable : IV, 4, 1. 

Function, Lebesgue n-th : IV, 6, Exer. 15. 
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Function, locally integrable : V, 5, 1. 

Function, locally integrable on A : V, 5, 3. 

Function, locally negligible, locally y-negligible : IV, 5, 2. 

Function, measurable step : IV, 5, 5. 

Function, measurable, j:-measurable : IV, 5, 1. 

Function, measurable, defined on a measurable subset of X : IV, 5, 10 and 
V, 5, 3. 

Function, negligible, u-negligible : IV, 2, 1 and IV, 2, 4. 

Function, numerical : I, 1, 1, Footnote. 

Function, scalarly essentially integrable : V, 3, 1, VI, 1, 1 and VI, 2, 10. 

Function, scalarly well integrable : VI, 1, Exer. 19. 

Function, step, ®-step : IV, 4, 9. . 

Function, support of : III, 1, 1. 

Function, universally measurable : V, 3, 4. 

Function, vaguely y-measurable : V, 3, 1. 

Function, vaguely continuous : V, 3, 1. 

Functions, equi-integrable : IV, 5, 11. 

Functions, equimeasurable : IV, 5, Exer. 29. 

Functions, equivalent, j-equivalent : IV, 2, 4. 

(GDF) property : VI, 1, 4. 

Gelfand—Dunford theorem : VI, 1, 4. 

Gliding hump method : V, 5, Exer. 13. 

H-extremal point : IV, 7, 3. 

Hélder’s inequality : I, 2 and IV, 6, 4. 

Haar orthonormal system : IV, 6, Exer. 17. 

Hardy’s inequality : IV, 6, Exer. 19. 

Hausdorff equivalence relation : VI, 3, 4. 

Image of a measure : V, 6, 1, V, 6, 4 and VI, 2, 10. 

Imaginary part of a measure : III, 1, 5 and VI, 2, 8. 

Induced measure, on a locally compact subspace : IV, 5, 7 and VI, 2, 10. 

Induced measure, on an open subset : III, 2, 1. 

Inductive limit, of an inductive system of locally convex spaces : see direct 
limit. 

Inequality of Holder : I, 2 and IV, 6, 4. 

Inequality of Hardy : IV, 6, Exer. 19. 

Inequality of M. Riesz : IV, 6, Exer. 18. 

Inequality of Minkowski : I, 2 and IV, 3, 1. 

Inequality of the mean : IV, 6, 2. 

Infimum : IJ, 1, 1, Footnote. 
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Inner measure : IV, 4, Exer. 7. 

Integrable function : IV, 4, 1. 

Integrable function, p-th power : IV, 3, 4. 

Integrable set, p-integrable set : IV, 4, 5. 

Integral of a function on A (or extended to A): V, 5, 3. 

Integral of a scalarly essentially integrable mapping : V, 3, 1, VI, 1, 1 and 
VI, 2, 10. 

Integral of an essentially integrable function : V, 1, 3. 

Integral, double : III, 4, 1. 

Integral, essential upper : V, 1, 1. 

Integral, lower : IV, 4, Exer. 5. 

Integral, multiple, n-tuple : III, 4, 4. 

Integral, of a continuous numerical function with compact support : III, 1, 3. 

Integral, of a numerical function with respect to a vectorial measure : VI, 2, 2. 

Integral, of a vector-valued function with respect to a positive measure : 
IV, 4, 1, V, 1, 3 and VI, 1, 1. 

Integral, of a vector-valued function with respect to a vectorial measure : 
VI, 2, 7. 

Integral, of a weakly continuous function scalarly of compact support : 
III, 3, 1. 

Integral, of an integrable function : IV, 4, 1. 

Integral, upper : IV, 1, 1, IV, 1, 3 and IV, 4, Exer. 5. 

Integration by parts : V, 8, Exer. 9. 

Invariant measure, under a homeomorphism : III, 1, 3. 

Inverse image of a measure under a local homeomorphism : V, 6, 6. 

Inverse limit, of an inverse system of measures : III, 4, 5. 

Inverse system (of measures) : III, 4, 5. 

Isolated subspace, of a Riesz space : II, 1, Exer. 4. 

Krein’s theorem : IV, 7, Exer. 10. 

Lattice-ordered vector space : II, 1, 1. 

Latticial linear mapping : II, 2, Exer. 5. 

Lebesgue function, n-th : IV, 6, Exer. 15. 

Lebesgue measure : III, 1, 3, III, 4, 1 and III, 4, 4. 

Lebesgue’s decomposition theorem : V, 5, 7. 

Lebesgue’s theorem : IV, 3, 7 and IV, 4, 3. 

Lebesgue—Fubini theorem : V, 8, 4. 

Lebesgue—Nikodym theorem : V, 5, 5. 

Lifting property : VI, 2, 5. 

Limit distribution of a sequence : III, 2, Exer. 5. 
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Limit superior, limit inferior, in a fully lattice-ordered space : II, 1, Exer. 9. 
Limit, direct (or inductive) : III, 1, 1. 

Limit, inverse (or projective) : III, 4, 5. 

Limit, of a filter in a fully lattice-ordered space : II, 1, Exer. 9. 
Linear form, positive : II, 2, 1. 

Linear form, relatively bounded : II, 2, 2. 

Localization principle, for measurable functions : IV, 5, 2. 
Localization principle, for measures : III, 2, 1. 

Locally almost everywhere : IV, 5, 2. 

Locally countable (set of subsets) : IV, 5, 9. 

Locally countable family of functions > 0 : V, 5, 4. 
Locally integrable function : V, 5, 1. 

Locally integrable on A, function : V, 5, 3. 

Locally negligible (u-negligible) function : IV, 5, 2. 
Locally negligible set, locally u-negligible set : IV, 5, 2. 
Lower integral : IV, 4, Exer. 5. 

p-adapted pair : V, 4, 1. 

p-adequate mapping : V, 3, 1 and VI, 1, 1, Footnote. 
p-dense (set of compact subsets) : IV, 5, 8. 

p-equivalent functions : IV, 2, 4. 

p-integrable function : IV, 4, 1. 

p-integrable set : IV, 4, 5. 

p-maximum, p-minimum : IV, 6, 2. 

p-measurable (set, function) : IV, 5, 1. 

p-measurable equivalence relation : VI, 3, 4. 
p-moderated (function, subset) : V, 1, 2. 

p-negligible function : IV, 2, 1 and IV, 2, 4. 

p-negligible set : IV, 2, 2. 

p-pre-adequate mapping : V, 3, 1. 

p-proper mapping : V, 6, 1, V, 6, 4 and VI, 2, 10. 
Majorizable measure : VI, 2, 3. 

Mapping, p-adequate : V, 3, 1. 

Mapping, p-pre-adequate : V, 3, 1. 

Mapping, p-proper (or proper for y) : V, 6, 1, V, 6, 4 and VI, 2, 10. 
Mapping, conservative : V, 7, Exer. 9. 

Mapping, scalarly of compact support : II, 3, 1. 
Mapping, weakly continuous : III, 3, 1. 

Mass, total, of a bounded measure : III, 1, 8 and IV, 4, 7. 
Masses, measure defined by : III, 1, 3. 
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Maximum in measure, -maximum : IV, 6, 2. 

Mean of a function : ITI, 1, 8. 

Mean of order p, convergence in : IV, 3. 3. 

Mean, convergence in : IV, 3, 3. 

Mean, inequality of the : IV, 6, 2. 

Measurable (set, function) : IV, 5, 1. 

Measurable equivalence relation : VI, 3, 4. 

Measurable function defined on a measurable subset of X: IV, 5, 10 and 
V, 5, 3. 

Measurable on A, function : IV, 5, 10 and V, 5, 3. 

Measurable section : VI, 3, 4. 

Measurable step function : IV, 5, 5. 

Measure belonging to the domain of a diffusion : V, 3, 5. 

Measure concentrated on a set : V, 5, 7. 

Measure of an integrable set : IV, 4, 5. 

Measure with base pu: V, 5, 2. 

Measure with density g (with respect to 6) : V, 5, 2. 

Measure, absolute value of : III, 1, 6 and VI, 2, 8. 

Measure, atomic : III, 1, 3. 

Measure, bounded : III, 1, 8 and VI, 2, 9. 

Measure, complex measure : III, 1, 3 and VI, 2, 8. 

Measure, conjugate : III, 1, 5 and VI, 2, 8. 

Measure, defined by a unit mass at a point : III, 1, 3. 

Measure, defined by masses : III, 1, 3. 

Measure, diffuse : V, 5, 10. 

Measure, Dirac : III, 1, 3. 

Measure, discrete : III, 1, 3. 

Measure, image of : V, 6, 1, V, 6, 4 and VI, 2, 10. 

Measure, induced : III, 2, 1, IV, 5, 7 and VI, 2, 10. 

Measure, inner : IV, 4, Exer. 7. 

Measure, invariant under a homeomorphism : III, 1, 3. 

Measure, involving no mass in an open set : III, 2, 2. 

Measure, Lebesgue : III, 1, 3, III, 4, 1 and III, 4, 4. 

Measure, majorizable, g-majorizable : VI, 2, 3. 

Measure, norm of : III, 1, 8. 

Measure, outer : IV, 1, 2 and IV, 1, 4. 

Measure, point : III, 2, 4. 

Measure, positive : III, 1, 5. 

Measure, product : III, 4, 1, III, 4, 4, III, 4, 6 and VI, 2, 10. 
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Measure, pseudo-image : VI, 3, 2. 

Measure, quotient by an equivalence relation : VI, 3, 5. 
Measure, real : III, 1, 5 and VI, 2, 1. 

Measure, real and imaginary parts : III, 1, 5 and VI, 2, 8. 
Measure, scalar : VI, 2, 1. 

Measure, support of : III, 2, 2. 

Measure, vectorial : VI, 2, 1. 

Measure, with density g with respect to py : III, 1, 4, V, 5, 2 and VI, 2, 8. 
Measures, alien : V, 5, 7. 

Measures, equivalent : V, 5, 6 and VI, 2, 8. 

Minimum in measure, p-minimum : IV, 6, 2. 

Minkowski’s inequality : I, 2 and IV, 3, 1. 

Moderated function, p-: V, 1, 2. 

Moderated measure : V, 1, 2. 

Moderated subset, u- : V, 1, 2. 

Multiple integral : III, 4, 4. 

n-tuple integral : III, 4, 4. 

Negligible function : IV, 2, 1 and IV, 2, 4. 

Negligible set : IV, 2, 2. 

Norm of a diffusion : V, 3, 5. 

Norm of a measure : III, 1, 8. 

Numerical function : I, 1, 1, Footnote. 

Order n, multiple integral of : III, 4, 4. 

Order p, convergence in mean of : IV, 3, 3. 

Order p, equi-integrable of (set of functions) : IV, 5, 11. 
Ordered direct sum : II, 1, 4. 

Orthonormal sequence, in Y? : IV, 6, Exer. 15. 
Orthonormal system, Haar : IV, 6, Exer. 17. 

Outer measure : IV, 1, 2 and IV, 1, 4. 

p-th power integrable function : IV, 3, 4. 

Parts of a measure, real and imaginary : III, 1, 5 and VI, 2, 8. 
®-step function : IV, 4, 9. 

Point measure : III, 2, 4. 

Point, #-extremal : IV, 7, 3. 

Positive linear form : II, 2, 1. 

Positive measure : III, 1, 5. 

Pre-adequate mapping, p-: V, 3, 1. 

Principle of localization for measurable functions : IV, 5, 2. 
Principle of localization for measures : III, 2, 1. 
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Product of a family of positive measures : III, 4, 6. 

Product of a finite number of measures : III, 4, 4. 

Product of a measure by a continuous function : III, 1, 4. 

Product of a measure by a locally integrable function : V, 5, 2. 
Product of two measures : III, 4, 1 and VI, 2, 10. 

Projective limit, of a projective system of measures : see inverse limit. 
Projective system of measures : see inverse system. 

Proper mapping, p- : V, 6, 1, V, 6, 4 and VI, 2, 10. 

Property (GDF) : VI, 1, 4. 

Property true almost everywhere : IV, 2, 3. 

Property true locally almost everywhere : IV, 5, 2. 

Property, lifting : VI, 2, 5. 

Pseudo-image (class, measure) : VI, 3, 2. 

g-majorizable measure : VI, 2, 3. 

Quadrable set : IV, 5, Exer. 17. 

Quadratic mean, convergence in : IV, 3, 3. 

Quasi-integrable function : IV, 5, Exer. 15. 

Quasi-strong topology : III, 1, Exer. 8. 

Quotient measure, of a measure by an equivalence relation : VI, 3, 5. 
Real measure : III, 1, 5 and VI, 2, 1. 

Real part of a measure : III, 1, 5 and VI, 2, 8. 

Rearrangement of a function, decreasing : IV, 5, Exer. 29. 

Recede indefinitely along a filter : III, 2, 2. 

Relatively bounded linear form : I, 2, 2. 

Restriction of a measure to a locally compact subset : IV, 5, 7 and VI, 2, 10. 
Restriction of a measure to an open set : III, 2, 1. 

Riesz space : II, 1, 1. 

Riesz, F., theorem of : II, 1, 5. 

Riesz, M., inequality of : IV, 6, Exer. 18. 

Scalar measure : VI, 2, 1. 

Scalarly essentially integrable mapping : V, 3, 1, VI, 1, 1 and VI, 2, 10. 
Scalarly of base yz, vectorial measure : VI, 2, 5. 

Scalarly of compact support, mapping : III, 3, 1. 

Scalarly well integrable function : VI, 1, Exer. 19. 

Scalarly, function having a property : VI, 1, 1. 

Section, measurable : VI, 3, 4. 

Separable : IV, 2, 4, Footnote. 

Sequence convergent almost everywhere : IV, 2, 5. 

Sequence equidistributed for a measure : III, 2, Exer. 5. 
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Series convergent almost everywhere : IV, 2, 5. 

Set function, additive : IV, 4, 9. 

Slices, decomposition into (of a measure): V, 6, 6 and VI, 3, 1. 

Space, fully lattice-ordered : II, 1, 3. 

Space, Riesz : II, 1, 1. 

Step function : IV, 4, 9. 

Step function, ®- : IV, 4, 9. 

Step function, measurable : IV, 5, 5. 

Stieltjes measure : V, 6, Exer. 5. 

Stone space : IT, 1, Exer. 13. 

Strictly compact convergence (in the space of measures) : III, 1, 10. 

Strictly compact set, in #(X;E) : III, 1, 1. 

Summable family of positive measures : V, 2, 1. 

Support of a function : III, 1, 1. 

Support of a measure : III, 2, 2. 

Support of a vectorial measure : VI, 2, 1. 

Supremum : II, 1, 1, Footnote. 

Theorem of Bishop : IV, 7, 5. 

Theorem of countable convexity : IV, 3, 2. 

Theorem of Egoroff : IV, 5, 4. 

Theorem of F. Riesz : IT, 1, 5. 

Theorem of Krein : IV, 7, Exer. 10. 

Theorem of Lebesgue : IV, 3, 7 and IV, 4, 3. 

Theorem, Dunford-—Pettis : VI, 2, 5. 

Theorem, Gelfand—Dunford : VI, 1, 4. 

Theorem, Lebesgue decompositon : V, 5, 7. 

Theorem, Lebesgue-Fubini : V, 8, 4. 

Theorem, Lebesgue—Nikodym : V, 5, 5. 

Theorems of Choquet : IV, 7, 2 and IV, 7, 6. 

Topology of compact convergence, of strictly compact convergence (on the 
space of measures) : III, 1, 10. 

Topology of convergence in mean, in mean of order p, in quadratic mean : 
IV, 3. 3. 

Topology of convergence in measure : IV, 5, 11. 

Topology, quasi-strong : III, 1, Exer. 8. 

Topology, ultrastrong : III, 1, Exer. 15. 

Topology, vague : III, 1, 9. 

Total mass, of a bounded measure : III, 1, 8 and IV, 4, 7. 

Tribe of subsets : IV, 4, 9, Footnote. 
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True almost everywhere, property : IV, 2, 3. 

True locally almost everywhere, property : IV, 5, 2. 
Ultrastrong topology : III, 1, Exer. 15. 

Uniform structure of convergence in measure : IV, 5, 11. 
Universally measurable (set, function) : V, 3, 4. 
Upper integral : IV, 1, 1, IV, 1, 3 and IV, 4, Exer. 5. 
Upper integral, essential : V, 1, 1. 

Vague convergence : III, 1, 9. 

Vague topology : III, 1, 9. 

Vaguely p-measurable function : V, 3, 1. 

Vaguely continuous function : V, 3, 1. 

Vectorial measure : VI, 2, 1. 

Vectorial measure of base yz: VI, 2, 4. 

Vectorial measure, g-majorizable : VI, 2, 3. 
Vectorial measure, majorizable : VI, 2, 3. 

Vectorial measure, scalarly with base yu: VI, 2, 5. 
Vectorial measure, support of : VI, 2, 1. 

Weakly continuous mapping : III, 3, 1. 

Well integrable, scalarly : VI, 1, Exer. 19. 
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